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Preface

This volume collects the expanded notes of four series of lectures given on
the occasion of the CIME course on Nonlinear Optimization held in Cetraro,
Italy, from July 1 to 7, 2007.

The Nonlinear Optimization problem of main concern here is the problem
of determining a vector of decision variables x ∈ R

n that minimizes (maxi-
mizes) an objective function f(·) : R

n → R, when x is restricted to belong
to some feasible set F ⊆ R

n, usually described by a set of equality and in-
equality constraints: F = {x ∈ R

n : h(x) = 0, h(·) : R
n → R

m; g(x) ≤ 0,
g(·) : R

n → R
p}; of course it is intended that at least one of the functions

f, h, g is nonlinear. Although the problem can be stated in very simple terms,
its solution may result very difficult due to the analytical properties of the
functions involved and/or to the number n,m, p of variables and constraints.
On the other hand, the problem has been recognized to be of main relevance
in engineering, economics, and other applied sciences, so that a great lot of
effort has been devoted to develop methods and algorithms able to solve the
problem even in its more difficult and large instances.

The lectures have been given by eminent scholars, who contributed to a
great extent to the development of Nonlinear Optimization theory, methods
and algorithms. Namely, they are:

– Professor Immanuel M. BOMZE, University of Vienna, Austria
– Professor Vladimir F. DEMYANOV, St. Petersburg State University,

Russia
– Professor Roger FLETCHER, University of Dundee, UK
– Professor Tamás TERLAKY, McMaster University, Hamilton, Ontario,

Canada (now at Lehigh University, Bethlehem, PA - USA).

The lectures given by Roger Fletcher deal with a basic framework for treating
the Nonlinear Optimization problem in the smooth case, that is the Sequen-
tial Quadratic Programming (SQP) approach. The SQP approach can be
considered as an extension to constrained problems of Newton’s method
for unconstrained minimization. Indeed, the underlying idea of the SQP
approach is that of applying Newton’s method to solve the nonlinear equa-
tions given by the first order necessary conditions for optimality. In order to

v
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fully develop the idea, the required optimality conditions for the constrained
problem are recalled. Then the basic SQP method is introduced and some
issues of the method are discussed: in particular the requirement of avoiding
the evaluation of second order derivatives, and the occurrence of infeasibility
in solving the QP subproblems. However the basic SQP method turns out
to be only locally convergent, even if with a superlinear convergence rate.
Therefore the need arises of some globalization strategy, that retains the good
convergence rate. In particular, two classes of globalization strategies are con-
sidered, the first one using some merit function, the second one resorting to
some filter method. Filter methods are of main concern in the context of the
course, since they have been introduced and developed by Roger Fletcher
himself. A last section of the lecture notes deals with the practical problem
of interfacing a model of the nonlinear programming problem with a code
for its solution. Different modelling languages are mentioned, and a short
introduction to AMPL is provided.

The lectures given by Tamás Terlaky, whose chapter is co-authored by Imre
Pólik, focus on the Interior Point Methods (IPM), that arose as the main nov-
elty in linear optimization in the eighties of the last century. The interesting
point is that the IPM, originally developed for linear optimization, is deeply
rooted in nonlinear optimization, unlike the simplex method used until be-
fore. It was just the broadening of the horizon from linear to nonlinear, that
allowed to describe for the first time an algorithm for linear optimization not
only with polynomial complexity but also with competitive performances.
The lecture notes first review the IPM for linear optimization, by introduc-
ing the self dual-model into which every linear optimization problem can be
embedded; the basic notion of central path is defined, and its existence and
convergence are analyzed; it is shown that, by a rounding procedure on the
central path, a solution of the problem can be found in a polynomial number
of arithmetic operations. On these bases, a general scheme of IP algorithms
for linear optimization is provided, and several implementation issues are con-
sidered. Then, the more general problem of conic optimization is addressed,
relying on the fact that most of theoretical results and algorithmic consider-
ations valid for the linear case carry over to the conic case with only minor
modifications. Moreover conic optimization represents a step in the pathway
from linear to nonlinear optimization. The interest in conic optimization is
motivated by important applications, like robust linear optimization, eigen-
value optimization, relaxing of binary variables. In particular, two special
classes of conic optimization problems are considered, namely second order
conic optimization and semidefinite optimization, and for each class a well
suited IPM is described. Finally, the interior point approach is extended to
nonlinear optimization, by employing the key of a reformulation of the non-
linear optimization problem as a nonlinear complementarity problem. In this
way a central path can be defined also for the nonlinear case, even if its exis-
tence and convergence require stronger assumptions than in the linear or conic
cases, and complexity results hold only in the convex case. The analytical and
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algorithmic analysis of IPM is complemented by an overview of existing soft-
ware implementations, pointing out that some of them are available in leading
commercial packages. A challenging list of open questions, concerning mainly
algorithmic issues, concludes these lecture notes.

The methods mentioned before are able to find only local solutions of the
Nonlinear Optimization problem. In his lectures Immanuel Bomze considers
the much more difficult problem of Global Optimization, that is the problem
of finding global, rather than local, solutions. In order to fully explain how
a gap in difficulty of the problem arises, he makes reference to the simplest
nonlinear optimization problem, that is quadratic programming, minimizing
a quadratic objective function under linear constraints. If the quadratic ob-
jective function is nonconvex, this problem may have so many local non global
solutions that any enumerative strategy is not viable. A particular feature of
the nonconvex quadratic programming is that necessary and sufficient global
optimality conditions can be stated, which not only provide a certificate of
optimality for a current tentative solution, but also an improving feasible
point if the conditions are not satisfied. These conditions rely on the notion
of copositivity, which is central in algorithmic developments. Moreover, ad-
ditional optimality conditions can be stated in terms of nonsmooth analysis,
thus establishing a link with the contents of the lectures by Vladimir De-
myanov introduced below. A particular instance of a quadratic programming
problem is the so-called Standard Quadratic Programming Problem (StQP),
where the feasible set is the unitary simplex. StQP is used to illustrate the
basic techniques available for searching global solutions; among these, the
well known branch-and-bound approach borrowed from combinatorial opti-
mization. Again, StQP is used to illustrate approaches by which the problem
may be in some way reformulated, relaxed or approximated in order to ob-
tain a good proxy of its exact global solution. Finally, a section deals with
detecting copositivity, a problem known to be in general NP-hard.

In the Nonlinear Optimization problems considered up to now, the
functions f , h, g, are assumed to be smooth, that is at least continu-
ously differentiable. In his lectures, Vladimir Demyanov faces the much more
difficult case of nonsmooth optimization. The smooth case can be character-
ized as the “kingdom of gradient”, due to the main role played by the notion
of gradient in establishing optimality conditions and in detecting improving
feasible solutions. Therefore, a first challenge, when moving outside of that
kingdom, is to provide analytical notions able to perform, in some way,
the same role. To this aim, different definitions of differentiability and of
set-valued subdifferential are introduced, where each element of the subdiffer-
ential is, in some sense, a generalized gradient. On these bases, it is possible
to establish optimality conditions for nonsmooth optimization problems, not
only when the decision variable belongs to the usual Rn finite dimensional
space, but also when it belongs to a more general metric or normed space.
More in particular, first the case of unconstrained optimization problems,
and then the case of constrained optimization problems are considered. It is
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remarkable the fact that a nonsmooth constrained optimization problem
can always be transformed into a nonsmooth unconstrained optimization
problem by resorting to an exact nondifferentiable penalty functions that
accounts for the constraints. Therefore, an amazing feature of nonsmooth
optimization is that, in principle, the presence of constraints does not add
analytical difficulties with respect to the unconstrained case, as it happens
if the same exact penalty approach is adopted in smooth optimization.

The course took place in the wonderful location of San Michele Hotel
in Cetraro and was attended by 34 researchers from 9 different countries.
The course was organized in 6 days of lectures, with each lecturer present-
ing his course material in 5 parts. The course was indeed successful for its
scientific interest and for the friendly environment - this was greatly facili-
tated by the beauty of the course location and by the professional and warm
atmosphere created by the organizers and by all of the staff of Hotel San
Michele.

We are very grateful with CIME for the opportunity given of organizing
this event and for the financial as well as logistic support; we would like to
thank in particular CIME Director, prof. Pietro Zecca, for his continuous en-
couragement and friendly support before, during and after the School; we also
would like to thank Irene Benedetti for her help and participation during the
School, and all of the staff of CIME, who made a great effort for the success
of this course. In particular we would like to thank Elvira Mascolo, CIME
Scientific Secretary, for her precious work in all parts of the organization of
the School, and Francesco Mugelli who maintained the web site.

Gianni Di Pillo and Fabio Schoen
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Introduction

Global optimization is a highly active research field in the intersection of
continuous and combinatorial optimization (a basic web search delivers over
a million hits for this phrase and for its British cousin, Global Optimisation).
A variety of methods have been devised to deal with this problem class,
which – borrowing biological taxonomy terminology in a very superficial way
– may be divided roughly into the two domains of exact/rigorous methods and
heuristics, the difference between them probably being that you can prove
less theorems in the latter domain. Breaking the domain of exact methods
into two phyla of deterministic methods and stochastic methods, we may have
the following further taxonomy of the deterministic phylum:

exhaustive methods

{
passive/direct, streamlined enumeration

homotopy, trajectory methods

methods using global structure

{
smoothing, filling, parameter continuation

hierarchical funnel, difference-of-convex
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2 I.M. Bomze

iterative improvement methods

{
escape, tunneling, deflation, aux.functions

successive approximation, minorants

implicit enumeration methods: branch & bound

In these notes, we will focus on a problem class which serves as an ap-
plication model for some of the above techniques, but which mathematically
nevertheless is of surprisingly simple structure – basically the next step after
Linear Optimization, namely Quadratic Optimization. Despite the fact that
curvature of the objective function is constant and that constraints are linear,
quadratic problems exhibit all basic difficulties you may encounter in global
optimization: a multitude of inefficient local solutions; global solutions with
a very narrow domain of attraction for local solvers; and instances where you
encounter very early the optimal solution, but where you find a certificate for
global optimality of this solutions, or even only a satisfying rigorous bound
very late – a case of particular nuisance in applications.

The contents of these notes are organized as follows: Section 1 deals with
local and global optimality conditions in the quadratic world. Due to the
constant curvature of the objective function, conditions for both local and
global optimality can be formulated in a compact way using the notion of
copositivity. It turns out that this class also allows for closing the gap between
necessary and sufficient conditions in most cases. ε-subdifferential calculus is
used to analyse these conditions in a more general framework, going beyond
Quadratic Optimization to the quite general theory of difference-of-convex
(d.c.) optimization. To emphasize how close continuous global optimization
is tied to discrete problems, we investigate a particular class of quadratic
problems, the so-called Standard Quadratic Problems (StQPs) which simply
consist of extremizing a quadratic form of the standard simplex – and yet
form an NP hard problem class with immediate applications in combinatorial
optimization. We continue the study of StPQs in Section 2, to exemplify some
basic global optimization techniques like determining escape directions and
rigorous bounds, as well as the basic steps in branch-and-bound. Section 3
is devoted to different approaches to global quadratic optimization, namely
relaxation and approximation, but also exact reformulation. As an exam-
ple for the latter, we discuss an emerging branch of optimization which
receives rapidly increasing interest in contemporary scientific community:
copositive optimization. Again applied to StQPs, the copositive reformula-
tion means that a global quadratic optimization problem is rewritten as a
linear programming problem over a convex cone of matrices, thereby com-
pletely avoiding the problem of inefficient local solutions. The hardness of
the problem is completely shifted to sheer feasibility, and this new aspect
opens up a variety of different methods to approach the global solution of
the original problem (the StQP in our case). The cone of copositive matri-
ces is known since the mid-fifties of the last century, however, algorithmic
approaches to detect whether or not a given matrix satisfies this condition,
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are much more recent. The last Section 4 is devoted to these aspects, and
also discusses some complexity issues. A by now well-established technology
for conic optimization which gained momentum since practical implementa-
tions of interior-point methods were available, is Semidefinite Programming
(SDP), where the matrix cone is that of positive-semidefinite matrices. Since
checking positive-semidefiniteness of a given matrix is relatively easy, SDPs
can be solved to any prescribed accuracy in polynomial time. Section 4 also
describes how SDP-based bounds arising from approximating copositivity
via SDP technology can be reinterpreted in the decomposition context of the
earlier Section 2.

In the sequel, we will employ the following notation: � stands for trans-
position of a (column) vector in n-dimensional Euclidean space R

n; for two
such vectors {x, y} ⊂ R

n, we denote by x ≤ y the fact that xi ≤ yi for
all i. The letters o, O, 0 stand for the zero vector, matrix, or number, re-
spectively, all of appropriate dimension. The positive orthant is denoted by
R
n
+ = {x ∈ R

n : o ≤ x}, the n × n identity matrix by In, with i-th column
ei (the ith standard basis vector). e =

∑
i ei ∈ R

n is the all-ones vector and
En = ee� the all-ones n × n matrix. For a finite set A, we denote its cardi-
nality by |A|. If v is a vector in R

n, we denote by Diag v the diagonal n × n
matrix D with dii = vi, for i = 1, . . . , n. Conversely, for an n × n matrix B,
diag B = [bii]i ∈ R

n denotes the n-dimensional vector formed by the diagonal
elements of B. Finally, we abbreviate by S � O the fact that a symmetric
n× n matrix S is positive-semidefinite (psd), and by N ≥ O the fact that N
has no negative entries.

1 Global Optimization of Simplest Structure:
Quadratic Optimization

Let Q = Q� be a symmetric n × n matrix, A an m × n matrix and b ∈ R
m.

The feasible set of a quadratic optimization problem (QP) is a polyhedron
which can be described as the intersection of finitely many half-spaces:

M = {x ∈ R
n : Ax ≤ b}.

Hence let us consider here

min
{
f(x) = 1

2x�Qx + c�x : x ∈ M
}

, (1.1)

as the basic model of a QP. To conveniently formulate optimality conditions,
we frequently employ the Lagrangian function

L(x;u) = f(x) + u�(Ax − b), u ∈ R
m
+
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being the vector of (non-negative) Lagrange multipliers for the (inequality)
constraints. In our case, the gradient of L with respect to x at a point (x;u)
is affine (i.e., a linear map plus a constant vector) and reads ∇xL(x;u) =
Qx + c + A�u.

If Q is positive-semidefinite (x�Qx ≥ 0 for all x ∈ R
n), then (1.1) is

(relatively) easy: the basin(s) of attraction of the global solution(s) are uni-
versal, and virtually all local solvers will deliver it. Note that the first-order
optimality conditions

∇xL(x;u) = o and u�(Ax − b) = 0, (x, u) ∈ M × R
m
+ (1.2)

are in this case necessary and sufficient for global optimality, and can be
recast into a Linear Complementarity Problem which may be solved by com-
plementary pivoting methods like Lemke’s algorithm [24].

However, if Q is indefinite, then even with a few simple constraints, prob-
lem (1.1) is really difficult. As a running example, we will consider the
problem to determine the farthest point from a point c, in the hypercube
M = [−1, 1]n:

Example 1. Let Q = −In, and A = [In| − In]� with b = [e�| − e�]�.
If ci ∈ [−1, 1], then it is easily seen that all y ∈ R

n with yi ∈ {−1, ci, 1}, all n,
are KKT points, and that all x ∈ {−1, 1}n (the vertices of the hypercube) are
(local) solutions. If c = o, all vertices are evidently global solutions. However,
if we consider c 
= o, this renders a unique global solution, while now all other
(2n − 1) local solutions are inefficient; even more drastically, (3n − 1) KKT
points, i.e., solutions of (1.2) are inefficient. We slightly simplify calculations
by restricting ourselves to c = −μe where 0 < μ < 1. The unique global
solution then is the positive vertex x∗ = e of M .

1.1 Local Optimality Conditions in QPs

The first-order KKT conditions (1.2) help us to single out finitely many
candidates (3n in Example 1) for being optimal solutions. Note that the
complementary slackness conditions – in our case u�(Ax−b) = 0 – at (x, u) ∈
M×R

m
+ always mean L(x;u) = f(x) in terms of the Lagrangian, while primal-

dual feasibility always implies L(x;u) ≤ f(x), by construction of L, for all
(x, u) ∈ M × R

m
+ .

Now, to remove 3n−2n candidates in Example 1 above, we have to employ
second-order optimality conditions, using constant curvature of the objec-
tive and/or the Lagrangian: both functions have the same Hessian matrix
D2
xL(x;u) = D2f(x) = Q for all (x, u) ∈ M × R

m
+ .

The local view of M from x is captured by the tangent cone, which due
to linearity of constraints coincides with the cone of feasible directions at x,
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Γ (x) = {v ∈ R
n : x + tv ∈ M for all small enough t > 0 }

= R+(M − x)
= {v ∈ R

n : (Av)i ≤ 0 if (Ax)i = bi, all i ∈ {1, . . . ,m}} . (1.3)

If x is a local solution, then a decrease along the feasible direction v is im-
possible, and this follows if v�Qv ≥ 0 for all feasible directions v ∈ Γ (x):

f(x) − f(x) ≥ L(x;u) − L(x;u)

= v�∇xL(x;u) + 1
2 v�Qv

= v�o + 1
2v�Qv ≥ 0.

However, this condition is too strong: no locality is involved at all ! Hence
we have to repeat the argument directly, with f replacing L. To account
for locality, we also put x = x + tv with t > 0 small. Note that the KKT
condition (1.2) implies the weak first-order ascent condition v�∇f(x) ≥ 0
for the increment function θv(t) = f(x + tv) − f(x) and

f(x) − f(x) = θv(t) = tv�∇f(x) +
t2

2
v�Qv > 0, (1.4)

if t > 0 small and v�∇f(x) > 0, even if v�Qv < 0: strict first-order ascent
directions may be negative curvature directions. Clearly, the sign of v�Qv
determines curvature of the univariate function θv which is convex if and
only if v�Qv ≥ 0, and strictly concave otherwise. In the latter case, the
condition θv(t) ≥ 0 for all t ∈ [0, t̄ ] is equivalent to θv(t̄ ) ≥ 0, as always
θv(0) = 0 holds.

Thus we concentrate on the reduced tangent cone

Γred(x) =
{
v ∈ Γ (x) : v�∇f(x) = 0

}
(1.5)

and stipulate only v�Qv ≥ 0 for all v ∈ Γred(x).

Theorem 1 (2nd order local optimality condition) [20, 23, 48]:

A KKT point x (i.e., satisfying (1.2) for some u ∈ R
m
+ ) is a local solution

to (1.1) if and only if

v�Qv ≥ 0 for all v ∈ Γred(x), (1.6)

i.e., if Q is Γred(x)-copositive. If (1.6) is violated, then v ∈ Γred(x) with
v�Qv < 0 is a strictly improving feasible direction.

Copositivity conditions of the form (1.6) will be central also later on in
these notes. Here it may suffice to notice that this condition is clearly satisfied
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if Q is positive-semidefinite, an aspect of the well-known result that in convex
problems, KKT points are (global) solutions. Generally, it is NP-hard to check
copositivity even if the cone Γred(x) is very simple. This is not surprising
in view of the result that checking local optimality of KKT points is NP-
hard [52].

Example 1, continued. Consider x = −e. Then as ∇f(x) = −x + c =
(1 − μ)e and Av = [v�| − v�], the set of all feasible directions at x coincides
with R

n
+, and we have Γred(x) = {0}. So (1.6) is satisfied trivially, despite

of negative-definiteness of Q = −In, and x is a local solution (the same is of
course true for x∗ where ∇f(x∗) = −(1 + μ)e). However, if, e.g., y is a KKT
point with, say, yi = −μ, then v = ei is a feasible direction as y + tv ∈ M
for all small |t|. Further ∇f(y)�v = 0, so v ∈ Γred(y) with v�Qv = −1 < 0,
showing that y is no local solution. Indeed, f(y + tv) < f(y) for all small |t|.
This way, we got rid of 3n − 2n inefficient solution candidates.

1.2 Extremal Increments and Global Optimality

We have seen that negative curvature along strict first-order ascent directions,

v�∇f(x) > 0 while v�Qv < 0

pose no problems for checking local optimality. For global optimality of a
KKT point x̄, we need the extremal increment for non-binding constraints at
x̄, as follows: denote by s = b − Ax the vector of slack variables, and by

J(x) = {0} ∪ {i ∈ {1, . . . ,m} : si > 0} (1.7)

To have a consistent terminology, we also can view as J(x) as the set of non-
binding constraints if we add an auxiliary non-binding constraint of the form
0 < 1 by enriching (A, b) with a 0-th row to

Ā =

⎛
⎜⎜⎝

a�
0

A

⎞
⎟⎟⎠ =

⎛
⎜⎜⎜⎝

o�

a�
1
...

a�
m

⎞
⎟⎟⎟⎠ , b̄ =

⎛
⎜⎜⎝

b0

b

⎞
⎟⎟⎠ =

⎛
⎜⎜⎜⎝

1
b1

...
bm

⎞
⎟⎟⎟⎠ ,

and put s̄ = b̄ − Āx̄ ≥ o as well as J(x) = {i ∈ {0, . . . ,m} : s̄i > 0}. The
0-th slack and the corresponding constraint will be needed for dealing with
unbounded feasible directions. However, if v is a bounded feasible direction,
then there is an i ∈ J(x) such that a�

i (x + tv) > bi for some t > 0, and the
maximal feasible stepsize in direction of v
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t̄v = min
{
s̄i/(ā�

i v) : i ∈ J(x), ā�
i v > 0

}
is finite. Note that feasibility of a direction v ∈ R

n is fully characterized by
the property a�

i v ≤ 0 for all i with si = 0, i.e., for all i in the complement
of J(x). If in addition, a�

i v ≤ 0 for all i ∈ J(x), i.e., Av ≤ o but v 
= o, then
we have an unbounded feasible direction with t̄v = +∞ by the usual default
rules, consistently with the property that x+tv ∈ M for all t > 0 in this case.
In the opposite case t̄v = si/(ā�

i v) < +∞, we have (i 
= 0 and) that the i-th
constraint is the first non-binding constraint which becomes binding when
travelling from x along the ray given by v: then x+ t̄vv ∈ M , but x+ tv /∈ M
for all t > t̄v.

By consequence, the feasible polyhedron M is decomposed into a union
of polytopes Mi(x) =

{
x = x + tv ∈ M : 0 ≤ t ≤ t̄v = si/(ā�

i v)
}

across i ∈
J(x) \ {0}, and M0(x) = {x ∈ R

m : Ax ≤ Ax}, the (possibly trivial) un-
bounded polyhedral part of M .

To be more precise, we need the (m + 1) × n-matrices Di = s̄ a�
i − s̄iĀ,

rank-one updates of Ā with zeroes in the i-th row, to define the polyhedral
cones

Γi = {v ∈ R
n : Div ≥ o} , i ∈ J(x). (1.8)

Then Mi(x) = M∩(Γi+x) for all i ∈ J(x), as is easily checked by elementary
calculations. Similarly, we have

⋃
i∈J(x) Γi = Γ (x) from (1.3). By this decom-

position, the purely local view of M from x is appropriately “globalized”,
focussing on the first non-binding constraint which becomes binding along a
certain direction.

After these preparations dealing with the feasible set only, we turn to the
objective function. Clearly, the extremal increment is simply θv(t̄v) – see (1.4)
– and for v�Qv < 0 we have

f(x) − f(x) = θv(t) ≥ 0 for all x = x + tv ∈ M, i.e., t ∈ [0, t̄v],

if and only if θv(t̄v) ≥ 0. In the sequel, we will also need the gradient ḡ =
∇f(x̄) = Qx̄ + c, and the following symmetric rank-two updates of Q:

Qi = ai ḡ
� + ḡ a�

i + s̄iQ, i ∈ J(x). (1.9)

Note that the theorem below also applies to QPs for which the Frank/Wolfe
theorem applies, i.e., where the objective function f is bounded from below
over an unbounded polyhedron M (see [55] for a recent survey and extension
on this topic).

Theorem 2 (Global optimality condition for QP) [3]:

A KKT point x (i.e., satisfying (1.2) for some u ∈ R
m
+ ) is a global solution

to (1.1) if and only if Qi are Γi- copositive for all i ∈ J(x̄) :

v�Qiv ≥ 0 if Div ≥ o ; for all i ∈ J(x̄). (1.10)
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If this is violated, i.e., if v�Qiv < 0 and Div ≥ o for some i ∈ J(x) \ {0},
then

x̃ = x̄ + t̄v is an improving feasible point if t̄ = s̄i/(ā�
i v),

whereas v�Q0v < 0 for some v with D0v ≥ o if and only if (1.1) is unbounded.

Proof. We distinguish cases according to the sign of v�Qv along a feasible
direction v. The KKT condition (1.2) means always v�(Qx + c) = v�ḡ ≥ 0,
so by (1.4) we are fine if v�Qv ≥ 0; if x̄ + tv ∈ M for all t ≥ 0, convexity of
θv must necessarily hold, unless the QP is unbounded. This case is dealt with
the index i = 0: then D0 = −A and Q0 = Q, and v is an unbounded feasible
direction v if and only if D0v = −Av ≥ o, whereas convexity (boundedness)
along v means v�Q0v = v�Qv ≥ 0. So it remains to deal with the concave
case whenever the maximal feasible stepsize is finite: t̄v = s̄i/(ā�

i v) for some
i ∈ J(x) \ {0} and v�Qv < 0. Hence v ∈ Γi, since the definition of t̄v implies
s̄ia

�
j v ≤ s̄j

a�i v
for all j ∈ J(x), i.e., Div ≥ o (note that this includes also

a�
j v ≤ 0 if j /∈ J(x) for feasibility of the direction v). Now we check the sign

of the extremal increment θv(t̄v), to test for global optimality:

f(x̄ + t̄vv) − f(x̄) = t̄v
2

2 v�Qv + t̄v v�ḡ

= t̄v
2

2

[
v�Qv + 2

t̄v
v�ḡ

]
= t̄v

2

2

[
v�Qv + 2

s̄i
(v�ḡ)(a�

i v)
]

= t̄v
2

2s̄i
v�
[
s̄iQ + ai ḡ

� + ḡ a�
i

]
v

= t̄v
2

2s̄i
v�Qiv ≥ 0.

Hence we have reduced global optimality to condition (1.10).

Comparing Theorems 1 and 2, we see that the effort of checking local
versus global optimality is not that different: at most m copositivity checks
instead of merely one.

Further, from definitions (1.5) and (1.9) we directly see that (1.10) implies
(1.6). Finally, if Q is positive-semidefinite and x is a KKT point, then v ∈ Γi
for i ∈ J(x) \ {0} implies v�Qiv ≥ 2(a�

i v)(ḡ�v) ≥ 0, since a�
i v > 0 and

ḡ�v ≥ 0 by (1.2); note that Q0 = Q anyhow so that (1.10) is automatically
satisfied for i = 0 in the convex case. Hence Theorem 2 also implies that for
convex QPs, KKT points solve the problem globally.

Example 1, continued. Now we will get rid of the remaining 2n − 1 non-
global local solutions. For simplicity of notation, we only deal with x = −e
instead of all local solutions different from x∗ = e, but the general case is as
easy to handle. Now, J(x) = {0, 1, . . . , n} and si = 2 for i ∈ {1, . . . , n}.
Since M is bounded, Γ0 = {o} and we can safely ignore i = 0 in the
sequel. For 1 ≤ i ≤ n, we have Γi =

{
v ∈ R

n
+ : 2vi ≥ 2vj , 1 ≤ j ≤ n

}
which contains v = ei but also v∗ = e. As before, ḡ = (1 − μ)e, and
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hence Qi= (1 − μ)
[
eie

� + ee�i
]

+ 2Q, so that v�Qiv = 2[(1 − μ)vi(e�v)
− v�v] which gives v�Qiv = −2μ < 0 for v = ei and even (v∗)�Qi(v∗) =
−2nμ < 0. So either x̃ = −e +2ei or (even better) x∗ = −e+ 2v∗ emerges as
an improving feasible point, the latter as the best one. The picture changes
completely for x∗ where J(x∗) = {0} ∪ {n + 1, . . . , 2n} with the same slack
values si = 2 but now Γ ∗

i =
{
v ∈ −R

n
+ : 2vi−n ≤ 2vj, 1 ≤ j ≤ n

}
. The gra-

dient is g∗ = −(1 + μ)e and ai = −ei−n for i ∈ {n + 1, . . . , 2n}, so that
Q∗
i = (1 + μ)

[
ei−ne� + ee�i−n

]
+ 2Q with

v�Q∗
i v=2

n∑
j=1

[(1 + μ)vi−n − vj ] vj ≥ 2
n∑
j=1

[(1 + μ)vj − vj ] vj = 2μv�v ≥ 0

for all v ∈ Γ ∗
i and all i ∈ {n + 1, . . . , 2n}, establishing global optimality of x∗.

Theorem 2 was first proved for the concave case [27] using ε-subdifferential
calculus, and later on (but published earlier) for the indefinite case along the
arguments above [3]. The following sections will synthesize both approaches.

1.3 Global Optimality and ε-Subdifferential Calculus

Given an extended-valued convex function h : R
n → R ∪ {+∞} and ε ≥ 0,

the ε-subdifferential of h at x with h(x) < +∞ is defined as

∂εh(x) = {y ∈ R
n : h(x) − h(x) ≥ y�(x − x) − ε for all x ∈ R

n}. (1.11)

Note that for ε > 0 always ∂εh(x) 
= ∅; indeed, any normal [y�| − 1]� of a
hyperplane in R

n+1 separating the point [x, h(x)−ε] ∈ R
n+1 from the convex

set
epi h =

{
[x, t] ∈ R

n+1 : h(x) ≤ t
}

satisfies

y�x − h(x) = [y�| − 1]
(

x

h(x)

)
≤ [y�| − 1]

(
x

h(x) − ε

)
= y�x − h(x) + ε

for all x ∈ R
n with h(x) < +∞, since by definition [x, h(x)] ∈ epi h. Sim-

ilarly one can show ∂0h(x) 
= ∅, if h takes only real values and therefore is
continuous on R

n so that epi h is closed and admits a supporting hyperplane
at [x, h(x)].

Consider the general d.c. (difference-of-convex) optimization problem,
where h : R

n → R is a real-valued convex function and g : R
n → R ∪ {+∞}

is an extended-valued convex function:

min {g(x) − h(x) : x ∈ R
n} . (1.12)
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Then we have the following characterization of global optimality:

Theorem 3 (Optimality condition for d.c. optimization) [39]:
Suppose that x satisfies g(x)<+∞. Then x is a global solution to (1.12)
if and only if

∂εh(x) ⊆ ∂εg(x) for all ε > 0. (1.13)

Proof. Suppose that x is a global minimizer of g − h and pick y ∈ ∂εh(x);
then for any x ∈ R

n

g(x) − g(x) ≥ h(x) − h(x) ≥ y�(x − x) − ε,

so that also y ∈ ∂εg(x) holds. To show the converse, assume that there is a
x̂ ∈ R

n such that

δ = 1
2 [g(x) − g(x̂) − h(x) + h(x̂)] > 0,

pick y ∈ ∂δh(x̂) and put

ε = h(x) − h(x̂) − y�(x − x̂) + δ > 0.

This enables parallel transport from (x̂, δ) to (x, ε):

y�(x − x) − ε = y�(x − x̂) + y�(x̂ − x) − h(x) + h(x̂) − y�(x̂ − x) − δ

= y�(x − x̂) − δ − h(x) + h(x̂)

≤ h(x) − h(x̂) − h(x) + h(x̂) = h(x) − h(x)

for all x ∈ R
n, so that y ∈ ∂εh(x). But then, by (1.13), also y ∈ ∂εg(x), so

that in particular for x = x̂, we get y�(x̂ − x) − ε ≤ g(x̂) − g(x). This yields

2δ = g(x) − g(x̂) − [h(x) − h(x̂)]

≤ ε − y�(x̂ − x) − [h(x) − h(x̂)]

= δ + y�(x̂ − x) − y�(x̂ − x) = δ < 2δ ,

a contradiction, proving that x is indeed globally optimal.

For a closed convex set M ⊆ R
n, define the characteristic function

ΨM (x) =

{
0, if x ∈ M,

+∞, else.
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Next we consider a convex maximization problem over M

max {h(x) : x ∈ M} . (1.14)

Theorem 4 (Optimality condition for convex maximization) [39]:
Let M be a closed convex set and h : M → R be a real-valued convex function.
Then x ∈ M is a global solution to (1.14) if and only if

∂εh(x) ⊆ Nε(M,x) for all ε > 0, (1.15)

where Nε(M,x) denotes the set of ε-normal directions to M at x,

Nε(M,x) = {y ∈ R
n : y�(x − x) ≤ ε for all x ∈ M}. (1.16)

Proof. It is easily seen that max {h(x) : x ∈ M}=max {h(x)−g(x) :x ∈ R
n},

for g(x) = ΨM (x). Likewise, we have ∂εg(x) = Nε(M,x) as defined in (1.16).
Now the assertion follows from the general d.c. result in Theorem 3.

Sometimes it may be more convenient to rephrase the inclusion condition
in (1.15) into inequality relations of support functionals. Recall that given a
convex set Y ⊆ R

n, the support functional of Y is defined as

σY (v) = sup{v�y : y ∈ Y }.

Now both S(ε) = ∂εh(x) and N(ε) = Nε(M,x) are convex sets, so that the
inclusion S(ε) ⊆ N(ε) holds if and only

σS(ε)(v) ≤ σN(ε)(v) for all directions v ∈ R
n \ {o} . (1.17)

In Section 1.5 below, we will follow this approach for QPs.

1.4 Local Optimality and ε-Subdifferential Calculus

Also a local optimality condition can be formulated by means of ε- subdiffer-
ential calculus; remember that we deal with the d.c. problem (1.12), where
h : R

n → R is a real-valued convex function and g : R
n → R ∪ {+∞} is an

extended-valued convex function:

Theorem 5 (Dür’s local optimality condition, d.c. case) [31]:
Suppose that x satisfies g(x) < +∞. Then x is a local solution to (1.12) if
for some δ > 0

∂εh(x) ⊆ ∂εg(x) if 0 < ε < δ . (1.18)
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Proof. Arguing by contradiction, suppose there is a sequence xk → x as
k → ∞ such that

g(xk) − h(xk) < g(x) − h(x) for all k ∈ N . (1.19)

Choose yk ∈ ∂0h(xk) and put

εk = h(x) − h(xk) + y�
k (xk − x) ≥ 0.

Now by definition of ∂0h(xk), we have y�
k (x − xk) ≤ h(x) − h(xk), but also

y�
k (xk − x) = y�

k (2xk − x − xk) ≤ h(2xk − x) − h(xk),

and as both h(xk) − h(x) and h(2xk − x) − h(xk) tend to zero as k → ∞ by
continuity of the convex function h (observe that ‖(2xk − x) − x‖ → 0) we
obtain

|y�
k (xk − x)| ≤ max {h(x) − h(xk), h(2xk − x) − h(xk)} → 0 as k → ∞,

entailing εk → 0 as k → ∞, so that εk < δ for all k sufficiently large. For
these k we know by assumption of the theorem ∂εk

h(x) ⊆ ∂εk
g(x) and also

by construction, using parallel transport again, i.e., establishing

h(x) − h(x) = h(x) − h(xk) + h(xk) − h(x)

≥ y�
k (x − xk) − εk + y�

k (xk − x) = y�
k (x − x) − εk

for all x ∈ R
n, that yk ∈ ∂εk

h(x) ⊆ ∂εk
g(x), which is absurd as (1.19) implies

g(xk) − g(x) < h(xk) − h(x) = y�
k (xk − x) − εk.

Hence the result.

So define G(x) = {ε > 0 : ∂εh(x) 
⊆ ∂εg(x)} and δ(x) = inf G(x).

δ(x) = ∞ ⇐⇒ x is a global minimizer of g − h ;

δ(x) > 0 =⇒ x is a local minimizer of g − h.

Suppose x is a local, nonglobal solution.
Then an upper bound for this parameter δ(x) can be found if we know an
improving feasible solution, which suggests that searching for ε beyond δ(x)
may be a good strategy for escaping from inefficient solutions:

Theorem 6 (Upper bound for Dür’s delta) [32]:
If x ∈ R

n satisfies g(x) − h(x) < g(x) − h(x) < +∞ and y ∈ ∂0h(x), then

ε = h(x) − h(x) − y�(x − x) ≥ δ(x).
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Exercise: Prove Theorem 6 by establishing y ∈ ∂εh(x) \ ∂εg(x).
Of course, there is a again a variant for convex constrained maximization:

Theorem 7 (Local optimality for convex maximization) [31]:
Let M be a closed convex set and h : M → R be a real-valued convex function.
Then x ∈ M is a local solution to (1.14) if for some δ > 0

∂εh(x) ⊆ Nε(M,x) if 0 < ε < δ . (1.20)

Proof. Follows as in Theorem 4 above.

Condition (1.20) above is sufficient but not necessary, even over a polytope M :

Example 2. Denote by t+ = max {t, 0} and let h(x) = [(x − 1)+]2 and
M = [0, 3]. Then condition (1.20) is violated at the local maximizer x = 0
of h over M . Indeed, h(x) − h(x) − y(x − x) = h(x) − yx ≥ −ε for all
x ∈ R implies y ≥ 0 (consider x → −∞) but also |y2 + 1| ≤

√
1 + ε (consider

x = 1 + y
2 ≥ 1). On the other, hand, every y ∈ [0, 2(

√
1 + ε − 1)] satisfies

y ∈ S(ε) = ∂εh(x), as can easily be verified in a straightforward manner.
Further, obviously Nε(x;M) = ]− ∞, ε3 ]. Since ε

3 < 2(
√

1 + ε − 1) if and
only if ε < 24, we have G(x) = ]0, 24[ and δ(x) = 0. A similar example
is provided in [31] with a local minimizer of d.c. function g − h where g is
finite everywhere (rather than being equal to ΨM ). Note however, if we employ
the quadratic function q(x) = (x−1)2 instead of the function h in our example
above, we obtain ∂εq(x) = [−2 − 2

√
ε,−2 + 2

√
ε] ⊂ ]− ∞, ε3 ] = Nε(x;M)

whenever ε /∈ G̃(x) = ]12−
√

108, 12 +
√

108[ , so that δ(x) = 12−
√

108 > 0.
Theorem 8 below shows that this is no coincidence: for (indefinite or convex)
quadratic maximization over a polyhedron, local optimality of x is equivalent
to δ(x) > 0.

Whether G(x) an interval (convex) or not, remained an open question for
a considerable period. However, our running example will answer this in the
negative:

Example 1, continued. We again turn to the local, non-global solution
x = −e, considering the maximization problem h(x) = 1

2x�x +μe�x instead
of 1

2 ‖x + μe‖2 (the difference is the constant μ2n
2 ), over M = [−1, 1]n. Now,

y ∈ S(ε) = ∂εh(x) if and only if

min {ϕy(x) :x ∈ R
n} ≥ n(1

2−μ)+e�y−ε, where ϕy(x) = 1
2x�x+(μe−y)�x.

Since the minimizer of ϕy is obviously xy = y − μe with the value ϕy(xy) =
− 1

2 ‖y − μe‖2, we thus get y ∈ S(ε) if and only if − 1
2 ‖y − μe‖2 ≥ n(1

2 −
μ)+ e�y−ε, which after elementary calculations yields the ball representation
of the subdifferential

S(ε) =
{
y ∈ R

n : ‖y + (1 − μ)e‖ ≤
√

2ε
}

.
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Later,wewill need to solve the linear trust regionproblemmax
{
e�J y :y ∈ S(ε)

}
with eJ =

∑
j∈J ej ∈ R

n for any subset J ⊆ {1, . . . , n} with the usual

convention e∅ = o. For J 
= ∅, the solution is of course yJ = mε +
√

2ε
|J| eJ

where mε = (μ−1)e ≤ o is the center of the ball S(ε). The optimal objective of
this trust region problem is e�J yJ = (μ− 1)e�J e +

√
2ε|J |, so that we arrive at

max
{
e�J y : y ∈ S(ε)

}
=
√

2ε|J | − (1 − μ)|J |, (1.21)

which trivially also holds if J = ∅. The reason for considering (1.21) lies in
the structure of Nε(x;M): indeed, the vertices of M are of the form 2eJ − e,
so that

Nε(x;M) =
{
y ∈ R

n : max
{
y�(x − x) : x ∈ M

}
≤ ε

}
=
{
y ∈ R

n : max
{
y�x : x ∈ ext M

}
≤ y�x + ε

}
=
{
y ∈ R

n : max
{
y�(2eJ − e) : J ⊆ {1, . . . , n}

}
≤ y�x + ε

}
=
{
y ∈ R

n : y�eJ ≤ ε
2 for all J ⊆ {1, . . . , n}

}
.

(1.22)

Now (1.21) and (1.22) imply that the inclusion S(ε) ⊆ Nε(x;M) holds if and
only if √

2ε|J | − (1 − μ)|J | ≤ ε

2
for all J ⊆ {1, . . . , n} . (1.23)

Putting q =
√

|J | ∈ [0,
√

n ], we see that (1.23) holds whenever (1 − μ)q2 −√
2εq + ε

2 ≥ 0, which means that

q /∈ Iμ,ε =
√

ε
2(1−μ)2 ] 1 − √

μ, 1 +
√

μ [ .

So (1.23) means
{
0, 1,

√
2, . . . ,

√
n
}
∩ Iμ,ε = ∅. In particular, Iμ,ε should not

contain 1. But since sup Iμ,ε ↘ 0 as ε ↘ 0, this means that Dür’s delta δ(x)
must satisfy sup Iμ,ε ≤ 1 for all ε < δ(x), which amounts to

δ(x) = 2
(

1−μ
1+

√
μ

)2

.

Furthermore, by the same reasoning, we obtain

G(x) = ] δ(x), 2
(

1−μ
1−√

μ

)2

[
⋃

] 4
(

1−μ
1+

√
μ

)2

, 4
(

1−μ
1−√

μ

)2

[
⋃

· · · ,

so that for suitable values of μ, the set G(x) cannot be connected. A general
formula for G(x) is
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G(x) =
n⋃
k=1

] 2k
(

1−μ
1+

√
μ

)2

, 2k
(

1−μ
1−√

μ

)2

[ ,

which shows that G(x) can have up to n connected components.

1.5 ε-Subdifferential Optimality Conditions in QPs

We start with an explicit characterization of ε-subdifferentials and their sup-
port functionals in the quadratic world, as in [11, 27]:

Proposition 1 (subdifferentials for convex quadratic functions) [26]:
If q(x) = 1

2x�Px + d�x with positive-definite P , and ε ≥ 0, then for any
x ∈ R

n

∂εq(x) = S(ε) =
{
∇q(x) + Pu : u�Pu ≤ 2ε

}
, (1.24)

and

σS(ε)(v) = v�∇q(x) +
√

2ε v�Pv. (1.25)

Proof. Let u and y be such that Pu = y −∇q(x) = y −Px− d. Then we get

q(x) − q(x) − y�(x − x)

= 1
2 (x�Px − x�Px) + (d − y)�(x − x)

= 1
2x�Px − x�P x + 1

2x�Px + (x − x)�P x + (d − y)�(x − x)

= 1
2 (x − x)�P (x − x) + (x − x)�Px − (P x + Pu)�(x − x)

= 1
2 (x − x)�P (x − x) − u�P (x − x) + 1

2u�Pu − 1
2u�Pu

= 1
2 (x − x − u)�P (x − x − u) − 1

2u�Pu for all x ∈ R
n.

Now, if y ∈ ∂εq(x), put x = x + u with u = P−1[y − ∇q(x)] and arrive
at 1

2u�Pu ≤ ε from above, as well as y = ∇q(x) + Pu, hence y ∈ S(ε).
Conversely, for any y ∈ S(ε) as defined in (1.24), we get by (x−x−u)�P (x−
x−u) ≥ 0 the required inequality q(x)− q(x)− y�(x−x) ≥ −ε for arbitrary
x ∈ R

n, which shows y ∈ ∂εq(x). Hence (1.24) is established. Next, denote the
inner product induced by the positive-definite matrix P with 〈u, v〉P = u�Pv,
and the corresponding norm by ‖u‖P =

√
u�Pu. Then the Cauchy-Schwarz-

Bunyakovsky inequality

|〈u, v〉P | ≤ ‖u‖P ‖v‖P
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holds. Hence we have, by (1.24), for all v 
= o,

σS(ε)(v) = v�∇q(x) + sup
{
v�Pu : u�Pu ≤ 2ε

}
= v�∇q(x) + sup

{
〈v, u〉P : ‖u‖P ≤

√
2ε
}

≤ v�∇q(x) + sup
{
‖v‖P ‖u‖P : ‖u‖P ≤

√
2ε
}

≤ v�∇q(x) +
√

2ε‖v‖P ,

with equality for u =
√

2ε
‖v‖P

v ∈ S(ε). This proves (1.25).

A slightly more refined argument shows that (1.24) and (1.25) also hold
if P is merely positive-semidefinite. Then P−1 has to be replaced with the
Moore-Penrose generalized inverse P †, see [26]. Anyhow, we here only need
to discuss the case of P nonsingular, as detailed below.

Next, if M = {x ∈ R
n : Ax ≤ b} is a polyhedron, consider any unbounded

feasible direction v ∈ Γ0, i.e., Av ≤ o (if such v exists). Then x = x+ tv ∈ M
for all t > 0, so that v�y = 1

t y
�(x − x) ≤ ε

t ↘ 0 as t ↗ ∞ for all y ∈
N(ε) = Nε(x;M). This shows σN(ε)(v) = 0 for all v ∈ Γ0(x). If v ∈ Γ (x) \Γ0

is a feasible direction at x with finite maximal feasible stepsize t̄v, we by
the same reasoning get v�y ≤ ε

t for all t ∈ ]0, t̄v ] for all y ∈ N(ε), so that
σN(ε)(v) ≤ ε

t̄v
. This upper bound is indeed tight, as shown in [26]:

σN(ε)(v) = εz(v) with z(v) =

{
max

{
a�i v
s̄i

: i ∈ J(x)
}

, if v ∈ Γ (x),

+∞ , otherwise,
(1.26)

with Γ (x) the tangent cone as in (1.3) and J(x) the set of non-binding con-
straints at x as in (1.7).

Suppose for the moment that we have to minimize a strictly concave
quadratic function f = −h, putting Q = −P and ḡ = −∇h(x). Put
η =

√
ε > 0. Then (1.15) and therefore (1.17) holds if and only if

fv(η) = η2z(v) − η
√

2v�Pv + v�ḡ ≥ 0 for all η > 0 and all v ∈ Γ (x).

Since z(v) ≥ 0 always holds, the function fv is convex. Now, if in particular
z(v) = 0 (which is equivalent to Av ≤ o), fv is affine, and hence nonnegative
if and only if

{
fv(0) = v�ḡ ≥ 0 — this is the KKT condition (1.2) — and

f ′
v(0) = −

√
2v�Pv ≥ 0 — this is equivalent to v�Pv = 0.

In the strictly convex case z(v) > 0, the function fv attains its minimum
value at η∗ =

√
2v�Pv
2z(v) > 0, so fv nonnegative if and only if
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fv(η∗) = v�ḡ − 1
2z(v)

v�Pv ≥ 0,

which can be rephrased as

2v�ḡ z(v) − v�Pv ≥ 0,

which is exactly
v�Qiv ≥ 0 if Div ≥ o .

To enforce the same argument for indefinite rather than negative-definite
Q, one has to resort directly to the d.c. case treated in Theorem 3. So put Q =
P+ − P− with P± positive-definite (this we can enforce by adding the same
positive multiple of In to both, if necessary), and define g(x) = 1

2x�P+x +
ΨM (x) whereas h(x) = 1

2x�P−x − c�x as above.
Then we need some subdifferential calculus:

Proposition 2 (addition of subdifferentials) [40]:
If q : R

n → R is continuously differentiable and convex, and if r : R
n →

R ∪ {+∞} is convex, then for any x with r(x) ∈ R

∂εr(x) + ∇q(x) ⊆ ∂ε(q + r)(x) (1.27)

holds and moreover

∂ε(q + r)(x) =
⋃

δ∈[0,ε]

[∂δq(x) + ∂ε−δr(x)] for all ε > 0. (1.28)

Proof. Suppose y ∈ ∂εr(x). For any x ∈ R
n, we then get by convexity of q

[y + ∇q(x)]�(x − x) ≤ y�(x − x) + (x − x)�∇q(x)

≤ r(x) − r(x) + ε + q(x) − q(x).

Hence (1.27) results. The inclusion ⊇ in (1.28) follows by elementary addition
of the relations in (1.11), whereas the reverse inclusion ⊆ in (1.28) is estab-
lished, e.g., in [40, Thm.3.1.1]. Observe that by the smoothness assumption,
we have ∂0q(x) = {∇q(x)}.
Exercise: Show that the assumptions of Proposition 2 imply assumption [40,
(3.1.2)] which are sufficient for [40, Thm.3.1.1].

For q(x) = r(x) = x�x and any ε > 0 we have ∂εr(x)=
{
y∈R

n : y�y≤4ε
}

at x = o, so evidently ∂ε(2r)(x) = 2∂ε/2r(x) 
⊆ ∂εr(x) = ∂εr(x) + ∇q(x).
Hence inclusion (1.27) in Proposition 2 is strict in general.

Next we need some more elementary relations, namely

σA+B = σA + σB and σY = sup
i∈I

σY (i) for Y =
⋃
i∈I

Y (i). (1.29)
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Proposition 3 (subdifferentials for constrained quadratic case):
Let g(x) = 1

2x�P+x + ΨM (x), x ∈ M and ε > 0, and denote T (ε) = ∂εg(x).
Then for any v ∈ R

n we have

σT (ε)(v) = v�P+x +

⎧⎨
⎩

√
2ε v�P+v, if ε < v�P+v

2z2(v) ,

v�P+v
2z(v) + εz(v), if ε ≥ v�P+v

2z2(v) .
(1.30)

Proof. Put q(x) = 1
2x�P+x and r(x) = ΨM (x). Then g = q + r, and

from (1.28), (1.29), (1.25) and (1.26) we get

σT (ε)(v) = sup
{

v�P+x +
√

2δ v�P+v +
ε − δ

z(v)
: 0 ≤ δ ≤ ε

}
. (1.31)

Next we calculate the sup in (1.31). Putting ρ =
√

δ, we arrive at the strictly
concave quadratic function

ψv(ρ) = v�P+x + ρ
√

2v�P+v +
ε − ρ2

z(v)
, ρ ∈ [0,

√
ε],

with zero derivative at ρ = ρ̄v =
√

v�P+v
2z2(v) , where

ψv(ρ̄v) = v�P+x+
v�P+v

z(v)
+
(

ε − v�P+v

2z2(v)

)
z(v) = v�P+x+

v�P+v

2z(v)
+εz(v).

However, if ρ̄v >
√

ε, then ψv(ρ) ≤ ψv(
√

ε ) = v�P+x +
√

2ε v�P+v + 0 for
all ρ ∈ [0,

√
ε], whence (1.30) follows.

The remainder follows the same lines as for convex quadratic maximiza-
tion: again, we put S(ε) = ∂εh(x) where h(x) = 1

2x�P−x− c�x and η =
√

ε,
to discuss the condition

fv(η) = σT (η2)(v) − σS(η2)(v) ≥ 0 for all η > 0, (1.32)

to arrive at the desired inclusion (1.13). Now, from (1.30) and ḡ = Qx + c =
P+x − P−x + c = P+x − ∇h(x) we get via (1.25)

fv(η) = v�ḡ − η
√

2v�P−v +

⎧⎨
⎩

η
√

2 v�P+v, if η < η+(v),
v�P+v
2z(v) + z(v)η2, if η ≥ η+(v),

(1.33)

with η+(v) =
√

v�P+v
2z2(v) .
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Proposition 4 (subdifferentials and optimality in indefinite QPs):
Let x be a KKT point of (1.1) and assume Q = P+ − P− with P± positive-
definite. Suppose v ∈ Γ (x). Then the function fv from (1.33) takes no
negative values over the positive reals if and only if (1.10) holds.

Proof. The function fv is piecewise quadratic and continuously differentiable
at η = η+(v) because 2z(v)η+(v) =

√
2 v�P+v. For the affine part of fv over

the interval [0, η+(v)] we need to worry only about the values at the end
points. However, fv(0) = v�ḡ ≥ 0 as x is a KKT point and v is a feasible
direction. Further, if v�Qv ≥ 0, we get

√
v�P−v ≤

√
v�P+v, and the slope

is nonnegative. If the slope of fv on [0, η+(v)] is negative, i.e., v�Qv < 0, then
by continuous differentiability of fv over R+, the global minimizer of fv must
be larger than η+(v) and we have only to investigate the quadratic part over
[η+(v),+∞[ . So v�Qv < 0 entails that the minimum of the convex function

fv is attained at η = η−(v) =
√

v�P−v
2z2(v) >

√
v�P+v
2z2(v) = η+(v). However, the

minimal value is exactly

fv(η−(v)) = v�ḡ − v�P−v
z(v) + v�P−v+v�P+v

2z(v)

= v�ḡ + v�P+v−v�P−v
2z(v)

= v�ḡ + v�Qv
2z(v) ,

and this expression is not negative if and only if v�Qv + 2z(v)ḡ�v ≥ 0.

By means of this analysis we are now in a position to establish necessity
of condition (1.18) in the quadratic world. Note that this result complements
previous ones for piecewise affine objective functions [38].

Theorem 8 (Dür’s condition is an exact criterion for QPs):
Let f(x) = 1

2x�Qx + c�x be a (possibly indefinite) quadratic function and
M be a polyhedron. Decompose Q = P+ − P− with P± positive-definite, and
consider h(x) = 1

2x�P−x − c�x as well as g(x) = 1
2x�P+x + ΨM (x). Then

x ∈ M is a local solution to (1.1) if and only if for some δ > 0

∂εh(x) ⊆ ∂εg(x) if 0 < ε < δ . (1.34)

Proof. In view of Theorem 5 we only have to prove necessity. So assume that
x is a local solution to (1.1). Then by linearity of constraints, x is also a KKT
point, and therefore v�ḡ ≥ 0 for all v ∈ Γ (x). We again consider the function
fv from (1.32) and (1.33). Fix a positive ν > 0 to be determined later. By
positive homogeneity, we may and do restrict ourselves to directions v ∈Γ (x)
with ‖v‖ = ν, to establish fv(η) ≥ 0 for a certain η > 0, which would then im-
ply the inclusion S(η2) ⊆ T (η2). Now if v ∈ Γred(x) =

{
v ∈ Γ (x) : v�ḡ = 0

}
,
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we get v�Qv ≥ 0 by Theorem 1. So Lemma 1 in [3] guarantees the existence
of a (possibly small) ν > 0 such that

v�ḡ + 1
2v�Qv ≥ 0 for all v ∈ Γ (x) with ‖v‖ = ν. (1.35)

Of course we know that v /∈ Γred(x) for any direction v ∈ Γ (x) with v�Qv < 0,
i.e., that v�ḡ > 0, and thus fv(η) > 0 for all η > 0 small enough, by the
properties discussed in the proof of Proposition 4 above. However, we have
to establish some η̂ > 0 such that fv(η) ≥ 0 for all η ∈ [0, η̂] and all v ∈ Γ (x)
simultaneously. To this end, we first investigate the (positive) zeroes of the
affine parts of fv, namely η = v�ḡ√

2v�P−v−
√

2v�P+v
in the case v�Qv < 0.

Now, if
τ = 1√

8
min

{√
v�P−v +

√
v�P+v : ‖v‖ = ν

}
> 0,

we derive from (1.35)

v� ḡ√
2v�P−v−

√
2v�P+v

= v� ḡ+ 1
2v

�Qv√
2v�P−v−

√
2v�P+v

−
1
2v

�Qv√
2v�P−v−

√
2v�P+v

≥ 0 +
1
2 (v�P−v−v�P+v)√
2v�P−v−

√
2v�P+v

≥ 1√
8

(√
v�P−v +

√
v�P+v

)
≥ τ. (1.36)

Next we turn our attention to η+(v) =
√

v�P+v
2z2(v) . By polyhedrality of M , we

may pick an ω > 0 such that {v ∈ Γ (x) : ‖v‖ ≤ ω} ⊆ M . Then define

η̄ = ω min

{√
v�P+v

2
: ‖v‖ = 1

}
> 0

and observe x + ωv ∈ M for all v ∈ Γ (x), so that 1/z(v) = sup{t : x + tv
∈ M} ≥ ω. Hence we have η+(v) ≥ η̄ > 0 for all v ∈ Γ (x). Finally, we see
that for η̂ = min {τ, η̄} > 0, we have fv(η) ≥ 0 for all v ∈ Γ (x) and all η ≤ η̂
by construction. Indeed, if v�Qv ≥ 0, this follows by η ≤ η̄ ≤ η+(v) and
fv(0) ≥ 0, while for v�Qv < 0 we know by (1.36) that η ≤ τ cannot exceed
the smallest positive zero of fv (if it exists). Hence η̂ ≤ δ(x) as defined in
Section 1.4, and we are done.

Exercise: Consider a KKT point x of (1.1) and infer from δ(x) > 0 as defined
after Theorem 5 the condition that Q be Γred(x)-copositive, thus deducing
Theorem 1 from Theorem 8.
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1.6 Standard Quadratic Problems (StQPs)

In the preceding sections, we saw that checking copositivity yields – in the
positive case – a certificate for global optimality of a KKT point in a QP, and
– in the negative – an improving feasible point. Hence we have to deal with
the following question which is (almost) a homogeneous decision problem:

is min
{
v�Qv : Dv ≥ o

}
< 0 ? (1.37)

If all extremal rays of the polyhedral cone {Dv ≥ o} are known, this question
reduces to

is min
{
x�Qx : x ∈ R

n
+

}
< 0 ? (1.38)

In the general case, one can decompose (1.37) into several problems of the
form (1.38) [25]. Without loss of generality, we may add the normalization
constraint e�x =

∑
i xi = 1 to (1.38), to arrive at the decision form of a

so-called Standard QP: is αQ < 0, where

αQ = min
{
x�Qx : x ∈ Δ

}
(1.39)

with Δ =
{
x ∈ R

n
+ : e�x = 1

}
the standard simplex in R

n. When Q is
indefinite, we can have – even in the generic case of finitely many local solu-
tions – a multitude of inefficient solutions, up to ∼ 2n

1.25
√
n

(see Theorem 12
below), which is less than 2n as over the box in Example 1, but still a good
indicator of NP-hardness of the problem.

We now proceed to an equivalence result which establishes exactness of
penalization w.r.t. the constraint e�x = 1:

Consider the StQP min
{
g(x) = x�Qx : x ∈ Δ

}
and the QP over the pos-

itive orthant
min

{
h(p) = 1

2p�Qp − e�p : p ∈ R
n
+

}
. (1.40)

Further, let us assume that the objective is strictly convex along rays starting
from the origin, which amounts to strict R

n
+-copositivity of Q:

p�Qp > 0 for all p ∈ R
n
+ \ {o} .

Theorem 9 (StQPs are QPs over the positive orthant) [6]:
Assume that Q is strictly R

n
+-copositive. This implies that problem (1.40) is

bounded from below, and therefore has a solution. Further, local and global
solutions to (1.39) and (1.40) are related as follows:

(a) If x̄ ∈ Δ is a local minimizer of g(x) = x�Qx on Δ, then p̄ = 1
g(x̄) x̄ is a

local minimizer of h(p) = 1
2 p�Qp − e�p on R

n
+.

(b) If p̄ ≥ o is a local minimizer of h(p), then x̄ = 1
e�p̄ p̄ is a local minimizer

of g(x) = x�Qx on Δ.
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(c) The objective values in cases (a) and (b) are related by 1
g(x̄) = −2h(p̄).

Hence global solutions correspond to each other.

Proof. First note that αQ = min
{
x�Qx : x ∈ Δ

}
> 0 implies strict con-

vexity of the function φx(t) = h(tx) = x�Qx
2 t2 − t as t ≥ 0 for any

fixed x ∈ Δ. Now φx attains its minimal value at tx = 1
x�Qx , namely

φx(t) ≥ φx(tx) = − 1
2x�Qx ≥ − 1

2αQ
, and the latter is the minimum value

of h(p) over R
n
+. This way, we proved the existence of a (global) solution

to (1.40) even without invoking the general Frank/Wolfe theorem. The as-
sertion on the local solutions is a bit more involved, but follows essentially
the same lines:
(a) For arbitrary p ∈ R

n
+ \ {o} let Φ(p) = 1

e�pp. Then Φ maps the domain
R
n
+ \ {o} continuously on Δ, and hence V = Φ−1(U) is a neighbourhood of

p̄ = 1
g(x)x if U is a neighbourhood of x in Δ satisfying g(x) ≥ g(x) for all

x ∈ U . We now claim that h(p) ≥ h(p̄) for all p ∈ V . Indeed, using p�Qp > 0
and some algebra, it is easy to derive from [p�Qp− e�p]2 ≥ 0 the inequality

h(p) ≥ − (e�p)2

2p�Qp
for all p ∈ R

n
+ \ {o} . (1.41)

Now g(x) ≤ g(Φ(p)) = 1
(e�p)2 g(p) = (− 1

2 )[− (e�p)2

2p�Qp ]
−1 so that by (1.41)

− 1
2g(x)

≤ h(p)

for all p ∈ V . What remains to show is the assertion in (c). But this is
immediate from e�x = 1.
(b) If p̄ is a local solution of (1.40), then necessarily also the KKT conditions
are satisfied due to linearity of the constraints. Hence there is a vector r ≥ o
such that r�p̄ = 0 and ∇h(p̄) = Qp̄ − e = r, which in turn entails g(p̄) =
p̄�Qp̄ = e�p̄ and h(p̄) = − 1

2e�p̄. On the other hand, by definition of x we
now get

g(x) =
1

(e�p̄)2
g(p̄) =

1
e�p̄

,

and thus again the relation in (c) is established. Next define Ψ(x) = 1
g(x)x

which maps Δ continuously into R
n
+. Hence Ψ(x) = (e�p̄)x = p̄ implies that

U = Ψ−1(V ) is a neighbourhood of x in Δ provided that V is one of p̄ in R
n
+

such that h(p) ≥ h(p̄) for all p ∈ V . Consequently,

− 1
2g(x)

= h(p̄) ≤ h(Ψ(x)) =
1

2[g(x)]2
g(x) − 1

g(x)
e�x = − 1

2g(x)

for all x ∈ U , which shows (b). The remaining assertion in (c) is immediate.
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The central role of StQPs within the class of all QPs is not only motivated
by copositivity conditions for optimality in the latter class. Moreover,
there are quite many applications where StQPs either arise as auxiliary
(sub-)problems, or where they can be used directly. This is the topic of the
next section.

1.7 Some Applications of StQPs

Consider again the general QP over a bounded polyhedron

min
{
f(x) = 1

2x�Qx + c�x : x ∈ M
}

,

where M = conv {v1, . . . , vk} = V (Δ) ⊂ R
n is now a polytope with

V = [v1, . . . , vk] an n × k-matrix and Δ ⊂ R
k.

Then for the k × k matrix Q̂ = 1
2

(
V �QV + e�V �c + c�V e

)
f(x) = y�Q̂y whenever x = V y ∈ M , i.e., y ∈ Δ.

Thus every QP over a polytope is equivalent to the StQP min
{
y�Q̂y :y∈Δ

}
.

This approach is of course only practical if the vertices V are known and k is
not too large. This is the case of QPs over the �1 ball [14] where V = [In|−In]
and Δ ⊂ R

2n.
However, even for general QPs, we can use StQP as a relaxation without

using all vertices. To this end, we represent M =
{
x ∈ R

n
+ : Ax = b

}
in stan-

dard form used in LPs rather than in the previously used inequality form.
Here A is an m × n matrix and b ∈ R

m.

Theorem 10 (Inclusion of M in a simplex – StQP relaxation) [15]:
Suppose M 
= {o} is bounded. Then there is z ∈ R

m with A�z ≥ e and
b�z > 0. Put Dz = b�z

[
Diag(A�z)

]−1, as well as

Q̂(z) = 1
2

(
DzQDz + ec�Dz + Dzce

�) .
Then

αQ̂(z) ≤ min
{

1
2 x�Qx + c�x : x ∈ M

}
.

Proof. Consider the polyhedron

R = {z ∈ R
m : A�z ≥ e} (1.42)

Since M is bounded, the function e�y attains its maximum on M . Thus,
by LP duality, R is nonempty as it coincides with the feasible set of the
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dual LP. Also, since M is bounded and different from {o}, we must have
b 
= o. Let z ∈ R and put πz = b�z as well as pz = A�z. Hence we obtain
from A�z ≥ e the relation πz = b�z = y�A�z ≥ y�e > 0 for all y ∈ M , since
Ay = b 
= o implies y 
= o. Further, for all z ∈ R we have pz ≥ e as well, and
M is contained in the simplex Sz =

{
y ∈ R

n
+ : 1

πz (pz)�y = 1
}

= D−1
z (Δ).

Moreover, for any y ∈ Sz there is x = Dzy ∈ Δ with f(y) = x�Q̂(z)x ≥
αQ̂(z), which establishes the result.

We can refine this approach if Q is negative-semidefinite, i.e., for concave
minimization QPs. Then

h(z) = min
i

f
(
π(z)
pi(z)

ei

)
= αQ̂(z) ≤ α∗ = min {f(x) : x ∈ M} .

The best upper bound h∗ = max
{
h(z) : A�z ≥ e

}
is hard to find. However,

put fi(t) = f(tei) which is a concave function in one variable t. Then we can
solve the easy problem

h̄ = min
i

sup
t≥0

fi(t) ≥ h∗.

Now check whether also h̄ ≤ α∗, i.e., put [Li, Ri] =
{
t : fi(t) ≥ h̄

}
and check

Li ≤ π(z)
pi(z)

≤ Ri, all i, some z with A�z ≥ e.

This is a linear feasibility problem for z.
We now proceed to illustrate one of the most prominent direct applica-

tions of StQPs in combinatorial optimization, the StQP formulation of the
Maximum Clique Problem due to Motzkin and Straus.

Consider an undirected graph G = (V , E) with |V| = n vertices. A clique
S ⊆ V is a subset of vertices inducing a complete subgraph. S is called
maximal if S is not contained in a larger clique, and a clique S∗ is a maximum
clique if

|S∗| = max {|T | : T is a clique in G} .

Finding the clique number ω(G) = |S∗| is an NP-complete combinatorial
optimization problem, which can be formulated as continuous optimization
problem, namely an StQP:

To this end, we employ the adjacency matrix AG of a graph G defined as
the indicator function of E over V × V :

[AG ]ij =

{
1, if {i, j} ∈ E ,

0, else.

Theorem 11 (Motzkin/Straus formulationofMaximum-Clique) [51]:
For Q = QG = E − AG , with E = ee� the all-ones matrix, we get
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1
ω(G)

= αQ.

Recently an interesting converse has been established in the context of dom-
inant sets and clustering, where qij are interpreted as edge weights [58].
A different, even more recent approach for solving general StQPs has been
taken by [62], who first define a convexity graph based on the instance
Q, and then try to find maximal cliques in this graph, as the support
σ(x) = {i : xi > 0} = J(x) \ {0} (the non-binding constraints set) of the
global solution x must be a clique. Given the support is σ(x) = J̄ is fixed,
the solution x is easily obtained by solving the linear system arising from the
KKT conditions. See also Theorem 12 below on how supports of coexisting
local solutions are related.

2 Some Basic Techniques, Illustrated by StQPs

Quite generally, the interplay of local search and escape steps in global opti-
mization can be algorithmically sketched as follows:
1. Start local search with some x0;
2. check if result x is a local solution;

if not, restart with random perturbation of x;
call the escape procedure, denote resulting point by x̃;

3. repeat from step 1., replacing x0 with x̃.
If there are only finitely many objective values for local solutions (which is

true for any QP), and if the local search produces a (strict) local solution with
probability one for the choice of starting point (true for the method (2.3) and
StQPs, if no principal minor of Q is zero), this algorithm stops after finitely
many repetitions.

Of further interest in global optimization is the question of coexistence
of local solutions. For StQPs, an important property is established in the
following

Theorem 12 (Antichain property of local StQP solutions) [5]:
For x ∈ Δ define the support as

σ(x) = {i : xi > 0} .

Let x and z be local solutions of StQP with supports σ(x) and σ(z). Suppose
there are only finitely many local solutions to (1.39). Then neither

σ(x) ⊆ σ(z) nor σ(x) ⊇ σ(z).

Further, then there cannot be more than
(
n


n
2 �
)

local solutions to (1.39).
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Hence, asymptotically, i.e., for large n, there are at most 2n
√

2/(πn) ≈
2n/(1.2533141373155

√
n ) local solutions of an StQP in variables, if there

are only finitely many of them. This follows from Stirling’s approximation
formula for the factorials in

(
n


n
2 �
)
.

2.1 Local Search and Escape Directions

We start by a local search procedure which is called replicator dynamics
(RD). To this end, we switch to the maximization form

βQ = max{x�Qx : x ∈ Δ} (2.1)

of an StQP. By adding a nonnegative multiple of E to Q (which changes
x�Qx by only a constant on Δ), we may and do assume in the sequel that

qii > 0 and qij ≥ 0 for all i, j. (2.2)

Condition (2.2) is necessary and sufficient for Qx ≥ 0 and x�Qx > 0 for all
x ∈ Δ. Now consider the following iteration process (a dynamical system in
discrete time t) on Δ:

xi(t + 1) = xi(t)
[Qx(t)]i

x(t)�Qx(t)
, 1 ≤ i ≤ n. (2.3)

This method is reminiscent of the power method for finding the largest (in
magnitude) eigenvalue of a square matrix, with the unit Euclidean sphere
replaced by the unit simplex. The RD method has a long history in mathemat-
ical biology, and it connects three different fields: optimization, evolutionary
games, and qualitative analysis of dynamical systems; see [8] and references
therein. It arises in population genetics under the name selection equations
where it is used to model time evolution of haploid genotypes, with Q being
the (symmetric) fitness matrix, and xi(t) representing the relative frequency
of allele i in the population at time t (see, e.g., [34], [50, Chapter III]).

Since it also serves to model replicating entities in a much more general
context, it is often called replicator dynamics nowadays. The continuous-time
version of the RD method is known to be a gradient system with respect to
Shahshahani geometry; see [41]. This suggests that the method may be useful
for local optimization. In fact, (2.3) has the remarkable property that, under
assumption (2.2), the generated sequence of iterates {x(t)} converges [47]
(i.e., has a unique cluster point) and, given that we start in riΔ, the limit x̄
is a KKT point of (1.39). This contrasts with other interior-point methods for
solving (1.39), for which additional assumptions on Q are required to prove
convergence of the generated iterates; see [19, 35, 49, 63, 64]. Additionally,
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the objective values f (x(t)) increase with t, ‖x(t) − x̄‖ = O(1/
√

t), and
convergence rate is linear if and only if strict complementarity holds at x̄.
In [9], the RD method (2.3) was applied to solve medium-sized test problems
from portfolio selection and was shown to be superior in performance to
classical feasible ascent methods using exact line search, including Rosen’s
gradient projection method and Wolfe’s reduced gradient method.

Theorem 13 (Monotonicity and convergence of RD) [18, 34, 47]:
If Q satisfies (2.2), then any non-stationary trajectory x(t) under (2.3)
• yields strictly increasing values x(t)�Qx(t) and
• converges to a fixed point x̄;
• further, with probability one (if the starting points x(0) are distributed ac-
cording to a law absolutely continuous w.r.t. Lebesgue measure) x̄ is a strict
local maximizer of x�Qx, provided no principal minor of Q vanishes.

Exercise: For symmetric n×n matrices N ≥ O and x ∈ R
n
+ \ {o} we have

(
x�Nx

x�x

)m
≤ x�Nmx

x�x

(this can be proven via induction on n, but is of no concern here). Using this
inequality, establish monotonicity of x(t)�Qx(t) along (2.3)-trajectories x(t),
as in Theorem 13. Hint: put m = 3 and nij =

√
xiqij

√
xj in above inequality.

There are also variants of the replicator dynamics involving monotonic
transformations of the quantities [Qx(t)]i, among them the exponential func-
tion exp(θ[Qx(t)]i) for a parameter θ > 0. For empirical experience see [59],
for some rudimentary theory in the spirit of Theorem 13 see [9], and for fur-
ther theoretical analysis [66]. In that paper, the fixed-step iteration of (2.3)
is generalized as follows.

For an (2.3)-iteration, put x′ = x(t + 1), x = x(t), and g = ∇f(x) = 2Qx.
Then

x′ − x = v(1) = 1
x�g (Diag x)

[
g − (x�g)e

]
is an ascent direction which can be used for (an inexact) line search, e.g., by a
limited maximization rule à la Armijo. A similar affine-scaling type approach
was proposed by [35] with

v(2) = (Diag x)2
[
g − x�(Diag x)g

x�x e
]
.

One common generalization of both approaches leads to

v(γ) = (Diag x)γ
[
g − x�(Diag x)γ−1g∑

i x
γ
i

e
]
.
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This iteration also converges globally with sublinear rate, and good large-scale
experience for relatively large problems (n = 1000) is reported in [66] for
1 ≤ γ < 2.4.

For problems at an even larger scale (n = 104), another variant with a
scaled projected reduced gradient (SPRG) is proposed by [65] which truncates
negative entries in

[
g − (x�g)e

]
to zero, i.e. puts ri = [(Qx)i − x�Qx]+ and

uses the search direction
v+ = r − (e�r)x.

Theorem 14 (SPRG ascent direction) [8, 65]:
v+ is a feasible ascent direction for the problem (2.1), with v+ = o if and
only if x is a KKT point.

Proof. If xi = 0, then v+
i = ri ≥ 0. Further, e�v = e�r(1 − e�x) = 0.

Hence v+ is a feasible direction. Moreover, put sj = [(Qx)i − x�Qx] so that
rj = [sj ]+. Then

(v+)�Qx =
∑

i,j xiqij [rj − (e�r)xj ]

=
∑

i,j rjqjixi − (e�r)x�Qx

=
∑

j rj [(Qx)j − x�Qx]

=
∑

j sj [sj ]+ ≥ 0,

with equality if all sj ≤ 0, which just means that x is a KKT point of (2.1).

If we now base an (inexact Armijo type) line search upon v+, this yields a
globally convergent iteration scheme with sublinear rate. Preliminary exper-
iments in [65] suggest that SPRG is sometimes more accurate than MINOS,
and robust also if strict complementarity fails.

Of course, escaping from inefficient local solutions is, generally speak-
ing, hard. By applying the global optimality conditions by copositivity from
Theorem 2 to the special case of StQP, we arrive at the so-called genetic
engineering via negative fitness (GENF) procedure. Returning to the origi-
nal biomathematical interpretation of (2.3), we determine truly unfit alleles
(meaning coordinates) i via fitness minimization rather than maximization,
bearing in mind some alleles will go extinct in a non-global solution x (else
the antichain property from Theorem 12 will guarantee global optimality of
x due to σ(x) = {1, . . . , n}). But not all extinct alleles i /∈ σ(x), i.e. xi = 0,
will remain zero in a global solution x∗. So to determine the truly unfit, we
rather look at fitness minimizers, i.e., replace Q with

Q = [γσ(x) − qij ]i,j /∈σ(x)

with γσ(x) ≥ max
i,j /∈σ(x)

qij (which is the largest fitness of extinct alleles), and

perform a local search for Q on the reduced simplex, to obtain a local solution



Global Optimization: A Quadratic Programming Perspective 29

z to this auxiliary problem. Then τ = σ(z)\σ(x) can be seen as the set of truly
unfit alleles. As it turns out, this rather heuristic approach indeed gives the
construction of the improving feasible point as in the general case described
in Theorem 2.

Theorem 15 (GENF – escape directions for StQP) [18]:
Suppose x is local solution to the master problem

βQ = max
{
x�Qx : x ∈ Δ

}
. (2.4)

Pick a set τ disjoint to the surviving allele set σ(x) by ‘negative genetic
engineering’, i.e., τ = σ(z) \ σ(x) where z is a local solution to the auxiliary
problem max

{
z�Qz : z ∈ Δ

}
as above. Denote by m = |τ |.

For all (s, t) ∈ σ(x) × τ replace qsi with qti and remove all other j ∈ τ \ {t}.
For the resulting matrix Qt→s consider the reduced problem on Δ̃ ⊂ R

n−m

βQt→s = max
{
z�Qt→sz : z ∈ Δ̃

}
. (2.5)

Then x is a global solution to (2.4) if and only

max {βQt→s : (s, t) ∈ σ(x) × τ} ≤ x�Qx,

i.e., if the optimal values of all the reduced problems (2.5) do not exceed the
current best value in the master problem.
In the negative, enrich any (global) solution z to the reduced problem (2.5)
by suitable zeroes to an improving feasible point x̃ ∈ R

n.

With this formulation, the hardness aspect of finding an improving fea-
sible point is the requirement to find the global solution for the reduced
problem (2.5), although this may be considerably smaller. However, in prac-
tice a good local solution to (2.5) may be enough to escape from the first local
solutions found in the overall local search. Still, a satisfactory implementation
of the GENF algorithm has yet to be done.

2.2 Bounding and Additive Decompositions

Let us return to a minimization StQP

αQ = min
{
x�Qx : x ∈ Δ

}
.

The most elementary lower bound for αQ is

α0
Q = min

i,j
qij , (2.6)
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which is exact whenever the minimum entry of Q is attained at the diagonal,
and vice versa:

α0
Q ≤ αQ ≤ min

i
qii = min

i
e�i Qei. (2.7)

In case α0
Q = mini,j qij < mini qii there is a refinement:

αref
Q = α0

Q +

[∑
i

(qii − α0
Q)−1

]−1

(2.8)

(with the usual conventions for 1/0 = ∞, t + ∞ = ∞, and 1/∞ = 0) is
strictly improving, i.e., α0

Q < αref
Q ≤ αQ, and exactness equality αref

Q = αQ
holds in some instances:

Exercise: Show that for Q = Diag d with di > 0, all i, then

αQ =

[∑
i

d−1
i

]−1

= αref
Q > α0

Q = 0.

We proceed to discuss Lagrangian dual bounds for StQPs. Recall the La-
grange function

L(x; ν, u) = x�Qx + ν(1 − e�x) − u�x,

where u ∈ R
n
+ and ν ∈ R. Now unless Q is positive-semidefinite, the straight-

forward bound is useless:

Θ(ν, u) = inf {L(x; ν, u) : x ∈ R
n} = −∞.

On the other hand, without any convexity assumptions on Q, we also may
have a perfect bound:

Theorem 16 (Lagrangian dual bounds for StQPs) [16]:
If α0

Q > 0, then the duality gap is either infinity or zero, depending on relax-
ation:

for Θ̄(ν) = inf
{
x�Qx + ν(1 − e�x) : x ∈ R

n
+

}
, we get

Θ̄(ν) =

{
ν − 1

4αQ
ν2, if ν ≥ 0,

ν else.
(2.9)

Hence
max

{
Θ̄(ν) : ν ∈ R

}
= αQ.

Nevertheless also this bound is useless since the dual function involves the
unknown parameter αQ.
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The situation does not change if we employ Semi-Lagrangian bounds for
StQPs; recall that a semi-Lagrangian relaxation (SLR) emerges if we split
the (only) equality constraint e�x = 1 into two inequalities e�x ≤ 1 and
e�x ≥ 1, and relax only the latter.

Theorem 17 (Zero duality gap for SLR of StQPs):
For μ ≥ 0, define

Θ̃(μ) = inf
{
x�Qx + μ(1 − e�x) : x ∈ R

n
+, e�x ≤ 1

}
. (2.10)

Then
Θ̃(μ) = μ − 1

4αQ
μ2 for all μ ≥ 0,

and thus
max

{
Θ̃(μ) : μ ≥ 0

}
= αQ.

So even to evaluate Θ̃(μ) at any μ, we need to know αQ.

Exercise: By scaling a vector x ∈ R
n
+ with e�x ≤ 1 appropriately to a

vector y ∈ Δ, show that the semi-Lagrangian function Θ̃ of an StQP as
defined in (2.10) equals

Θ̃(μ) = min
t∈[0,1]

min
y∈Δ

{
t2y�Qy + μ(1 − t)

}
= min
t∈[0,1]

[t2αQ + μ(1 − t)], μ ≥ 0,

and use this relation to establish Theorem 17. Remark: formula (2.9) in
Theorem 16 is much harder to prove (e.g., via Theorem 9), whereas the im-
plication for the zero duality gap there follows easily.

Convex underestimation bounds are more interesting. To this end, choose
any positive-semidefinite matrix S such that x�Sx ≤ x�Qx for all x ∈ Δ.
Then

αS = min
x∈Δ

x�Sx ≤ αQ,

i.e., αS is a valid bound. Since x�Sx is convex, αS is cheap, i.e., can be
determinated to any desired accuracy in polynomial time.

Theorem 18 (Best convex underestimation bound for StQPs) [16]:
The best such underestimation bound is given by

αconv
Q := max {αS : S � O, sij ≤ qij all i, j, diag S = diag Q} . (2.11)

To obtain a solution to (2.11), one may employ semidefinite programming
(SDP) via exact Shor relaxation [1]. We will discuss a similar approach in
more detail below.

Continuing the idea above, one is lead quite naturally to the approach of
d.c. decomposition (D.C.D.) bounds; first use subadditivity to obtain a lower



32 I.M. Bomze

bound for αQ as follows: for any symmetric n × n matrix S, the relation
Q = S + (Q − S) implies

αQ ≥ αS + αQ−S .

Recall that αS is cheap if S � O. Now if −T is positive-semidefinite either,
then αT = mini tii is even cheaper, since we just have to find the smallest of
n given numbers.

Hence denote the set of all D.C.D.s of Q by

PQ = {S � O : S − Q � O} . (2.12)

Again, the best such D.C.D. bound can be obtained by SDP techniques:

αdcd
Q := max

{
αS + αQ−S : S ∈ PQ

}
. (2.13)

Nevertheless, there is a dominating bound first considered in [1] which em-
ploys the same machinery. See Section 4.4 below.

2.3 Branch-and-Bound: Principles and Special Cases

Here, we concentrate on a key technology for global optimization, which is
primarily used in combinatorial optimization, but has its justification as well
in the continuous domain: branch-and-bound. As a motivating example, we
consider a D.C.D. based branch-and-bound for StQPs.

The problem tree is generated as follows: at the root node, we start with
some D.C.D. Q = S + T with

αQ ≥ αS + αT ,

where S and −T are positive-semidefinite, so that above estimate is cheap.
Note that this D.C.D. is not necessarily the one realizing (2.13).

At an internal node of the problem tree, characterized by a subsimplex X =
conv (v1, . . . , vn), we repeat this to obtain

γQ(X) = min{x�Sx : x ∈ X} + min
{
v�i Tvi : i ∈ {1, . . . , n}

}
.

If V = [v1, . . . , vn], for any x ∈ X there is some y ∈ Δ such that x�Sx =
y�(V �SV )y, thus

min{x�Sx : x ∈ X} = αV �SV ,

is automatically achieved by any local search as also V �SV � O.
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Hence
γQ(X) = αV �SV + min

{
v�i Tvi : i ∈ {1, . . . , n}

}
is the desired local lower bound.

For bounding from above, we employ a local upper bound δ(X) with the
property that

δ(Xk) → (x∗)�Q(x∗) whenever
∞⋂
k=1

Xk = {x∗}.

For instance, any feasible point x ∈ X yields such a bound δ(X) = x�Qx.
A better alternative would be to put δ(X) equal to the objective result of
a local search for V �QV . As always, the final choice of method depends on
the balance between quality and effort: the more we invest in high quality
local search, the more cutting power we gain, and hence less subproblems
are generated. The global upper bound is then the smallest of the δ(X) values
obtained so far.

The next important ingredient is the branching rule. Contrasting to combi-
natorial optimization where branching is canonically done by fixing a binary
variable at either of its values zero or one, in continuous optimization there
are a lot of choices. Here, we can choose a subsimplex X with smallest γ(X)
for fast improvement, or with smallest δ(X) for early good intermediate re-
sults (depth-first or width-first traversal of the problem tree), then fathom
the node labeled by X if γ(X) exceeds global upper bound: any global so-
lution x∗ /∈ X . Else we bisect X along longest edge (e.g., by halving it), to
obtain two children of node X .

Theorem 19 (Convergence of branch-and-bound) [8]:
If the problem tree is generated as sketched above, the branch-and-bound
algorithm converges.

Proof. To enforce the general convergence result of the branch-and-bound
algorithm [42], one has to establish an asymptotically vanishing gap: δ(Xk)
−γ(Xk) → 0 as k → ∞, if (Xk) is an exhaustive sequence of subsimplices,
i.e.,

⋂∞
k=1 Xk = {x∗}. In fact, in the StQP case we have γ(Xk) → (x∗)�Q(x∗)

as k → ∞. The result follows by assumption δ(Xk) → (x∗)�Q(x∗) as k → ∞.

3 Reformulation, Relaxation, Approximation

Again by the class of StQPs, we study three basic strategies to deal with NP-
hard nonlinear problems. Reformulations find alternative representations of
given problems with the aim to employ different, more suitable methods,
while relaxations and approximations are used to find a good proxy of the
exact solution.
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3.1 Quartic and Unconstrained Reformulations

First we want to get rid of the constraint x ≥ o in an StQP. To this end, we
use Parrilo’s trick x = T (y) with xi = y2

i ≥ 0, to arrive at quartic formulation
of StQPs with a ball constraint. Indeed the partial inverse of T is given by
y = T−1(x) with yi = +

√
xi, and y�y = 1 means e�x = 1, i.e. Euclidean

unit sphere coincides with T−1Δ.
To put down the quartic formulation in a compact way, we abbreviate

Y = diag y. Then αQ = min
{
x�Qx : x ∈ Δ

}
coincides with

min
{
fq(y) = 1

2y�Y QY y : y�y = 1
}

(3.1)

which is a homogeneous problem equivalent to the StQP:

Theorem 20 (Quartic formulation of StQPs) [17]:

x̄ ∈ Δ is local/global solution to the StQP (1.39) if and only if

ȳ = T−1(x̄) is local/global solution to the quartic problem (3.1).

Unfortunately, the above equivalence result does not hold for KKT points
without any further assumptions. So we have to resort to second-order nec-
essary conditions (SOC) for local optimality of ȳ in the quartic problem:

z�
[
2Ȳ QȲ + diag{QȲ ȳ} + μ̄I

]
z ≥ 0 for all z ∈ R

n : z�x̄ = 0 , (3.2)

where μ̄ is the Lagrange multiplier of y�y = 1 in ȳ.
A similar SOC for local optimality of ȳ in the StQP is Γ (x)-copositivity

of Q (stronger than condition (1.6), of course):

z�Qz ≥ 0 for all z ∈ R
n : e�z = 0 and zi = 0 if x̄i = 0. (3.3)

Theorem 21 (SOC in quartic and StQP are equivalent) [17]:

x̄ ∈ Δ is a KKT point for StQP satisfying (3.3) if and only if

ȳ = T−1(x̄) is a KKT point for (3.1) satisfying (3.2).

Further, if ȳ is a local solution to (3.1), then necessarily μ̄ = −2fq(ȳ).

Similar to Theorem 9, we follow an exact penalty approach to the quartic
problem, and thus can discard the ball constraint. To this end, we employ
the multiplier function

μ(y) = −2fq(y) = −y�Y QY y.

For the penalty parameter ε > 0, we define the merit function
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P (y; ε) = fq(y) + 1
ε (‖y‖

2 − 1)2 + μ(y)(‖y‖2 − 1)

= fq(y) +
1
ε
(‖y‖2 − 1)2 − 2fq(y)(‖y‖2 − 1)

= fq(y)(3 − 2‖y‖2) +
1
ε
(‖y‖2 − 1)2.

Pick any y0 ∈ R
n, Θ ∈ (0, 1) and γ > 1 and let ε ≤ εQ, where

εQ = min
{

1
2‖Q‖ (1+3Θ4)

(Θ2−1)2 , 1
2‖Q‖

(γ2−1)2

γ4 , 2Θ2

3‖Q‖γ4

}
.

Then the level set L0 = {y ∈ R
n : P (y; ε) ≤ P (y0; ε)} is compact.

Theorem 22 (Equivalence of exact quartic penalization) [17]:

Pick any ε ≤ εQ. Let ȳ ∈ L0 be a critical point of P (y; ε): ∇yP (y; ε) = o.
If ȳ satisfies D2

yP (y; ε) � O (the standard unconstrained SOC), then ȳ satis-
fies (3.2) with x̄ = T (ȳ) ∈ Δ, and therefore x̄ is a KKT point for the StQP
fulfilling (3.3).

3.2 Convex Conic Reformulations

Recall that a linear optimization problem (LP) usually involves n variables
organized in a vector x ∈ R

n, so that the linear objective function can be
written as c�x, and m linear equality constraints as Ax = b while nonnega-
tivity constraints read x ≥ o which in fact means mini xi ≥ 0.

To ensure feasibility, sometimes a barrier function β(x) = −
∑
i log(xi) ↗

∞ if xi ↘ 0 is incorporated into the objective function, rendering a nonlinear
optimization problem

min
{
c�x + γβ(x) : Ax = b

}
(3.4)

with a parameter γ > 0. Interior point methods usually start with some
γ = γ0, solve (3.4) approximately, then decrease γ and iterate.

Passing now to semidefinite optimization problems (SDP), the approach is
quite similar, but instead of vectors we now arrange variables in a symmetric
matrix X = X�, and consider (additional) constraints of the form X �O,
which means λmin(X) ≥ 0.

Again, there is a logarithmic barrier function

β(X) = − log det X = −
∑
i log λi(X) ↗ ∞ if λmin(X) ↘ 0,

which prevents us from leaving the feasible set during interior-point pro-
cedures, and again we consider a linear objective function and m linear
constraints:

min {〈C,X〉 : 〈Ai, X〉 = bi (i = 1..m), X �O} ,
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where 〈C,X〉= trace (CX)=
∑
i,j CijXij is now a substitute for the

previously used c�x.
Observe that any LP can be written as

min {〈C,X〉 : 〈Ai, X〉 = bi (i = 1..m), X ≥O} .

Proceeding to the more general form of conic linear optimization problems,
let K be a convex cone of X matrices. A conic linear program is of the form

min {〈C,X〉 : 〈Ai, X〉 = bi (i = 1..m), X ∈ K} , (3.5)

but for this general case an appropriate barrier function is by no means obvi-
ous. There is a fully developed theory of concordance which relates properties
of the cone K to the existence of a tractable barrier which also would guar-
antee interior-point algorithms which deliver the solution to (3.5) up to any
prescribed accuracy in polynomial time, see for instance [21] or [54].

In familiar cases this is true: in LPs where

K = N =
{
X = X� : X ≥O

}
,

with barrier −
∑
i,j log Xij , or in SDPs where

K = P =
{
X = X� : X �O

}
with barrier −

∑
ilog λi(X).

For all these methods, a duality theory for conic optimization is indispens-
able. Thus we need the dual cone of K,

K∗ =
{
S = S� : 〈S,X〉 ≥ 0 for all X ∈ K

}
It is easy to see (left as an exercise below) that the cones P and N above are
all self-dual which means K∗ = K.

In general, a primal-dual pair of conic optimization problems is of the form

p∗ = inf {〈C,X〉 : 〈Ai, X〉 = bi (i = 1..m), X ∈ K} ,

d∗ = sup
{
b�y : S = C −

∑
i yiAi ∈ K∗} .

(3.6)

Weak duality says that the duality gap p∗ − d∗ is always nonnegative, i.e.,
d∗ ≤ p∗. In other words, for every primal-dual-feasible pair (X, y) we have
due to 〈S,X〉 ≥ 0 as (X,S) ∈ K × K∗,

b�y =
∑

i〈Ai, X〉yi
= 〈
∑

i yiAi, X〉
= 〈C,X〉 − 〈S,X〉
≤ 〈C,X〉.
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Strong duality results establish equality instead of inequality, for optimal
solutions (X∗, y∗) to (3.6), so that the duality gap is zero:

Theorem 23 (Strong duality for conic programming) [21]:
Suppose there are strictly feasible (X, y), i.e., X ∈ int K with 〈Ai, X〉 = bi,
all i, and S = C −

∑
i yiAi ∈ int K∗ (Slater’s condition).

Then there is a primal-dual-optimal pair (X∗, y∗),

d∗ = b�y∗ = 〈C,X∗〉 = p∗,

for S∗ = C −
∑
i y

∗
iAi which then satisfies the complementary slackness con-

dition 〈S∗, X∗〉 = 0.

3.3 Copositive Programming

Here we consider a matrix cone different from P and N , which is not self-
dual:

K = conv
{
xx� : x ∈ R

n
+

}
, (3.7)

the cone of completely positive matrices, with its dual cone

K∗ =
{
S = S� is copositive

}

=K. (3.8)

Exercise: Show that with respect to the duality 〈X,S〉 = trace (SX), the
cones defined in (3.7) and (3.8) are indeed dual to each other. Also show
P∗ = P and N ∗ = N .

It is immediate from the definitions that the following inclusions hold:

K ⊆ P ∩ N and K∗ ⊇ P + N . (3.9)

For n ≥ 5, these inclusions are strict [37, they cite A. Horn] and [30]. How-
ever, (3.9) show the strict inclusion

K ⊆ P ∩ N ⊂ P + N ⊆ K∗,

prohibiting self-duality even for small n.
Slightly abusing terminology, we speak of copositive programming or a

copositive optimization problem (COP) whenever optimizing over K or K∗.

Theorem 24 (COP reformulation of StQPs) [12]:
Any StQP

αQ = min
{
x�Qx : e�x = 1, x ∈ R

n
+

}
can be expressed as COP (where E = ee� the n × n all-ones matrix):

αQ = min {〈Q,X〉 : 〈E,X〉 = 1, X ∈ K}
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or its dual
αQ = max {y ∈ R : Q − yE ∈ K∗} .

Proof. First let x ∈ Δ be such that x�Qx = αQ. Then X = xx� ∈ K
satisfies 〈E,X〉 = 1 and 〈Q,X〉 = x�Qx, hence the optimal value of the COP
min {〈Q,X〉 : X ∈ K, 〈E,X〉 = 1} cannot exceed αQ. To show the converse
inequality, recall that X ∈ K means X =

∑
k yky

�
k with yk ∈ R

n
+ \ {o}.

Then λk = (e�yk)2 > 0 satisfy
∑

k λk = 〈E,X〉 = 1. Put xk = 1
e�yk

yk ∈ Δ.
Thus 〈Q,X〉 =

∑
k λkx

�
k Qxk ≥ αQ. Strong duality follows by Theorem 23,

as we can always choose y < mini,j qij so that Q − yE ∈ int K∗, whereas of
course any Z ∈ int K can be scaled such that X = 1

〈E,Z〉Z ∈ int K still, and
〈E,X〉 = 1.

By the above result, we see that one cannot expect to find a good barrier
for K∗, since this would reduce the NP-hard StQP to a mere line search ! This
is also a nice example of a convex minimization problem which is NP-hard,
due to complexity of the constraints defining K∗.

Therefore we have to resort to alternative solution strategies. One of them
employs copositive relaxation bounds for StQPs. Unfortunately, the inner re-
laxation of K,

K+ =
{
X ∈ P :

√
X ∈ N

}
,

where
√

X denotes the symmetric square-root factorization of a symmetric
psd matrix X , is not very helpful as K+ is not convex. The convex hull of
K+ is exactly K. See [33] for a very recent characterization of interior points
of K.

Exercise: Prove the preceding assertions about K+.
A more tractable approach is provided by an outer relaxation of K which

we already know:

αQ = min
{
x�Qx : x ∈ Δ

}
= min {〈Q,X〉 : 〈E,X〉 = 1, X ∈ K}

= max {y ∈ R : Q − yE ∈ K∗}

≥ max {y ∈ R : Q − yE ∈ P + N}

= min {〈Q,X〉 : 〈E,X〉 = 1, X ∈ P ∩ N} (3.10)

The last expression was introduced by [1] as COP relaxation bound for StQPs
and can be determined in a straightforward way by SDP methods.

We now discuss a recent and more general COP representation result by
Burer for mixed-binary QPs in general form under very mild conditions (note
that the boundedness assumption on M can be dropped [22] but we retain
it here to keep the arguments simpler).
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Theorem 25 (COP representation of mixed-binary QPs) [22]:
Let M =

{
x ∈ R

n
+ : Ax = b

}
and B ⊆ {1, . . . , n}. Consider the following

mixed-binary QP

min
{

1
2x�Qx + c�x : x ∈ M, xj ∈ {0, 1}, allj ∈ B

}
(3.11)

If M is nonempty and bounded and if the continuous constraints x ∈ M
imply already xj ≤ 1 for j ∈ B (if not, then one may add these explicitly),
then (3.11) can be expressed as COP

min
{

1
2 〈Q̂, X̂〉 : Â(X̂) = b̂, X̂ ∈ K

}
, (3.12)

where X̂ and Q̂ are (n + 1) × (n + 1) matrices, and the size of (Â, b̂) is
polynomial in the size of (A, b). Here, Â(X̂) = b̂ stands for a generic system
of linear equations in X̂: 〈Ai, X̂〉 = b̂i, 1 ≤ i ≤ m.

Proof. First, we again pass from vector variables x to matrix variables:

X̂ =
[

1 x�

x X

]
and Q̂ =

[
0 c�

c Q

]

with X = xx� so that 〈Q̂, X̂〉 = x�Qx+ 2c�x. The central idea is to replace
the nonlinear constraint X = xx� with an equivalent linear system. This is
accomplished by defining the feasible set of (3.12) as

M̂ =
{
X̂ ∈ K : x ∈ M, A(X) = b2, xj = Xjj , all j ∈ B

}
,

where A(X) = [a�
1 Xa1, . . . , a

�
mXam]� and b2 = [b2

1, . . . , b
2
m]�. Next we assess

linear feasibility of points in M̂ . Now any X̂ =
[

1 x�

x X

]
∈ M̂ ⊆ K can be

written, by definition (3.7) of K, in the form

X̂ =
∑
k

[
ζk
zk

] [
ζk
zk

]�

with [ζk|z�k ]� ∈ R
n+1
+ \ {o}. Fix i and put u = [ζk]k as well as v = [a�

i zk]k.
Then ‖u‖2 = u�u =

∑
k ζ2

k = 1 implies

(u�v)2 =

(∑
k

ζka
�
i zk

)2

=(a�
i x)2 =b2

i =a�
i Xai=a�

i

∑
k

zkz
�
k ai=‖u‖2‖v‖2

,
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i.e., equality in the Cauchy-Schwarz-Bunyakovsky inequality obtains, which
means that u and v are linearly dependent, i.e. (recall ‖u‖2 = 1)

there is some βi ∈ R such that a�
i zk = βiζk for all k. (3.13)

We now show that in fact all ζk > 0. Indeed, suppose the contrary. Then (3.13)
would imply a�

i zk = 0 across all i, or Azk = o, but also zk 
= o as [ζk|z�k ]� 
= o,
in contradiction to the assumption that M is nonempty and bounded (recall
that otherwise x + tzk ∈ M for all t ∈ R if x ∈ M). Thus ζk > 0 for all k.
Then define xk = 1

ζk
zk ∈ R

n
+, so that a�

i xk = βi for all k, by (3.13). Putting
λk = ζ2

k , we obtain the convex combination representation

X̂ =
∑
k

λk

[
1
xk

] [
1
xk

]�
.

Next we show that X̂ ∈ M̂ yields xk ∈ M for all k: indeed, a�
i xk = βi for all

k implies

β2
i =

∑
k

λk(ai�xk)2 = a�
i Xai = b2

i , for all i,

and hence Axk = b, i.e., xk ∈ M . By assumption, (xk)j ∈ [0, 1] for all j ∈ B.
It remains to show integrality for these (xk)j . But the constraint xj = Xjj

in M̂ implies

0 ≤
∑
k

λk [1 − (xk)j ] (xk)j = 0,

so that [1 − (xk)j ] (xk)j = 0 or (xk)j ∈ {0, 1} for all j ∈ B. Hence

M̂ ⊆ conv

{[
1
x

] [
1
x

]�
: x ∈ M, xj ∈ {0, 1} , all j ∈ B

}
. (3.14)

The opposite inclusion is easy. Hence an optimal solution of (3.11) is given by
an optimal solution of (3.12), as a linear objective always attains its minimum
at an extremal point of the feasible set in (3.14).

Special cases are purely continuous QPs where B = ∅, for instance StQPs
with A = e� and b = 1, or binary QPs with B = {1, . . . , n}. For example,
every Maximum-Cut Problem [61] is a COP.
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4 Approaches to Copositivity

4.1 Copositivity Detection

We start with explicit copositivity criteria in low dimensions:

Theorem 26 (Copositivity for n = 2, 3) [36]:

(a) For n = 2, C = C� is copositive if and only if

(a1) cii ≥ 0 for all i, and
(a2) det C ≥ 0 or c12 ≥ 0.

(b) For n = 3, C = C� is copositive if and only if

(b1) cii ≥ 0 for all i,
(b2) cij ≥ −√

ciicjj for all i, j, and
(b3) det C ≥ 0 or c12

√
c33 + c23

√
c11 + c13

√
c22 +

√
c11c22c33 ≥ 0.

It is instructive to relate above conditions to Sylvester’s criterion for pos-
itive definiteness.

To proceed towards recursive copositivity detection, let us fix the last
variables vector z = [x2, . . . , xn]�, and vary only the first coordinate x1 = t.
Decompose

C =
[
α a�

a B

]
where a ∈ R

n−1 and B is (n − 1) × (n − 1).

Theorem 27 (Root of recursive copositivity detection) [2]:
Let Γ±

a =
{
z ∈ R

n−1
+ : ±a�z ≥ 0

}
.

Then C = C� is R
n
+-copositive if and only if either

α = 0, a ∈ R
n−1
+ , and B is copositive; (5.1)

or

α > 0, B is Γ+
a -copositive, and αB − aa� is Γ−

a -copositive. (5.2)

Proof. Consider

φ(t|z) = αt2 + 2(a�z)t + z�Bz = x�Cx. (5.3)

Then φ(t|z) ≥ 0 for all t ≥ 0 if and only if

either α = 0, a�z ≥ 0, and z�Bz ≥ 0;

or α > 0 and φ(tz |z) ≥ 0 with tz = argmint≥0φ(t|z) = max
{

0,−a�z
α

}
. The

first option gives (5.1), the second (5.2).
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This result gives rise to a branch-and-bound procedure for copositivity
detection: the root of the problem tree is labeled by the data (C, Rn+); branch-
ing (and sometimes pruning) consists of checking signs of the first row of Q:
if α < 0, we can prune the rest of the tree with the negative information.
The same for α = 0 and a /∈ R

n−1
+ . If α ≥ 0 and a ∈ R

n−1
+ , we generate

one successor node labeled by (B, Rn−1
+ ), i.e., we just drop nonnegative rows

and columns. If α > 0 but a /∈ R
n−1
+ , the next generation consists of the two

nodes labeled by (B,Γ+
a ) and (αB − aa�, Γ−

a ): we have reduced problem di-
mension by one, but added linear constraints. This is the reason why we have
to keep track not only of the resulting matrices, but also of the polyhedral
cones w.r.t. with we have to check copositivity. We prune a node (G,Γ ) if
Γ = {o} is trivial (in addition, one may check whether Γ is contained in the
linear subspace spanned by eigenvectors to nonnegative eigenvalues of G, if
Γ 
= {o}). The leaves in the problem tree are characterized by 1× 1 matrices
on ±R+, so a simple sign check does the job here.

Exercise: Suppose α > 0 and a ∈ R
n−1
+ . Explain why we need only the one

successor cone detailed above. Hint: Γ−
a ⊆ a⊥ in this case.

For continuing this branching, we thus need a generalization of Theorem 27
for general Γ -copositivity if Γ is a polyhedral cone given by a finite set of
linear inequalities. The approach is completely the same and as we deal with
a block generalization below, we refer to [2] rather than detail it here. In
general, there can be much more successor nodes than just two in the root,
so, e.g., we may have much more granddaughters of the root than in a binary
problem tree. To reduce the number of successors, one may employ also a
one-step look ahead strategy as in strong branching [2].

Exercise: Determine the extremal rays r1, . . . , rq of Γ+
a and put R =

[r1, . . . , rq]. Then B is Γ+
a -copositive iff RBR� is R

q
+-copositive. Explain

why this approach is not helpful for dimensional reduction in general.
We now present a block decomposition variant of the above recursive

method from [4], to obtain a tree with quite smaller height. The idea is
simple but exact formulation requires some notation. Again, we decompose
x = [y|z], but now with y ∈ R

k
+; similarly as above, we have to discuss the

condition φ(yz |z) ≥ 0 where yz = argminz∈R
k
+
φ(z|y), which results in coposi-

tivity conditions for O(2k) matrices with n−k rows. But, as explained above,
we will need the more general case of checking copositivity of Q with respect
to the polyhedral cone Γ =

{
Dx ∈ R

m
+

}
, so we need the block structure

Q =
[

A B

B� C

]
and D =

[
E F

]

where A is a nonsingular k × k matrix and E an m× k matrix. Thus, yz will
be the solution of the subproblem

min
{
φ(y|z) = y�Ay + 2y�Bz + z�Cz : Ey ≥ −Fz

}
, (5.4)
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and as in (5.3) we have to check v�Qv = φ(yz |z) ≥ 0 if v = [y�
z |z�]� ∈ Γ .

To ensure the existence of yz, we have to control directions of unbounded
recession. Thus introduce the following polyhedral cones:

Γ0 = {w ∈ R
k : Ew ≥ 0}, (5.5)

and the cone given in dual form

Λ = {w ∈ R
k : w�(Ay +Bz) ≥ 0 if Ey +Fz ≥ 0, y ∈ R

k, z ∈ R
n−k}. (5.6)

The block variant of [2, Theorem 5] is part (a) of Theorem 28 below.
However, here we also incorporate in part (b) a backtracking step in the case
of a negative answer. This step must be performed recursively, to enrich a
z ∈ ΓI ⊆ R

n−k by the corresponding vector yz ∈ R
k to obtain a violating

direction v ∈ Γ , i.e., satisfying v�Qv < 0. Remember that these directions
are needed to escape from inefficient local solutions to (1.1), see Theorem 2.
In order to express yz in terms of z, we introduce the m × (n − k) matrix

H = EA−1B − F, (5.7)

For a (possibly empty) index set I ⊆ {1, . . . ,m} and its complement J =
{1, . . . ,m} \ I, partition E, F , and H accordingly:

E =
[

EI
EJ

]
; F =

[
FI
FJ

]
; and H =

[
HI

HJ

]
=
[

EIA
−1B − FI

EJA
−1B − FJ

]
.

Furthermore let AI denote the nonsingular matrix

AI = EIA
−1E�

I . (5.8)

By investigating KKT conditions for (5.4), we see [4, Lemma 2] that if yz
exists, then there is a possibly empty index set I with the following properties:

(a) the matrix EI has full row rank and EIyz + FIz = o;
(b1) if I 
= ∅, there is a multiplier vector λI ≥ o with Ayz + Bz = 1

2E�
I λI ;

(b2) if I = ∅, then Ayz + Bz = o.
For such an I, we get

yz(I) = A−1(E�
I A−1

I HI − B)z. (5.9)

Hence put

I =
{
I ⊆ {1, . . . ,m} : EI has full row rank

}
. (5.10)

It remains to establish a simple connection between z and the set I with
properties (a), (b1), (b2) above: to this end, we have to introduce the following
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polyhedral cones which take into account both primal and dual feasibility
in (5.4):

ΓI =
{

z ∈ R
n−k :

[
A−1
I HI

EJA
−1E�

I A−1
I HI − HJ

]
z ≥ o

}
. (5.11)

Finally, define the symmetric (n − k) × (n − k) matrices QI as follows:

QI = C − B�A−1B + H�
I A−1

I HI . (5.12)

Note that using the usual conventions for empty matrices, we obtain for I = ∅

Q∅ = C − B�A−1B,

Γ∅ = {z ∈ R
n−k : (F − EA−1B)z ≥ 0}, and

yz(∅) = −A−1Bz.

(5.13)

Theorem 28 (Block recursive copositivity criterion) [4]:
Define Γ0, Λ, I, ΓI , QI and yz(I) as in (5.5), (5.6), (5.10), (5.11), (5.12)
and (5.9), respectively. (a) Then Q is Γ -copositive if and only if
(a1) A is Γ0-copositive, and w�Aw = 0 with w ∈ Γ0 implies w ∈ Λ;

(a2) the (n − k) × (n − k) matrices QI are ΓI-copositive for all I ∈ I.

(b) If one of the conditions (a1), (a2) does not hold, a violating direction
v ∈ Γ can be obtained as follows:

(b1) If w ∈ Γ0 \ {o} satisfies w�Aw < 0, then

v =
(

w

0

)
∈ Γ \ {o} yields v�Qv < 0.

If w ∈ Γ0 satisfies w�Aw = 0 but w�(Ay + Bz) < 0 for some y, z with
Ey + Fz ≥ 0, then

v =
(

y + tw

z

)
∈ Γ yields v�Qv < 0,

provided one chooses

t =

{
1, if φ(y|z) ≤ 0,

−φ(y|z)/w�(Ay + Bz), if φ(y|z) > 0.

(b2) If z ∈ ΓI \ {o} satisfies z�QIz < 0 for some I ∈ I, then

v =
[
yz(I)

z

]
∈ Γ \ {o} yields v�Qv < 0.
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Note that a positive-definite block A renders automatically (a1), leaving
(b1) void. However, finding large positive-definite principal blocks in Q can
be hard or impossible. Anyhow, in this case there is a nice corollary which
improves upon [44, Theorem 4].

Theorem 29 (Block copositivity criterion) [10]:
Let Q be a symmetric n × n matrix with block structure

Q =
[

A B

B� C

]
and In =

[
E F

]

where A is a symmetric positive-definite k × k matrix, and E is a n × k
matrix. Define Q∅ and Γ∅ as in (5.13). Then

(a) if Q is copositive, then Q∅ is Γ∅-copositive;

(b) if Q∅ is copositive, then Q is copositive.

Further, if −A−1B ≥ O, then R
n−k
+ ⊆ Γ∅, so that (a) and (b) together imply

the following criterion:

Q is copositive if and only if Q∅ is copositive.

Proof. (a) follows immediately from Theorem 28 and (5.13). To derive (b),
observe that the cones ΓI defined in (5.11) are contained in R

n−k
+ , see [4,

Theorem 8]. Further, the matrices QI defined in (5.12) are such that QI −
Q∅ are positive-semidefinite. Hence copositivity of Q∅ implies ΓI -copositivity
of QI for all I ⊂ {1, . . . , k}. A similar argument holds for the case I =
{1, . . . , k}, see [4, p.175]. Assertion (b) follows more directly from the proof
of [44, Theorem 4], valid without assuming −A−1B ≥ O. On the other hand,
this assumption implies R

n−k
+ ⊆ Γ∅, which establishes the last assertion.

We close this section with a very simple linear-time copositivity detection
procedure for tridiagonal matrices.

Algorithm

Input: Tridiagonal n × n matrix Q.
For i = 1 to n do

if qii < 0, stop (“Q is not copositive”);
else if i = n, stop (“Q is copositive”);
else if qi,i+1 < 0 update qjk := qiiqjk − qijqik if |j − k| ≤ 1;
endif

endif
endfor.
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Theorem 30 (Linear-time copositivity check in tridiagonal case) [7]:

The above algorithm delivers the exact answer after at most n for-loops. Also
a violating vector can be extracted in linear time.

Proof. In the decomposition of Theorem 27, suppose that a = [ρ, 0, . . . , 0]� ∈
R
n−1. By the branch-and-bound argumentation after Theorem 27, we need

consider only the case ρ < 0. Then

Γ−
a = R

n−1
+ ⊇

{
y ∈ R

n−1
+ : y1 = 0

}
= Γ+

a ,

and
y�(αB − aa�)y = αy�By − (a�y)2 ≤ α y�By,

so that Γ−
a -copositivity of αB−aa� is sufficient for using Theorem 27 if α > 0.

Now the update formula in the algorithm exactly delivers αB − aa� in the
tridiagonal case. To construct a violating vector one has to specialize (b2)
from Theorem 28, see [7].

Variants and extensions of the above procedure can be found for block-
tridiagonal matrices in [7], and for acyclic matrices in [43].

4.2 Approximation Hierarchies

Recall (3.9) that the copositive cone K∗=
{
S=S� : y�Sy ≥ 0 for all y ∈ R

n
+

}
is larger than the completely positive cone K = conv

{
xx� : x ∈ R

n
+

}
. So it

is quite natural to search for outer approximation of K and an inner ap-
proximation of K∗. We already know an approximation of order zero; the
inclusions below are strict for n ≥ 5:

K ⊂ P ∩ N and K∗ ⊃ P + N .

A higher-order approximation was provided by Parrilo [56,57]. He got rid
of the constraint y ≥ o by squaring coordinates, and observed that S ∈ K∗

if and only if y�Sy ≥ 0 for all y such that yi = x2
i for some x ∈ R

n, which is
guaranteed if the following n-variable polynomial of degree 2(r + 2)

p
(r)
S (x) =

(∑
x2
i

)r
z�Sz =

(∑
x2
i

)r∑
j,k

Sjkx
2
jx

2
k

is nonnegative for all x ∈ R
n. The integer power 2r of the Euclidean norm

factor will determine the order r of the approximation as follows.
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Positivity of the polynomial p
(r)
S is in turn guaranteed if

(a) p
(r)
S has no negative coefficients; or if

(b) p
(r)
S is a sum-of-squares (s.o.s.):

p
(r)
S (x) =

∑
i

[fi(x)]2, fi some polynomials.

This yields the following convex approximation cones for K∗:

C(r) = {S symmetric n × n : p
(r)
S satisfies (a)},

K(r) = {S symmetricn × n : p
(r)
S satisfies (b)}.

These cones increase with r and C(r) ⊂ K(r) ⊂ K∗. Moreover, the following
exhaustivity result holds:

Theorem 31 (Exhaustive approximation for strict copositivity) [29]:
For any S ∈ int K∗ there are rK ≤ rC with

S ∈ C(rC) ∩ K(rK).

It is not obvious to find a tractable description of these approximation
cones. Here we will only illustrate the first order r = 1 case; for proofs and
higher order r see [13].

Theorem 32 (First-order polyhedral approximation of K∗) [13]:
S ∈ C(1) if and only if

Sii ≥ 0, i = 1, . . . , n,

Sjj + 2Sij ≥ 0, i 
= j

Sjk + Sik + Sij ≥ 0, i < j < k.

Similarly, we also get an explicit first-order approximation which involves
positive-semidefiniteness conditions – sometimes conditions of these type are
called linear matrix inequalities (LMIs); these representations can be treated
by SDP methods.

Theorem 33 (First-order LMI approximation of K∗) [13]:
S ∈ K(1) if and only if there are symmetric S(i) such that

S − S(i) ∈ P + N , i = 1, . . . , n,

S
(i)
ii ≥ 0, i = 1, . . . , n,

S
(i)
jj + 2S(j)

ij ≥ 0, i 
= j,

S
(i)
jk + S

(j)
ik + S

(k)
ij ≥ 0, i < j < k.
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In a similar vein, other approximation hierarchies were introduced; among
them the moment-matrix relaxation hierarchy [45, 46], and a recursively de-
fined hierarchy [60]. All have in common that they need, essentially, matrices
of size nr+1 × nr+1 for treating order r. Hence they are of more theoreti-
cal interest. The next subsection will deal with complexity implications from
these hierarchies.

4.3 Complexity Issues

For simplicity we will employ the LP hierarchy C(r). Remember

αQ = min
{
x�Qx : x ∈ Δ

}
= min {〈Q,X〉 : 〈E,X〉 = 1, X ∈ K}
= max {y ∈ R : Q − yE ∈ K∗}

≥ max
{
y ∈ R : Q − yE ∈ C(r)

}
=: αC(r)

Q .

From these COP approximations we can go back to approximation of StQP
as follows:

Theorem 34 (Explicit polyhedral approximation result for StQPs)
[13]: For any order r, denote by qr = 1

r+2 diag (Q) and by

Δ(r) = {y ∈ Δ : (r + 2)y ∈ Nn
0 }

the rational grid approximation of Δ. Then

αC(r)

Q = r+2
r+1 min

{
y�Qy − q�r y : y ∈ Δ(r)

}
.

The näıve counterpart to the above result simply optimizes over the finite
rational grid approximation of Δ:

α
Δ(r)
Q = min

{
y�Qy : y ∈ Δ(r)

}
≥ αQ ≥ αC(r)

Q .

This way, we enclose the desired value αQ from below and above. The fol-
lowing result gives an approximation error bound:

Theorem 35 (Polyhedral StQP approximation error) [13]:
Put βQ = max

{
x�Qx : x ∈ Δ

}
. Then βQ−αQ is the span of Q over Δ, and

we have
0 ≤ αQ − αC(r)

Q ≤ 1
r+1 (βQ − αQ).

Similarly,
0 ≤ α

Δ(r)
Q − αQ ≤ 1

r+2 (βQ − αQ).
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As a consequence, we now deduce that StQPs belong to the PTAS class:
this result improves [53] who first showed that an StQP allows for polynomial-
time implementable 2

3 -approximation.

Theorem 36 (StQPs belong to the class PTAS) [13]:
For arbitrarily small μ(= 1

r+2) > 0, StQP allows for polynomial-time imple-
mentable μ-approximation.

Proof. Δ(r) has
(
n+r+1
r+1

)
= O

(
nr+1

)
elements, hence both αC(r)

Q and α
Δ(r)
Q

are obtained in polynomial time.

This complexity result singles out another special feature of StQPs among
all QPs. For further complexity results in this direction see [28].

4.4 SDP Relaxation Bounds for StQPs, Revisited

We recall the construction of COP relaxation bounds in (3.10):

αQ = min
{
x�Qx : x ∈ Δ

}
by definition

= min {〈Q,X〉 : 〈E,X〉 = 1, X ∈ K} by StQP ⇔ COP
= max {y ∈ R : Q − yE ∈ K∗} by strong duality
≥ max {y ∈ R : Q − yE ∈ P + N} by K∗ ⊇ P + N
= min {〈Q,X〉 : 〈E,X〉 = 1, X ∈ P ∩ N} by strong duality
= αcvd

Q .

For obvious reasons, the bound αcvd
Q is called COP relaxation bound in [1].

Less obvious is the fact that αcvd
Q coincides with the tightest convex/vertex-

optimal decomposition bound (this is the reason for the notation), which
arises if we search for the largest bound arising from the decomposition

αQ ≥ αS + αQ−S ,

where S � O but now, in contrast to αdcd
Q , the second term T = Q − S

need not be negative-semidefinite, only still must retain the property that
minx∈Δ x�Tx is attained at a vertex, so that αQ−S = mini tii is again cheap.
Obviously, we get an improvement αcvd

Q ≥ αdcd
Q by construction. That this

improvement is strict in some instances, is already shown in [1], but also
in [16] which contains a hierarchy of cheap bounds.

Theorem 37 (The cvd bound is the COP-relaxation bound) [16]:

αcvd
Q = max

{
αS + αQ−S : S � O, αQ−S = min

i
[qii − sii]

}
.
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We can tighten this bound if we require instead of vertex-optimality only
vertex/edge optimality, which means stipulating that T = Q−S is such that
αT is attained at a vertex or an edge of the simplex Δ. Surprisingly enough,
the tightest bound of this type, which is called αcved

Q for obvious reasons,
emerges if we add one valid cut to the copositive program defining αcvd

Q . This
cut is performed by help of the adjacency matrix Ac of the n−cycle, a graph
with clique number two. Because of Theorem 11, we get

1
2 = αE−Ac or, equivalently, x�Acx ≤ 1

2 for all x ∈ Δ.

Theorem 38 (Convex/vertex-edge decomposition bound) [15]:
If x�Ax ≤ 1

2 for all x ∈ Δ, we have

αQ ≥ αQ(A) :=min
{
〈Q,X〉 : 〈E,X〉=1, 〈A,X〉 ≤ 1

2 , X ∈ P ∩ N
}

≥ αcvd
Q .

If, in particular, A = Ac the adjacency matrix of the n−cycle, then we get

αQ(Ac) = αcved
Q = max

{
αS + αQ−S : S ∈ T Q

}

with T Q =
{

S ∈ P : min
x∈Δ

x�(Q − S)x is attained at x on an edge of Δ

}
.
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Nonsmooth Optimization

Vladimir F. Demyanov

Dedicated to Alexander M. Rubinov

1 Introduction

In the classical Mathematical Analysis, the functions under study are, mostly,
differentiable. Nonsmooth Analysis came into being in the 60’s of the XX-
th century. Its appearance was requested by practical problems of industry,
airspace engineering, economics, other sciences where nonsmooth mathemat-
ical models were employed to describe more adequately the processes to be
investigated. One of the most important problems in Mathematical Analy-
sis is that of finding extremal values of a functional. The same is true in
Nonsmooth Analysis.

In the present notes, the problem of finding extremal values of a functional
defined on some space is discussed. If there are no constraints on the variables,
the problem is called the unconstrained optimization problem. If constraints
are present, the problem becomes the constrained optimization one.

In Section 1 the finite dimensional case is considered. The unchallenged
main notion in Mathematical Analysis is that of gradient. In the nonsmooth
case there are several candidates to replace the gradient. Some of them are
described in Section 1. Several classes of nonsmooth functions and related
tools are presented. In particular, the class of quasidifferentiable functions is
discussed in detail.
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Unconstrained optimization problems in metric and normed spaces are
treated in Section 2. Section 3 deals with constrained optimization problems
in metric and normed spaces.

The existing approaches to solving constrained optimization problems can
be demonstrated by the mathematical programming problem in the finite
dimensional case.

The mathematical programming problem (m.p.p.) is the problem of mini-
mizing a function f : R

n → R on the set

Ω = {x ∈ R
n | hi(x) ≤ 0 ∀i ∈ I}, (1.1)

where I = 1 : N , the functions f and hi : R
n → R, i ∈ I, are continuously

differentiable on R
n. Assume that the set Ω is nonempty.

If f and hi are linear functions, the m.p.p. is called the linear programming
problem (l.p.p.). For solving l.p.p.’s there exist efficient and well-developed
methods (simplex-method and its modifications and extensions) (see, for ex-
ample, [109]).

For solving m.p.p.’s there exists a rich armory of tools, using the idea
of linearizing the function f and the set Ω by means of cones (methods of
feasible directions and their modifications) (see, e.g., [37, 87, 112,113]).

Another approach is based on the idea of reducing the constrained
optimization problem to an unconstrained one. Such a reduction can be
performed in many ways. One of the most popular exploits the Lagrange
method. Under very natural assumptions, it is possible to show that there
exist coefficients λi ≥ 0(i ∈ I) such that if x∗ ∈ Ω is a minimizer of f on the
set Ω, then

f ′(x∗) +
N∑
i=1

λih
′
i(x

∗) = 0n. (1.2)

Here f ′ and h′
i are the gradients of, respectively, the functions f and hi,

0n = (0, ..., 0) is the zero element of the space R
n. Put λ = (λ1, ..., λN ) ∈ R

N .
The relation (1.2) implies that x∗ is a stationary point of the function

Lλ(x) = f(x) +
∑N
i=1 λihi(x) (remind that a point x∗ is called a stationary

point of a continuously differentiable function F (x) if F ′(x∗) = 0n). The func-
tion Lλ(x) will be referred to as the Lagrange function, and the coefficients
λ1, ..., λN are the Lagrange coefficients (for the function f on the set Ω). Now,
one can draw the following conclusion: to find a minimizer of f on the set Ω
it is possible to find all stationary points of the function Lλ(x). Let S(f) be
the set of stationary points of Lλ. Then x∗ ∈ S(f). However, for practical
implementation of this idea it is required to know the coefficients λi. In some
cases this problem can be solved directly (getting simultaneously the point
x∗ and the coefficients λi). Sometimes it is possible to construct a method
of successive approximations where at each step approximations of both the
minimizer and the Lagrange coefficients are calculated.
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Another group of methods uses the so-called penalty functions. The set Ω
can be written in the form

Ω = {x ∈ R
n | ϕ(x) = 0}, (1.3)

whereϕ(x) = maxi∈0:N hi(x); h0(x) = 0∀x ∈ R
n.Clearly,ϕ(x)≥ 0∀x ∈ R

n.
The function Fλ(x) = f(x)+λϕ(x) is called a penalty function (for the given
problem). For the sake of simplicity, let us assume that for every λ ≥ 0 there
exists a point xλ ∈ R

n such that

Fλ(xλ) = inf
x∈Rn

Fλ(x).

Under natural assumptions, it is easy to demonstrate that every limit point
of the set {xλ} is a minimizer of the function f on the set Ω. Recall that a
point x0 is a limit point of the family of points {xλ}, if there exists a sequence
{λk}, such that λk → ∞, xλk

→ x0 as k → ∞. Hence, the constrained
minimization problem is reduced to an unconstrained one. Note that the
set Ω can be represented in the form (1.3) by means of other functions ϕ
(including smooth ones).

Of special interest is the case where the function ϕ has the following prop-
erty: there exists a λ∗ such that, for λ > λ∗, any minimizer of the function Fλ
on R

n is a minimizer of the function f on Ω. If it happens the function Fλ is
called an exact penalty function. Its advantage is the fact that the original con-
strained minimization problem is reduced to solving only one unconstrained
minimization problem. However, the new problem is essentially nonsmooth
(since usually the function ϕ is nondifferentiable). At present there exist very
efficient methods for solving nonsmooth extremal problems. The idea of ex-
act penalties was first stated by I.I.Eremin in 1966. For practical application
of exact penalty functions it is required to represent the set Ω in the form
(1.3) where the function ϕ is such that Fλ is an exact penalty function for
sufficiently large λ.

The above described Lagrange function is also an exact penalty function
(and even smooth). The problem is that the coefficients λi are not known in
advance.

There is a wide-spread opinion that the optimization problem is solved if
necessary (and/or sufficient) conditions are stated. In some cases it is true:
the necessary conditions allow to find a solution. However, for the majority
of extremal problems the deduction of necessary conditions represents only
the first (and often not the most difficult and important) step. Besides, there
exist “useless” necessary conditions: their verification only indicates whether
the point is suspicious for being an extremum point. If the answer is negative,
no additional information, allowing to improve the current approximation, is
provided.
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We are interested in “constructive necessary conditions” to be able to get
a “better” point.

In Section 3 a general problem of finding extremal values of an arbitrary
functional on an arbitrary set of an arbitrary metric space (the so-called con-
strained optimization problem) is considered. The following general approach
to solving constrained optimization problems is developed in Section 3: the
original constrained optimization problem is reduced to optimizing some
(generally speaking, different) functional on the entire space (an uncon-
strained optimization problem). Such a reduction is performed by means of
exact penalty functions. When an exact penalty function is constructed, one
is able to use the available unconstrained solvers for finding an extremum.

For deeper and more active study of the material the reader is advised to
solve problems formulated in exercises (though the basic material is provided
with necessary proofs).

The author is grateful to many colleagues for their encouragement and
collaboration. First of all, thanks are due to the late Alexander M. Rubinov
with whom the author performed a 42-year long journey to the Land of
Nondifferentiable optimization, to Professors F. Giannessi, D. Pallaschke, G.
Di Pillo and to Prof. F. Facchinei who directed the author to the area of
Exact penalization.

These Notes are based on lectures presented at the International Summer
School on Nonlinear Optimization organized by Fondazione CIME – Centro
Internazionale Matematico Estivo – in Cetraro (Cosenza, Italy) (July 1 – 7,
2007). The author is thankful to Professors Fabio Schoen, Elvira Mascolo
and Pietro Zecca – CIME Director – for perfect conditions and friendly at-
mosphere during the School.

Glossary of Main Notations and Abbreviations

∅ – empty set
B – unit closed ball centered at zero (also denoted by B)
Bε – closed ball centered at zero with radius ε≥0 (also denoted by Bε)
Bε(x) – closed ball centered at x with radius ε≥0 (also denoted by Bε(x))
S – unit sphere centered at zero
Sδ – sphere centered at zero with radius δ
Sδ(x) – sphere centered at x with radius δ
cl Ω – closure of a set Ω
int Ω – set of interior points of set Ω
co A – convex hull of a set A
R
n – n-dimensional space

R
n
+ – cone of vectors from R

n with nonnegative coordinates
R = R

1 = (−∞,+∞)
R = R ∪ {−∞,+∞}
x(i) – i-th coordinate of a vector x (sometimes denoted by xi if it does not
cause any confusion)
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(x, y) – scalar product of vectors x and y
α ↓ 0 means that α → 0, α > 0
x 
→ b means that x doesn’t tend to b
‖x‖– norm of vector x (and, if the otherwise is not stated, ‖x‖ = (

∑
(xi)2)1/2 =√

(x, x) – Euclidean norm)
x ↓ a (x ↑ b) means that x → a, x > 0 (x → b, x < b)
f ′(x, g) – derivative of a function f at a point x in a direction g
∇f(x) = f ′(x) – gradient of a function f at a point x
f ′
D(x, g) – Dini derivative of a function f at a point x in a direction g

f↑
D(x, g) = lim sup

α↓0

1
α

[f(x + αg) − f(x)] – Dini upper derivative of a function

f at a point x in a direction g

f↓
D(x, g) = lim inf

α↓0
1
α

[f(x + αg − f(x)] – Dini lower derivative of a function f

at a point x in a direction g

f↑
H(x, g) = lim sup

α↓0,q→g

1
α

[f(x + αq) − f(x)] – Hadamard upper derivative of a

function f at a point x in a direction g

f↓
H(x, g) = lim inf

α↓0,q→g

1
α

[f(x + αq) − f(x)] – Hadamard lower derivative of a

function f at a point x in a direction g
{xi}∞1 – sequence x1, x2, x3, . . ., sometimes denoted by {xi} or xi (if no con-
fusion is possible)
{x} – set consisting of one point x (singleton)
A+ – cone, conjugate to a set A
1 : N – set of natural numbers from 1 to N
0X – zero of a space X
0n = (0, . . . , 0) – zero of the space R

n (sometimes denoted by 0, if it causes
no confusion)
arg min

x∈X
f – set of minimizers of a function f on a set X

arg max
x∈X

f – set of maximizers of a function f on a set X

domf – effective set of a function f
lim sup – upper limit (also denoted by lim)
lim inf – lower limit (also denoted by lim)
[a, b] – element of the space A × B (where a ∈ A, b ∈ B)
(a, b) – scalar product of vectors a and b (sometimes it is an element of R

2

with coordinates a and b, the same as [a, b])
a := b – a is equal to b by definition
a =: b – b is equal to a by definition
2A – set of all subsets of a set A
� – end of proof
d.d. – directionally differentiable
D-d.d. – Dini directionally differentiable
H- Hadamard directionally differentiable
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s.d.d. – steepest descent direction
s.a.d.– steepest ascent direction
A = {x ∈ B | ∃ y ∈ G : G(x, y) = 0} means: A is a set of elements x ∈ B
such that there exists y ∈ G satisfying the equality G(x, y) = 0.

1.1 The Smooth Case: The Kingdom of Gradient

Let a function f : Ω → R be continuously differentiable on Ω where Ω ⊂ R
n

is an open set. Then the gradient mapping f ′ : Ω → R
n is defined and

continuous on Ω. Fix any x ∈ Ω. By means of the gradient one is able:

• 1. To find the directional derivative of f at x in any direction g ∈ R
n:

f ′(x; g) := lim
α↓0

f(x + αg) − f(x)
α

= (f ′(x), g). (1.4)

Here the notation (a, b) stands for the scalar product of vectors a and b,
α ↓ 0 means that α → +0.

• 2. To construct a first-order approximation of f near x:

f(x + Δ) := f(x) + (f ′(x);Δ) + ox(Δ), (1.5)

wheres

lim
α↓0

ox(αΔ)
α

= 0 ∀Δ ∈ R
n. (1.6)

• 3. To formulate first-order necessary conditions for an extremum:
3a: For a point x∗ ∈ Ω to be a minimizer of f on R

n it is necessary that

f ′(x∗) = 0n, (1.7)

3b: For a point x∗∗ ∈ Ω to be a maximizer of f on R
n it is necessary that

f ′(x∗∗) = 0n. (1.8)

Here 0n = (0, ..., 0) is the zero element of R
n. Note that the conditions

(1.7) and (1.8) coincide. A point x0, satisfying (1.7) and (1.8), is called a
stationary point.

• 4. To find the directions of steepest descent and ascent (if x is not a
stationary point):
4a: the direction g0(x) = − f ′(x)

||f ′(x)|| is the steepest descent direction of the
function f at a point x,
4b: the direction g1(x) = f ′(x)

||f ′(x)|| is the steepest ascent direction.
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Here ||a|| is the Euclidean norm of a vector a ∈ R
n.

Note that in the smooth case there exist only one steepest descent direction
and only one steepest ascent direction and that

g0(x) = −g1(x). (1.9)

• 5. To construct numerical methods for finding extremal values of f (nu-
merous versions of the gradient method).
The following properties also hold:

• 6. If f ′(x; g) < 0(>0), then f ′(x;−g) > 0(<0), i.e., if a function f decreases
(increases) in some direction it necessarily increases (decreases) in the
opposite direction, and, due to (1.4),

f ′(x; g) = −f ′(x;−g). (1.10)

• 7. If f ′(x; g) < 0 then f ′(x′; g) < 0 for all x′ near the point x (that is, the
direction g is a robust direction of descent: if f is decreasing in a direc-
tion g, it is also decreasing in the same direction at all points from some
neighbourhood of x). The same is true with respect to ascent directions.

• 8. The function F (x,Δ) = (f ′(x), Δ) = f ′(x;Δ), which is an approxima-
tion of the increment f(x + Δ) − f(x), is continuous as a function of x.

• 9. The following mean-value theorem holds:
If co{x1, x2} ⊂ Ω then there exists an α ∈ (0, 1), such that

f(x2) − f(x1) = (f ′(x1 + α(x2 − x1));x2 − x1). (1.11)

• 10. A crucial property is the existence of Calculus: having once calculated
the gradients (derivatives in the one-dimensional case) of some basic (ele-
mentary) functions and using the composition theorem, one is able to find
the gradients of a wide family of smooth functions. Many other impor-
tant problems can successfully be treated by means of the gradient, for
example, implicit and inverse function theorems, a fixed point theorem.

• 11. It is worth noting that one can study the above properties (and many
others) by means of only n + 1 numbers (the value of f at x and n partial
derivatives constituting the gradient at x). Therefore it is only necessary
to compute and to store the mentioned n + 1 numbers.

Evaluating the aforesaid, one may conclude that the gradient is the principal
actor performing on the stage of classical (smooth) Mathematical Analysis.
Thus, the gradient is an unchallenged ruler in the kingdom of smooth func-
tions. What can replace it in the absence of differentiability? A candidate for
a successor has to preserve as many properties of the gradient as possible.
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1.2 In the Search for a Successor

1.2.1 Directionally Differentiable Functions

First of all, consider the class of directionally differentiable (d.d.) functions.
Recall that a function f : Ω → R is called Dini directionally differentiable
(D. − d.d.) at x ∈ Ω if the limit

f ′
D(x; g) := lim

α↓0
f(x + αg) − f(x)

α
(1.12)

exists and is finite for every g ∈ R
n. The quantity f ′

D(x, g) is called the Dini
derivative of f at x in the direction g.

A function f : Ω → R is called Hadamard directionally differentiable
(H. − d.d.) at x if the limit

f ′
H(x; g) := lim

[α,g′]→[+0,g]

f(x + αg′) − f(x)
α

(1.13)

exists and is finite for every g ∈ R
n. The quantity f ′

H(x; g) is called the
Hadamard derivative of f at x in the direction g.

The Hadamard directional differentiability implies the Dini directional dif-
ferentiability, while the opposite is not true. Since the functions f ′

D(x; g) and
f ′
H(x; g) are positively homogeneous (p.h.) (as functions of g) of degree one,

it is sufficient to consider only g ∈ S1 := {g ∈ R
n | ||g|| = 1}. (Recall that a

function h(g) is p.h. if h(λg) = λh(g) ∀ λ > 0). If f is H. − d.d. then the
function h(g) = f ′

H(x; g) is continuous.
Examining problems 1-8 of Section 1.1, we observe that the directional

derivatives allows us:

• 1. To find the directional derivatives (by the definition),
• 2. To construct a first-order approximation of f near x:

f(x + Δ) := f(x) + f ′
D(x;Δ) + ox1(Δ),

f(x + Δ) := f(x) + f ′
H(x;Δ) + ox2(Δ), (1.14)

where

lim
α↓0

ox1(αΔ)
α

= 0 ∀Δ ∈ R
n, (1.15)

lim
α↓0

ox2(||Δ||)
||Δ|| = 0. (1.16)

• 3. To formulate first-order necessary conditions for an extremum:
3a: For a point x∗ ∈ Ω to be a minimizer of f on R

n it is necessary that

f ′
D(x∗; g) ≥ 0 ∀g ∈ R

n, (1.17)
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f ′
H(x∗; g) ≥ 0 ∀g ∈ R

n. (1.18)

If

f ′
H(x∗; g) > 0 ∀g ∈ R

n \ {0n}, (1.19)

then x∗ is a strict local minimizer.
3b: For a point x∗∗ ∈ Ω to be a maximizer of f on R

n it is necessary that

f ′
D(x∗∗; g) ≤ 0 ∀g ∈ R

n, (1.20)

f ′
H(x∗∗; g) ≤ 0 ∀g ∈ R

n. (1.21)

If
f ′
H(x∗∗; g) < 0 ∀g ∈ R

n \ {0n}, (1.22)

then x∗∗ is a strict local maximizer. Note that the necessary conditions
for a minimum (1.17),(1.18) and for a maximum (1.20),(1.21) do not co-
incide any more, and the sufficient conditions (1.19) and (1.22) have no
equivalence in the smooth case, they are just impossible.
A point x∗, satisfying (1.17), is called a D-inf-stationary point of f . A point
x∗, satisfying (1.18), is called an H-inf-stationary point of f . A point x∗∗,
satisfying (1.20), is called a D-sup-stationary point. A point x∗∗, satisfying
(1.21), is called an H-sup-stationary point.

• 4. To define directions of steepest descent (if x is not a D- or H-inf-
stationary point) and steepest ascent (if x is not a D- or H-sup-stationary
point):
4a: a direction g0(x) ∈ S1 is called a D-steepest descent direction of f
at x, if

f ′
D(x; g0(x)) = inf

g∈S1
f ′
D(x; g),

a direction g0(x) ∈ S1 is called an H-steepest descent direction of f at x, if

f ′
H(x; g0(x)) = inf

g∈S1
f ′
H(x; g),

4b: a direction g1(x) ∈ S1 is called a D-steepest ascent direction of f at x if

f ′
D(x; g1(x)) = sup

g∈S1

f ′
D(x; g),

a direction g1(x) ∈ S1 is called an H-steepest ascent direction of f at x if

f ′
H(x; g1(x)) = sup

g∈S1

f ′
H(x; g).

Note that in the nonsmooth case directions of steepest ascent and descent
are not necessarily unique, and the property, similar to (1.9), doesn’t hold
now. The properties 6, 7 and 8 (Section 1.1) are not valid any more.
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• 9. To formulate the following mean-value theorem:
If co{x1, x2} ⊂ Ω then there exists an α ∈ (0, 1), such that

f(x2) − f(x1) = f ′
H(x1 + α(x2 − x1);x2 − x1). (1.23)

It follows from the mean-value theorem that an H.-d.d. function is uniquely
(up to a constant) defined. The same is true for a D.-d.d. function: if S is
a convex open set of R

n and

f ′
1(x; g) = f ′

2(x; g) ∀g ∈ R
n, ∀x ∈ S

then f1(x) = f2(x) + C ∀x ∈ S.
• 10. There exists a Calculus of directional derivatives:

For example, if functions f1 and f2 are (D or H)-differentiable at a point
x ∈ Ω in a direction g ∈ R

n, then the functions

F1 = λ1f1 + λ2f2 (where λj ∈ R), F2 = f1f2, F3 =
f1

f2
(if f2(x) 
= 0)

are also (D or H)-differentiable at the point x in the direction g and the
following formulae hold:

F ′
1(x; g) = λ1f

′
1(x; g) + λ2f

′
2(x; g),

F ′
2(x; g) = f2(x)f ′

1(x; g) + f1(x)f ′
2(x; g),

F ′
3(x; g) = f−2

2 (x)[f2(x)f ′
1(x; g) − f1(x)f ′

2(x; g)].

Here F ′
i (x; g) is either F ′

iD(x; g) or F ′
iH(x; g). The above formulae follow

from the rules of smooth Calculus.
The most important (and new!) is the following property:
If functions f1, ..., fN are directionally differentiable at x then the func-
tions

F1 = max
i∈I

fi, F2 = min
i∈I

fi,

where I = 1 : N , are also directionally differentiable at x and

F ′
1(x; g) = max

i∈R(x)
f ′
i(x; g), F ′

2(x; g) = min
i∈Q(x)

f ′
i(x; g). (1.24)

Here

R(x) = {i ∈ I | fi(x) = F1(x)}, Q(x) = {i ∈ I | fi(x) = F2(x)}.

The composition theorem holds as well.

Summing up, one may conclude that in the class of directionally differen-
tiable functions the directional derivative is a good candidate to play the
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role of the gradient. The only problem remains: the directional derivative is a
function of direction, and one should be able to compute it (the property 11
from Section 1.1 is not valid any more). In some cases is it not the problem
(as in the smooth case: the directional derivative is calculated by formula
(1.4)), other “simple” cases are described below.

1.2.2 Convex Functions

Let Ω ⊂ R
n be a convex open set. A function f : Ω → R is called convex on

Ω if

f(αx1 + (1 − α)x2) ≤ αf(x1) + (1 − α)f(x2) ∀x1, x2 ∈ Ω, ∀α ∈ [0, 1].

Every convex function is continuous on Ω and Hadamard-directionally dif-
ferentiable at any point x ∈ Ω. Moreover (see [91]), the following relation
holds:

f ′(x; g) := f ′
H(x; g) = max

v∈∂f(x)
(v, g), (1.25)

where

∂f(x) = {v ∈ R
n | f(z) − f(x) ≥ (v, z − x) ∀x ∈ Ω}. (1.26)

The set ∂f(x) is called the subdifferential of f at x. This set is nonempty,
convex, closed and bounded. Any element of ∂f(x) is called a subgradient
of f at x.

Optimality conditions can be expressed in terms of the subdifferential. For
example, the necessary condition for a minimum (1.18) is equivalent to the
condition

0n ∈ ∂f(x∗), (1.27)

while the sufficient condition for a strict local minimum (1.19) is equivalent
to the condition

0n ∈ int ∂f(x∗). (1.28)

However, in the convex case condition (1.27) is not only necessary but also
sufficient. The necessary condition for a maximum (1.21) is equivalent to the
condition

∂f(x∗∗) = {0n}, (1.29)

while the sufficient condition for a maximum (1.22) is impossible. Since con-
dition (1.27) is necessary and sufficient for a point x∗ to be a minimizer, it
follows from (1.29) that (unless f is a constant function) f can not attain its
maximum value on Ω, only on the boundary (recall that Ω is an open set,
hence, x∗∗ is an interior point of Ω). To be more precise, there exists no point
x∗∗ ∈ Ω such that

sup
x∈Ω

f(x) = f(x∗∗).
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If Ω = R
n and the function f is not a constant one then there exists no

maximizer of f on R
n.

Note that the necessary condition for a minimum (1.27) is a dual formula-
tion of condition (1.18) while the necessary condition for a maximum (1.29)
is a dual formulation of condition (1.21).

If 0n 
∈ ∂f(x), then the direction g0(x) = − z(x)
||z(x)|| , where

||z(x)|| = min
v∈∂f(x)

||z||,

is the direction of steepest descent of f at x. The steepest descent direction
is unique.

If ∂f(x) 
= {0n}, then the direction g1(x) = z1(x)
||z1(x)|| , where

||z1(x)|| = max
v∈∂f(x)

||z||,

is a direction of steepest ascent of f at x. Note that, a steepest ascent direction
is not necessarily unique.

1.2.3 Max-Type Functions

Let Ω ⊂ R
n be an open set, ϕ(x, y) : Ω×G → R be continuously differentiable

in x for every fixed y ∈ G, G be a bounded closed set in some normed space Y .
It is assumed that the functions ϕ(x, y) and ϕ′(x, y) are continuous jointly in
both variables on Ω × G. Put

f(x) = max
y∈G

ϕ(x, y). (1.30)

The function f is continuous and, under some additional conditions,
Hadamard-directionally differentiable and

f ′(x; g) := f ′
H(x; g) = max

v∈∂f(x)
(v, g) (1.31)

where

∂f(x) = co {f ′
x(x, y) | y ∈ R(x)},

R(x) = {y ∈ G | ϕ(x, y) = f(x)}. (1.32)

The formula (1.31) was independently discovered by J. M. Danskin [8], V. F.
Demyanov [15] and I. V. Girsanov [48]. The set ∂f(x) thus defined will also
be referred to as the subdifferential of f at x. This set is nonempty, convex,
closed and bounded. The problem of minimizing the function f defined by
(1.30) is called the minimax problem.
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Optimality conditions can be expressed in terms of the subdifferential.
Thus, the necessary condition for a minimum (1.18) is equivalent to the con-
dition

0n ∈ ∂f(x∗), (1.33)

while the sufficient condition for a strict local minimum (1.19) is equivalent
to the condition

0n ∈ int ∂f(x∗). (1.34)

The necessary condition for a maximum (1.21) is equivalent to the condition

∂f(x∗∗) = {0n} (1.35)

while the sufficient condition for a maximum (1.22) is impossible.
Note again that the necessary condition for a minimum (1.33) is a dual

formulation of condition (1.18), while the sufficient condition for a strict local
minimum (1.34) is a dual formulation of condition (1.19). The necessary
condition for a maximum (1.35) is a dual formulation of condition (1.21).

Like in the convex case, if 0n 
∈ ∂f(x), then the direction g0(x) = − z(x)
||z(x)|| ,

where
||z(x)|| = min

v∈∂f(x)
||z||, (1.36)

is the direction of steepest descent of f at x. The steepest descent direction
is unique.

If ∂f(x) 
= {0n}, then the direction g1(x) = z1(x)
||z1(x)|| , where

||z1(x)|| = max
v∈∂f(x)

||z||, (1.37)

is a direction of steepest ascent of f at x. Note that, a steepest ascent direction
is not necessarily unique.

The subdifferential provides a property, analogous to property 11 from
Section 1.1. A Calculus of subdifferentials also exists, though it is a limited
one since, e.g., the multiplication of a convex (or max-type) function by -1
produces a function which is not any more a convex (or max-type) one.

The problems related to maximum-type functions are treated by Minimax
Theory (see [9, 26]).

Remark 1.2.1. A very important observation can be made now: for each con-
vex or max-type function with every point x ∈ Ω a convex compact set
∂f(x) ⊂ R

n is associated (and in the smooth case this set is reduced to
a point – the gradient f ′(x)). This observation opened a hunting season for
set-valued candidates (not necessarily convex).



68 V.F. Demyanov

1.3 Set-Valued Tools

1.3.1 Subdifferentiable Functions

The above properties of convex and max-type functions inspired B. N.
Pshenichnyi (see [86]) to introduce a new class of nonsmooth functions – the
class of subdifferentiable functions (B. N. Pshenichnyi called them quasidif-
ferentiable).
A function f : Ω → R is called Dini subdifferentiable (or D-subdifferentiable)
at x ∈ Ω if it is Dini directionally differentiable at x and if there exists a
convex compact set ∂f(x) ⊂ R

n such that

f ′
D(x; g) := lim

α↓0
f(x + αg) − f(x)

α
= max

v∈∂f(x)
(v, g) ∀g ∈ R

n. (1.38)

A function f : Ω → R is called Hadamard subdifferentiable (or H- subdiffer-
entiable) at x ∈ Ω if it is Hadamard directionally differentiable at x and if
there exists a convex compact set ∂f(x) ⊂ R

n such that

f ′
H(x; g) := lim

[α,g′]→[0,g]

f(x + αg′) − f(x)
α

= max
v∈∂f(x)

(v, g) ∀g ∈ R
n. (1.39)

The set ∂f(x)⊂R
n such that (1.38) (or (1.39)) holds is called D-subdif-

ferential (respectively, H-subdifferential) of f at x.
The class of subdifferentiable functions contains the families of smooth

functions, convex functions, max-type functions. The sum of two subdifferen-
tiable functions and the product of a positive constant and a subdifferentiable
function are also subdifferentiable. The family of subdifferentiable functions
enjoys all the properties of d.d. functions.

As above, optimality conditions can be expressed in terms of the subdiff-
erential.Thus, forapointx∗ ∈ Ω tobeaminimizerofaD-orH-subdifferentiable
function it is necessary that

0n ∈ ∂f(x∗). (1.40)

If f is H-subdifferentiable at x∗ then the condition

0n ∈ int ∂f(x∗) (1.41)

is sufficient for x∗ to be a strict local minimizer of f .
For a point x∗∗ ∈ Ω to be a maximizer of a D- or H-subdifferentiable

function it is necessary that

∂f(x∗) = {0n}. (1.42)
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If 0n 
∈ ∂f(x), then the direction g0(x) = − z(x)
||z(x)|| , where

||z(x)|| = min
v∈∂f(x)

||z||,

is a direction of steepest descent of f at x (D- or H-steepest descent depend-
ing on the type of subdifferentiability of f). The steepest descent direction is
unique.

If ∂f(x) 
= {0n}, then the direction g1(x) = z1(x)
||z1(x)|| , where

||z1(x)|| = max
v∈∂f(x)

||z||,

is a direction of D-(H)-steepest ascent of f at x. Note that, a D-(H-)steepest
ascent direction is not necessarily unique.

1.3.2 The Shor Subdifferential

In 1972 N. Z. Shor introduced the notion of almost-gradient (see [100]):
Let a function f be locally Lipschitz on Ω. Then f is almost everywhere

(a.e.) differentiable. Fix x ∈ Ω and construct the set

∂shf(x) = {v ∈ R
n | ∃{xk} : xk ∈ T (f), xk → x, f ′(xk) → v}, (1.43)

where T (f) ⊂ Ω is the set of points where f is differentiable. Since f is a.e.
differentiable, then meas Ω \ T (f) = 0. The set ∂shf(x) thus defined will
be called the Shor subdifferential, any element of it being called an almost
gradient.

N. Z. Shor used almost-gradients to construct numerical methods for min-
imizing Lipschitz functions (see [101]). The Shor subdifferential is a compact
set but not convex. In the convex case co ∂shf(x) = ∂f(x). The set ∂shf(x)
is not convex, therefore it provides more “individual” information than the
subdifferential ∂f(x).

1.3.3 The Clarke Subdifferential

In 1973 F. Clarke proposed the notion of generalized gradient (see [6, 7]).
Let f : Ω → R, x ∈ Ω, g ∈ R

n. Put

f↑
cl(x; g) = lim sup

[α, x′] → [+0, x]

1
α

[f(x′ + αg) − f(x′)], (1.44)

f↓
cl(x; g) = lim inf

[α, x′] → [+0, x]

1
α

[f(x′ + αg) − f(x′)]. (1.45)
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The value f↑
cl(x; g) will be referred to as the Clarke upper derivative of f

in the direction g, the value f↓
cl(x; g) will be referred to as the Clarke lower

derivative of f in the direction g. Observe that the limits in (1.44) and (1.45)
always exist (though can be infinite). The functions f↑

cl(x; g) and f↓
cl(x; g) are

positively homogeneous in g. If f is locally Lipschitz, these values are finite.
Consider this case in more detail.

Let a function f be locally Lipschitz on Ω. Put

∂clf(x) = co{v ∈ R
n | ∃{xk} : xk ∈ T (f), xk → x, f ′(xk) → v}. (1.46)

Clearly,
∂clf(x) = co ∂shf(x). (1.47)

The set ∂clf(x) is called the Clarke subdifferential. This set is convex
and compact (in the Lipschitz case). Any v ∈ ∂clf(x) is called a generalized
gradient. Every almost-gradient is a generalized gradient, but the opposite is
not true. F. Clarke proved that

f↑
cl(x; g) = max

v∈∂clf(x)
(v, g), (1.48)

f↓
cl(x; g) = min

w∈∂clf(x)
(w, g). (1.49)

It is now easy to show that the condition

0n ∈ ∂clf(x0) (1.50)

is a necessary condition for a point x0 ∈ Ω to be a (local or global) mini-
mizer, the same condition is necessary for a point x0 to be a (local or global)
maximizer as well. A point x0 ∈ Ω satisfying (1.50) is called a Clarke sta-
tionary point. Condition (1.50) does not distinguish between maximizers and
minimizers, the set of Clarke stationary points may contain points which are
neither minimizers nor maximizers. The functions

h1(x, αg) = f(x) + αf↑
cl(x, g), h2(x, αg) = f(x) + αf↓

cl(x, g)

have nothing to do with approximations of the function f(x + αg). Most
properties, indicated in Section 1.1, do not hold. Even if f is directionally dif-
ferentiable, its directional derivative does not necessarily coincide with (1.44)
or (1.45). Nevertheless, the Clarke subdifferential describes some properties
of the function f . For example, if 0 
∈ ∂clf(x0) then the direction g0 = − z0

||z0|| ,
where

||z0|| = min
v∈∂clf(x0)

||v||,

is a direction of descent of f at x0 while the direction g1 = −g0 is a direction
of ascent of f at x0 (cf. property 6, Section 1.1).
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Another very useful property: if f↑
cl(x0; g) < 0 then there exists a neigh-

bourhood Bε = {x ∈ R
n|| ||x − x0|| < ε} (with ε > 0) of x0 such that

f↑
cl(x0; g) < 0 ∀x ∈ Bε(x0),

i.e. the direction g is a robust descent direction.
R. T. Rockafellar (see [90]) introduced the following directional derivative:

f↑
R(x; g) = lim sup

[α, x′, g′] → [+0, x, g]

1
α

[f(x′ + αg′) − f(x′)]. (1.51)

If f is locally Lipschitz then

f↑
R(x; g) = f↑

cl(x; g).

The mentioned nice properties of the Clarke subdifferential triggered and
intensified the search for other “subdifferentials”.

1.3.4 The Michel–Penot Subdifferential

P. Michel and J. -P. Penot in [68] suggested the following generalized
derivative:

f↑
mp(x; g) = sup

q∈Rn

{
lim sup
α↓0

1
α

[f(x + α(g + q)) − f(x + αq)]
}

. (1.52)

This quantity will be called the Michel-Penot upper derivative of f at x in
the direction g. The quantity

f↓
mp(x; g) = inf

q∈Rn

{
lim inf
α↓0

1
α

[f(x + α(g + q)) − f(x + αq)]
}

. (1.53)

is called the Michel-Penot lower derivative of f at x in the direction g. If
f is locally Lipschitz then there exists a convex compact set ∂mpf(x) ⊂ R

n

such that
f↑
mp(x; g) = max

v∈∂mpf(x)
(v, g), (1.54)

f↓
mp(x; g) = min

w∈∂mpf(x)
(w, g). (1.55)

Recall that if f is also d.d. then ∂mpf(x) is the Clarke subdifferential of the
function h(g) = f ′(x, g) at the point g = 0n. The set ∂mpf(x) is often called
[55] the small subdifferential. In general,

∂mpf(x) ⊂ ∂clf(x) (1.56)
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and in some cases
∂mpf(x) 
= ∂clf(x). (1.57)

At the same time the set ∂mpf(x) preserves some properties of ∂clf(x). For
example, the condition

0n ∈ ∂mpf(x0) (1.58)

is a necessary condition for an extremum (both for a maximum and a mini-
mum). The condition (1.58) is stronger than the condition (1.50).

If f is d.d. and the condition (1.58) is not yet satisfied then there exist
directions g’s such that

f↑
mp(x; g) < 0, (1.59)

and for such a direction

f ′(x; g) ≤ f↑
mp(x; g) < 0, (1.60)

while
f ′(x;−g) ≥ f↓

mp(x;−g) = −f↓
mp(x; g) > 0, (1.61)

i.e. all directions, satisfying (1.59), are descent directions while the opposite
directions are ascent ones. However, the robustness of a direction satisfying
(1.59) and (1.60) is not guaranteed. This is due to the fact that the mapping
∂mpf(unlike the mapping ∂clf) is not upper semicontinuous in x. Since ∂mpf
is “smaller” than ∂clf , it has some preferences: (i) the necessary condition
(1.58) is stronger than the condition (1.50); (ii) the set of directions satisfying
simultaneously (1.59) and (1.60) is, in general, greater than the similar set
obtained by means of the Clarke subdifferential.

Another advantage of the Michel-Penot subdifferential is the fact that if f
is quasidifferentiable (see Section 1.4) then one can construct a Calculus for
computing “small” subdifferentials (see [19]).

Remark 1.3.1. Many other subdifferentials (convex as well as nonconvex)
were proposed later (see, e.g., [54,57,63,69,76]). They are useful for the study
of some properties of specific classes of nonsmooth functions. Their common
property is that the function under consideration is investigated by means of
one set (convex or nonconvex). The study of nonsmooth functions by means
of several sets was started by V. F. Demyanov and A. M. Rubinov who in
1979 introduced the so-called quasidifferentiable (q.d.) functions. The class
of q.d. functions will be discussed in Section 1.4. In 1980 B. N. Pschenichny
(see [85]) proposed the notions of upper convex and lower concave approxima-
tions of the directional derivative. In 1982 A. M. Rubinov (see [18]) described
exhaustive families of upper convex and lower concave approximations. This
led to the notions of upper and lower exhausters [16,22], and finally the study
of directional derivatives (“usual” and generalized) was reduced to the usage
of a family of convex sets. Some generalized subdifferentials were investigated
via exhausters (see [94, 95]).
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1.4 The Approximation of the Directional Derivative
by a Family of Convex Functions:
Quasidifferentiable Functions

Let f be a real-valued function defined on an open set X ⊂ R
n, x ∈ X . The

function f is called Dini (Hadamard) quasidifferentiable (q.d) at x if is Dini
(Hadamard) directionally differentiable at x and if its directional derivative
f ′
D(x, g) (f ′

H(x, g)) can be represented in the form

f ′
D(x, g) = max

v∈∂fD(x)
(v, g) + min

w∈∂fD(x)
(w, g),

(f ′
H(x, g) = max

v∈∂fH (x)
(v, g) + min

w∈∂fH(x)
(w, g))

where the sets ∂fD(x), ∂fD(x), ∂fH(x), ∂fH(x) are convex compact sets of
R
n. The pair

DfD(x) = [∂fD(x), ∂fD(x)] (DfH(x) = [∂fH(x), ∂fH(x)])

is called a Dini ( Hadamard ) quasidifferential of f at x. Most of the results
stated below are valid both for Dini and Hadamard q.d. functions, there-
fore we shall use the notation Df(x) = [∂f(x), ∂f(x)] for both DDf(x) and
DHf(x) will just be called a quasidifferential of f at x. Analogously, the
notation f ′(x, g) is used for both f ′

D(x, g) and f ′
H(x, g).

The directional derivative f ′(x, g) is positively homogeneous (in g):

f ′(x, λg) = λf ′(x, g) ∀λ > 0. (1.62)

Note that the Hadamard quasidifferentiability implies the Dini quasidif-
ferentiability, the converse not necessarily being true.

Thus for a quasidifferentiable (q.d.) function

f ′(x, g) = max
v∈∂f(x)

(v, g) + min
w∈∂f(x)

(w, g) ∀g ∈ R
n. (1.63)

The set ∂f(x) is called a subdifferential of f at x, the set ∂f(x) is called
a superdifferential of f at x. Note that a quasidifferential is not uniquely
defined: If a pair D = [A,B] is a quasidifferential of f at x then, e.g., for
any convex compact set C ⊂ R

n the pair D1 = [A + C,B − C] is a quasid-
ifferential of f at x (since, by (1.63), both these pairs produce the same
function f ′(x, g)). The equivalence class of pairs of convex compact sets
Df(x) = [∂f(x), ∂f(x)] producing the function f ′(x, g) by formula (1.63)
is called the quasidifferential of f at x, we shall use the same notation Df(x)
for the quasidifferential of f at x.
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If there exists a quasidifferential Df(x) of the form Df(x) = [∂f(x), {0n}]
then f is called subdifferentiable at x . If there exists a quasidifferential Df(x)
of the form Df(x) = [{0n}, ∂f(x)] then f is called superdifferentiable at x .
Here 0n = (0, . . . , 0) ∈ R

n.

1.4.1 Examples of q.d. Functions

Example 1.4.1. If f is a smooth function on X then

f ′(x, g) = (f ′(x), g) (1.64)

where f ′(x) is the gradient of f at x . It is clear that

f ′(x, g) = max
v∈∂f(x)

(v, g) + min
w∈∂f(x)

(w, g) (1.65)

with
∂f(x) = {f ′(x)}, ∂f(x) = {0n}.

Hence, f is Hadamard quasidifferentiable and even subdifferentiable. Since
in (1.65) one can also take

∂f(x) = {0n}, ∂f(x) = {f ′(x)},

then f is superdifferentiable as well.

Example 1.4.2. If f ia a convex function on a convex open set X ⊂ R
n then

(as is known from Convex Analysis) f is H-d.d. on X and

f ′(x, g) = max
v∈∂f(x)

(v, g)

where ∂f(x) is the subdifferential of f (in the sense on Convex Analysis):

∂f(x) = {v ∈ R
n
∣∣ f(z) − f(x) ≥ (v, z − x) ∀z ∈ X}.

Therefore f is Hadamard quasidifferentiable and one can take the pair
Df(x) = [∂f(x), {0n}] as its quasidifferential. Thus, f is even subdifferen-
tiable.

Example 1.4.3. If f is concave on a convex set X then f is H-d.d. and

f ′(x, g) = min
w∈∂f(x)

(w, g)

where
∂f(x) = {w ∈ R

n
∣∣ f(z) − f(x) ≤ (w, z − x) ∀z ∈ X}.
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Hence, f is Hadamard quasidifferentiable and one can take the pair

Df(x) = [{0n}, ∂f(x)]

as its quasidifferential. Thus, f is even superdifferentiable.

1.4.2 Calculus of Quasidifferentials

The family of q.d.functions enjoys a well developed Calculus: First let us
define the operation of addition of two pairs of compact convex sets and the
operation of multiplication of a pair by a real number.

If D1 = [A1, B1],D2 = [A2, B2] are pairs of convex compact sets in R
n

then
D1 + D2 = [A,B] with A = A1 + A2, B = B1 + B2.

If D = [A,B] where A,B are convex compact sets, λ ∈ R then

λD =
{

[λA, λB] , λ ≥ 0,
[λB, λA] , λ < 0.

Let X ⊂ R
n be an open set.

Theorem 1.4.1. (see [29], Ch III).
1) If functions f1, . . . , fN are quasidifferentiable at a point x ∈ X, and

λ1, . . . , λN are real numbers then the function

f =
N∑
i=1

λifi

is also quasidifferentiable at x with a quasidifferential Df(x) = [∂f(x), ∂f(x)]
where

Df(x) =
N∑
i=1

λiDfi(x), (1.66)

Dfi(x) being a quasidifferential of fi at x.
2) If f1 and f2 are quasidifferentiable at a point x ∈ X then the function

f = f1 · f2 is also q.d. at x and

Df(x) = f1(x)Df2(x) + f2(x)Df1(x). (1.67)

3) If f1 and f2 are quasidifferentiable at a point x ∈ X and f2(x) 
= 0 then
the function f = f1

f2
is also q.d. at x and

Df(x) =
1

f2
2 (x)

[f2(x)Df1(x) − f1(x)Df2(x)] . (1.68)
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4) Let functions f1, . . . , fN be quasidifferentiable at a point x ∈ X. Con-
struct the functions

ϕ1(x) = max
i∈1:N

fi(x), ϕ2(x) = min
i∈1:N

fi(x).

Then the functions ϕ1 and ϕ2 are q.d. at x and

Dϕ1(x) = [∂ϕ1(x), ∂ϕ1(x)], Dϕ2(x) = [∂ϕ2(x), ∂ϕ2(x)] (1.69)

where

∂ϕ1(x) = co

⎧⎨
⎩∂fk(x) −

∑
i∈R(x),i�=k

∂fi(x)
∣∣ k ∈ R(x)

⎫⎬
⎭ ,

∂ϕ1(x) =
∑

k∈R(x)

∂fk, ∂ϕ2(x) =
∑

k∈Q(x)

∂fk,

∂ϕ2(x) = co

⎧⎨
⎩∂fk(x) −

∑
i∈Q(x),i�=k

∂fi(x)
∣∣ k ∈ Q(x)

⎫⎬
⎭ .

Here [∂fk(x), ∂fk(x)] is a quasidifferential of the function fk at the point x,

R(x) = {i ∈ 1 : N
∣∣ fi(x) = ϕ1(x)}, Q(x) = {i ∈ 1 : N

∣∣ fi(x) = ϕ2(x)}.

The following composition theorem holds.

Theorem 1.4.2. (see [29], Ch.III). Let X be an open set in R
n, Y be an

open set in R
m and let a mapping H(x) = (h1(x), . . . , hm(x)) be defined on

X, take its values in Y and its coordinate functions hi be quasidifferentiable at
a point x0 ∈ X. Assume also that a function f is defined on Y and Hadamard
quasidifferentiable at the point y0 = H(x0). Then the function

ϕ(x) = f(H(x))

is quasidifferentiable at the point x0.
The corresponding formula for the quasidifferential of ϕ at x0 is presented

in [29], Th.III.2.3.

Remark 1.4.1. Thus, the family of quasidifferentiable functions is a linear
space closed with respect to all “smooth” operations and, what is most im-
portant, the operations of taking the point-wise maximum and minimum.
Formulas (1.66)–(1.68) are just generalizations of the rules of Classical Differ-
ential Calculus. Most problems and results of Classical Differential Calculus
may be formulated for nonsmooth functions in terms of quasidifferentials
(see, e.g., [25, 29]). For example, a Mean-value theorem is valid [108].
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1.4.3 Necessary and Sufficient Conditions for an Unconstrained
Optimum

The following results hold due to the properties of directionally differentiable
functions.

Let X ⊂ R
n be an open set, f be a real-valued function defined and

directionally differentiable on X .

Theorem 1.4.3. For a point x∗ ∈ X to be a local or global minimizer of f
on X it is necessary that

f ′(x∗, g) ≥ 0 ∀g ∈ R
n. (1.70)

If f is Hadamard d.d. at x∗ and

f ′
H(x∗, g) > 0 ∀g ∈ R

n, g 
= 0n, (1.71)

then x∗ is a strict local minimizer of f .
For a point x∗∗ ∈ X to be a local or global maximizer of f on X it is

necessary that
f ′(x∗∗, g) ≤ 0 ∀g ∈ R

n. (1.72)

If f is Hadamard d.d. at x∗∗ and

f ′
H(x∗∗, g) < 0 ∀g ∈ R

n, g 
= 0n, (1.73)

then x∗∗ is a strict local maximizer of f .

These conditions may be restated in terms of quasidifferentials. Let f be
quasidifferentiable on an open set X ⊂ R

n.

Theorem 1.4.4. (see [15,29,82]). For a point x∗ ∈ X to be a local or global
minimizer of f on X it is necessary that

− ∂f(x∗) ⊂ ∂f(x∗). (1.74)

If f is Hadamard quasidifferentiable at x∗ and

− ∂f(x∗) ⊂ int ∂f(x∗), (1.75)

then x∗ is a strict local minimizer of f .
For a point x∗∗ ∈ X to be a local or global maximizer of f on X it is

necessary that
− ∂f(x∗∗) ⊂ ∂f(x∗∗). (1.76)

If f is Hadamard quasidifferentiable at x∗∗ and

− ∂f(x∗∗) ⊂ int ∂f(x∗∗), (1.77)

then x∗∗ is a strict local maximizer of f .



78 V.F. Demyanov

Remark 1.4.2. The quasidifferential represents a generalization of the notion
of gradient to the nonsmooth case and therefore conditions (1.74)–(1.77) are
first-order optimality conditions.

In the smooth case one can take

Df(x) = [∂f(x), ∂f(x)]

where
∂f(x) = [∂f(x) = {f ′(x)}, ∂f(x) = {0n},

therefore the condition (1.74) is equivalent to

f ′(x∗) = 0n, (1.78)

the condition (1.76) is equivalent to

f ′(x∗∗) = 0n, (1.79)

and, since both sets ∂f and ∂f are singletons, the conditions (1.75) and
(1.77) are impossible. Thus, conditions (1.75) and (1.77) are essentially “non-
smooth”.

A point x∗ ∈ X satisfying (1.74) is called an inf- stationary point, a point
x∗∗ ∈ X satisfying (1.76) is called a sup- stationary point of f . In the
smooth case the necessary condition for a minimum (1.76) is the same as the
necessary condition for a maximum (1.79).

1.4.4 Directions of Steepest Descent and Ascent

Let x ∈ X be not an inf-stationary point of f (i.e. condition (16) is not
satisfied). Take w ∈ ∂f(x) and find

min
v∈∂f(x)

||v + w|| = ||v(w) + w|| = ρ1(w).

Since ∂f(x) is a convex compact set, the point v(w) is unique. Find now

max
w∈∂f(x)

ρ1(w) = ρ1(w(x)).

The point w(x) is not necessarily unique. As x is not an inf - stationary point,
then ρ1(w(x)) > 0. The direction

g1(x) = − v(w(x)) + w(x)
||v(w(x)) + w(x)|| = −v(w(x)) + w(x)

ρ1(w(x))
(1.80)
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is a steepest descent direction of the function f at the point x, i.e.

f ′(x, g1(x))) = min
||g||=1

f ′(x, g).

Here || · || is the Euclidean norm. The quantity f ′(x, g1(x)) = −ρ1(w(x)) is
the rate of steepest descent of f at x. It may happen that the set of steepest
descent directions is not a singleton (and it is also not convex). Recall that
in the smooth case the steepest descent direction is always unique (if x is not
a stationary point).

Similarly, if x ∈ X is not a sup-stationary point of f (i.e. condition (1.76)
does not hold). Take v ∈ ∂f(x) and find

min
w∈∂f(x)

||v + w|| = ||v + w(v)|| = ρ2(v)

and
max

v∈∂f(x)
ρ2(v) = ρ2(v(x)).

The direction

g2(x) =
v(x) + w(v(x))

||v(x) + w(v(x))|| =
v(x) + w(v(x))

ρ2(v(x))
(1.81)

is a steepest ascent direction of the function f at x, i.e.

f ′(x, g2(x))) = max
||g||=1

f ′(x, g).

The quantity f ′(x, g2(x)) = ρ2(v(x)) is the rate of steepest ascent of f at x.
As above it may happen that there exist many steepest ascent directions.

Remark 1.4.3. Thus, the necessary conditions (1.74) and (1.76) are “con-
structive” : in the case where one of these conditions is violated we are able
to find steepest descent or ascent directions.

Condition for a minimum (1.74) can be rewritten in the equivalent form

0n ∈
⋂

w∈∂f(x∗)

[∂f(x∗) + w] := L1(x∗) (1.82)

and condition for a maximum (1.76) can also be represented in the equivalent
form

0n ∈
⋂

v∈∂f(x∗∗)

[∂f(x∗∗) + v] := L2(x∗∗). (1.83)

However, if, for example, (1.82) is violated at a point x, we are unable to
recover steepest descent directions, it may even happen that the set L1(x) is
empty (see [29], Sections V.2 and V.3).
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Therefore, condition (1.82) is not “constructive” : if a point x not inf-
stationary then condition (1.82) supplies no information about the behaviour
of the function in a neighbourhood of x and we are unable to get a “better”
point (e.g., to decrease the value of the function). The same is true for the
condition for a maximum (1.83). Nevertheless conditions (1.82) and (1.83)
may be useful for some other purposes.

Example 1.4.4. Let x = (x(1), x(2)) ∈ R
2, x0 = (0, 0), f(x) = |x(1)| − |x(2)|.

We have f(x) = f1(x) − f2(x) where f1(x) = max{f3(x), f4(x)}, f2(x) =
max{f5(x), f6(x)}, f3(x) = x(1), f4(x) = −x(1), f5(x) = x(2), f6(x) = −x(2).
The functions f3 − f6 are smooth therefore (see (1.65))

Df3(x) = [∂f3(x), ∂f3(x)],with ∂f3(x) = {(1, 0)}, ∂f3(x) = {(0, 0)},
Df4(x) = [∂f4(x), ∂f4(x)],with ∂f4(x) = {(−1, 0)}, ∂f4(x) = {(0, 0)},
Df5(x) = [∂f5(x), ∂f5(x)],with ∂f5(x) = {(0, 1)}, ∂f5(x) = {(0, 0)},
Df6(x) = [∂f6(x), ∂f6(x)],with ∂f6(x) = {(0,−1)}, ∂f6(x) = {(0, 0)},

Applying (1.69) one gets Df1(x0) = [∂f1(x0), ∂f1(x0)], where

∂f1(x0) = co {∂f3(x0) − ∂f4(x0), ∂f4(x0) − ∂f3(x0)} = co {(1, 0), (−1, 0)},

∂f1(x0) = {(0, 0)},Df2(x0) = [∂f2(x0), ∂f2(x0)],

where

∂f2(x0) = co {∂f5(x0) − ∂f6(x0), ∂f6(x0) − ∂f5(x0)} = co {(0, 1), (0,−1)},
∂f2(x0) = {(0, 0)}.

Finally, formula (1.66) yields

Df(x0) = [∂f(x0), ∂f(x0)],

where

∂f(x0) = co {(1, 0), (−1, 0)}, ∂f(x0) = co {(0, 1), (0,−1)}.

Since (see Fig. 1) conditions (1.74) and (1.76) are not satisfied, the point
x0 is neither an inf-stationary point nor sup-stationary. Applying (1.80) and
(1.81) we conclude that there exist two directions of steepest descent: g1 =
(0, 1), g′1 = (0,−1) and two directions of steepest ascent: g2 = (1, 0), g′2 =
(−1, 0).

It is also clear that the sets (see(1.82), (1.83))

L1(x0) =
⋂

w∈∂f(x0)

[∂f(x0) + w]
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Fig. 1 Example 1.4.4

and
L2(x0) =

⋂
v∈∂f(x0)

[∂f(x0) + v]

are both empty.

Remark 1.4.4. If a function f is directionally differentiable but not qua-
sidifferentiable, and if its directional derivative f ′(x, g) is continuous as a
function of direction (this is the case, e.g., if f is directionally differentiable
and Lipschitz) then (by the Stone-Weierstrass theorem) its directional deriva-
tive may be approximated (to within any given accuracy) by the difference
of two positively homogeneous convex functions, i.e.

f ′(x, g) ≈ max
v∈A

(v, g) + min
w∈B

(w, g) (1.84)

where A and B are convex compact sets in R
n. Relation (1.84) shows that

f ′ can be studied by means of Quasidifferential Calculus (e.g., one is able to
find an approximation of a steepest descent direction etc.). Corresponding
results can be found in [29,50].

Remark 1.4.5. In many cases of practical importance the quasidifferential of
a function f is a pair of sets each of them being the convex hull of a finite
number of points or/and balls. If this happens it is easy to store and operate
with the quasidifferential, to check necessary conditions, to find directions of
descent or ascent, to construct numerical methods.

1.4.5 Codifferentiable Functions

In the above subsections necessary conditions for a minimum of f were for-
mulated in terms of quasidifferentials (q.d.) and a formula for computing
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steepest descent directions was derived. However, it is difficult to apply steep-
est descent directions for constructing numerical methods for minimizing the
function f since the quasidifferential mapping Df is, in general, discontinu-
ous in the Hausdorff metric. This is why we need some other tool to overcome
the discontinuity of Df .

A function f : R
n → R is called Dini codifferentiable at x ∈ R

n if there
exists a pair Df(x) =

[
df(x), df(x)

]
of compact convex sets in R

n+1 such
that

f(x + Δ) = f(x) + max
[a,v]∈df(x)

[a + (v,Δ)] + min
[b,w]∈df(x)

[b + (w,Δ)] + ox(Δ).

(1.85)

ox(αΔ)
α

→ 0 ∀Δ ∈ R
n. (1.86)

Here a, b ∈ R; v, w ∈ R
n. If in (1.85)

ox(Δ)
||Δ|| →

||Δ|| → 0
0 ∀Δ ∈ R

n. (1.87)

then f is called Hadamard codifferentiable at x.
Without loss of generality it may be assumed that

max
[a,v]∈df(x)

a = min
[b,w]∈df(x)

b = 0. (1.88)

If it causes no misunderstanding, we shall use the term codifferentiable for
both Dini and Hadamard codifferentiable functions.

The pair Df(x) =
[
df(x), df(x)

]
is called a codifferential of f at x, df(x)

is a hypodifferential, df(x) is a hyperdifferential. A codifferential (like qua-
sidifferential) is not uniquely defined. If there exists a codifferential of the
form Df(x) = [df(x), {0n+1}], the function f is called hypodifferentiable
at x. If there exists a codifferential of the form Df(x) =

[
{0n+1}, df(x)

]
, the

function f is called hyperdifferentiable at x.
It is easy to see that the class of Dini (Hadamard) codifferentiable functions

coincides with the class of Dini (Hadamard) quasidifferentiable functions.
For example, if Df(x) =

[
df(x), df(x)

]
is a codifferential of f at x such

that (1.88) holds, then the pair Df(x) =
[
∂f(x), ∂f(x)

]
where

∂f(x) = {v ∈ R
n
∣∣ [0, v] ∈ df(x)}, ∂f(x) = {w ∈ R

n
∣∣ [0, w] ∈ df(x)

is a quasidifferential of f at x.
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A function f is called continuously codifferentiable at x if it is codifferen-
tiable in some neighborhood of x and there exists a codifferential mapping
Df which is Hausdorff continuous (in the sense of Hausdorff) at x.

Remark 1.4.6. Of course, it is possible to introduce the notion of continuously
quasidifferentiable function, however, if f is continuously q.d. at x then it is
just differentiable at x.

For a fixed Δ the functions (see (1.63) and (1.85))

Φ1x(Δ) = f(x) + max
v∈∂f(x)

(v,Δ) + min
w∈∂f(x)

(w,Δ)

and

Φ2x(Δ) = f(x) + max
[a,v]∈df(x)

[a + (v,Δ)] + min
[b,w]∈df(x)

[b + (w,Δ)]

are both first-order approximations of f in a neighborhood of x. The function
F1(Δ) = Φ1x(x) − f(x) is positively homogeneous in Δ while the function
F2(Δ) = Φ2x(x) − f(x) is, in general, not positively homogeneous. The loss
of homogeneity is the price to be paid for the continuity (if any) of the
codifferential mapping.

Note again that the “value” of the mapping Df at any x is a pair of convex
compact sets in R

n+1.
If turns out that most known functions are continuously codifferentiable

(see [16,28,29]). For example, all smooth, convex, concave and concavo-convex
functions are continuously codifferentiable. The class of codifferentiable func-
tions enjoys a very rich Calculus similar to that for q.d. functions (see
Subsection 1.4.2) which is a generalization of the Classical Differential Cal-
culus. The class of codifferentiable functions was introduced in [28,29].

For a codifferentiable function the following necessary condition holds:

Theorem 1.4.5. For a point x∗ ∈ R
n to be a minimizer of f on R

n it is
necessary that

0n+1 ∈ {df(x∗) + [0, w]} ∀ [0, w] ∈ df(x∗) (1.89)

(it is assumed that condition (1.88) holds).

A point x∗ satisfying (1.89) is called inf-stationary. Let x be not inf-
stationary. Then there exists w̄ = [0, w] ∈ df(x) such that

0n+1 
∈ {df(x∗) + w̄} = Lw̄(x). (1.90)

Find
min

z̄∈Lw̄(x)
||z̄|| = ||z̄w̄(x)||.
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(1.90) implies that

z̄w̄(x) = [ηw̄(x), zw̄(x)] 
= 0n+1, (ηw̄(x) ∈ R, zw̄(x) ∈ R
n).

It is also possible to show that zw̄(x) 
= 0n and that for the direction

gw̄(x) = −zw̄(x)/||zw̄(x)||

the inequality f ′(x, gw̄(x)) ≤ −||zw̄(x)|| holds.
This direction can be used to construct convergent numerical methods

(if the function is continuously codifferentiable) (see [29]).

2 Unconstrained Optimization Problems

In Section 1 optimization problems in finite-dimensional spaces were treated.
In the sequel we shall consider optimization problems in metric and normed
spaces. An unconstrained optimization problem is the problem of finding
extremal values of some functional in the absence of constraints on variables.
This problem is discussed in Section 2. Constrained optimization problems
are discussed in Section 3.

2.1 Optimization in a Metric Space

2.1.1 First-Order Conditions

Let X be a metric space endowed with a metric ρ and let a functional f be
defined on X taking values from R = R ∪ {+∞,−∞} = [−∞,+∞]. It is
denoted as follows: f : X → R.

The set R is the extended real line. Put

domf = {x ∈ X | f(x) ∈ R}

and assume that
domf 
= ∅. (2.1)

The set domf is called the effective set or domain of the functional f . Some-
times a functional f will be referred to just as a function (though the notion
of function is more general than that of functional).

Let x ∈ domf . Put

f↓(x) = lim inf
y→x

f(y) − f(x)
ρ(x, y)

. (2.2)
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Sometimes the notation lim is used instead of lim inf.
If no sequence {yk} exists such that

yk ∈ X, yk 
= x ∀k, yk → x,

then by definition f↓(x) = +∞. Since x ∈ domf , then the limit in (2.2)
always exists (though it may be equal to +∞ or −∞).

The value f↓(x) is called the rate of steepest descent of the function f at
the point x.

Remark 2.1.1. To be more precise, it is better to say “ ... the rate of steepest
descent of the function f from the point x” , however, we shall follow the
existing tradition.

If the value f↓(x) is finite then (2.2) implies the following expansion:

f(y) = f(x) + ρ(x, y)f↓(x) + o(ρ(x, y)),

where

lim inf
y →x

o(ρ(x, y))
ρ(x, y)

= 0. (2.3)

Analogously, for x ∈ domf the value

f↑(x) = lim sup
y→x

f(y) − f(x)
ρ(x, y)

(2.4)

is defined. Sometimes the notation lim is used instead of lim sup.
If no sequence {yk} exists such that

yk ∈ X, yk 
= x ∀k, yk → x,

then by definition f↑(x) = −∞. Since x ∈ domf , then the limit in (2.4)
always exists (though it may be equal to +∞ or −∞).

If the value f↑(x) is finite then (2.4) implies the expansion

f(y) = f(x) + ρ(x, y)f↑(x) + o(ρ(x, y)),

where

lim sup
y→x

o(ρ(x, y))
ρ(x, y)

= 0. (2.5)

The value f↑(x) is called the rate of steepest ascent of the function f at
the point x.

Put
f∗ = inf

x∈X
f(x), f∗ = sup

x∈X
f(x).
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Due to (2.1) one has f∗ < +∞, f∗ > −∞. The value f∗ is the exact
lower bound of the function f on the set X , and the value f∗ is the exact up-
per bound of the function f on the set X .

If for some point x∗ ∈ X it turns out that f(x∗) = f∗, then the point x∗ is
a minimizer (or global minimizer) of the function f on X . Of course, it may
happen that there exists no such a point x∗.

Put A∗ = arg min
x∈X

f = {x ∈ X | f(x) = f∗}. If x0 /∈ domf, f(x0) = −∞,

then f∗ = f(x0) = −∞, x0 ∈ A∗. If it happens that f(x1) = −∞, f(x2) =
−∞ for points x1, x2 ∈ X then we say that f(x1) = f(x2) = f∗.

Analogously, if for a point x∗ ∈ X one gets f(x∗) = f∗, then the point x∗

is called a maximizer (or global maximizer) of the function f on X . Naturally,
it may happen that there exists no such a point x∗.

Put A∗ = arg max
x∈X

f = {x ∈ X | f(x) = f∗}. If x0 /∈ domf, f(x0) = +∞,

then f∗ = f(x0) = +∞, x0 ∈ A∗. If it happens that f(x1) = +∞, f(x2) =
+∞ for points x1, x2 ∈ X then we say that f(x1) = f(x2) = f∗.

In other words, a point x∗ ∈ X is a (global) minimizer of f on X , if

f(x∗) ≤ f(x) ∀x ∈ X, (2.6)

and a point x∗ ∈ X is a (global) maximizer of f on X , if

f(x∗) ≥ f(x) ∀x ∈ X. (2.7)

A point x∗ ∈ X is a strict global minimizer of a function f on X , if

f(x∗) < f(x) ∀x ∈ X : x 
= x∗. (2.8)

A point x∗ ∈ X is called a strict global maximizer of a function f on X , if

f(x∗) > f(x) ∀x ∈ X : x 
= x∗. (2.9)

A point x∗ ∈ X is a local minimizer of f on X if there exists a δ > 0 such that

f(x∗) ≤ f(x) ∀x ∈ X : ρ(x, x∗) < δ. (2.10)

If δ = +∞, then the point x∗ is a global minimizer. A point x∗ ∈ X is called
a strict local minimizer if there exists a δ > 0 such that

f(x∗) < f(x) ∀x ∈ X : x 
= x∗, ρ(x, x∗) < δ. (2.11)

A point x∗ ∈ X is called a local maximizer of a function f on X if there
exists a δ > 0 such that

f(x∗) ≥ f(x) ∀x ∈ X : ρ(x, x∗) < δ. (2.12)
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If δ = +∞ then the point x∗ is a global maximizer. A point x∗ ∈ X is called
a strict local maximizer of a function f on X if there exists a δ > 0 such that

f(x∗) > f(x) ∀x ∈ X : x 
= x∗, ρ(x, x∗) < δ. (2.13)

Remark 2.1.2. A global minimizer (maximizer) is a point of global minimum
(maximum) independently on a metric. If two metrics are equivalent then a
local minimizer in one metric is a local minimizer in the equivalent metric as
well. If the metrics are not equivalent then a local minimizer in one metric is
not necessarily a local minimizer in another metric.

However, if a metric ρ1 majorizes a metric ρ2 then a local minimizer (max-
imizer) in the metric ρ2 is a local minimizer (maximizer) in the metric ρ1 as
well but not the other way around. Indeed, let a metric ρ1 majorize a metric
ρ2, i.e.

ρ1(x, y) ≥ cρ2(x, y) ∀x, y ∈ X,

where c > 0. If a point x∗ is a local minimizer in the metric ρ2 then there
exists a δ > 0 such that

f(x∗) ≤ f(x) ∀x ∈ X : ρ2(x, x∗) < δ. (2.14)

For points x ∈ X such that ρ1(x, x∗) < cδ one has

ρ2(x, x∗) ≤ 1
c
ρ1(x, x∗) < δ.

It follows now from (2.14) that

f(x∗) ≤ f(x) ∀x ∈ X : ρ1(x, x∗) < cδ,

which implies that x∗ is a local minimizer of f on X in the metric ρ1.

Exercise 2.1.1. Give an example of a function f and metrics ρ1 and ρ2 such
that a local minimizer in one metric is not a local minimizer in another one.

If for some point x̄ ∈ X one has f(x̄) = +∞, then by definition x̄ is a global
maximizer of the function f on X , and if f(x̄) = −∞, then by definition x̄
is a global minimizer of the function f on X .

Theorem 2.1.1. For a point x∗ ∈ domf to be a global or local minimizer of
a function f on X, it is necessary that

f↓(x∗) ≥ 0. (2.15)

If
f↓(x∗) > 0, (2.16)

then the point x∗ is a strict local minimizer of f on X.
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Proof. Necessity follows from the definition. Indeed, let x∗ be a global or
local minimizer. Then the relation (2.10) holds, hence,

f↓(x∗) = lim inf
x→x∗

f(x) − f(x∗)
ρ(x, x∗)

≥ 0.

Sufficiency. Let the condition (2.16) hold at the point x∗. We have to
show that a δ > 0 exists such that (2.11) is valid. Assume the opposite.
Choose a sequence {δk} such that δk ↓ 0. By the assumption, the point x∗
is not a strict local minimizer, therefore there exists a xk ∈ X such that
f(xk) ≤ f(x∗), ρ(xk, x∗) < δk. This yields

f↓(x∗) = lim inf
x→x∗

f(x) − f(x∗)
ρ(x, x∗)

≤ lim inf
k→∞

f(xk) − f(x∗)
ρ(xk, x∗)

≤ 0,

which contradicts (2.16). Sufficiency is proved. �

Theorem 2.1.2. For a point x∗ ∈ domf to be a global or local maximizer
of a function f on X it is necessary that

f↑(x∗) ≤ 0. (2.17)

If

f↑(x∗) < 0, (2.18)

then the point x∗ is a strict local maximizer of the function f on X.

Proof. is analogous to that of Theorem 2.1.1. �

Definition. A point x∗ ∈ X satisfying the condition (2.15) is called an
inf-stationary point of the function f on X . A point x∗ ∈ X satisfying the
condition (2.17) is called a sup-stationary point of the function f on X .

Definition. A sequence {xk} such that

xk ∈ X, f(xk) → f∗ = inf
x∈X

f(x),

is called a minimizing sequence (for the function f on X).
A sequence {xk} such that

xk ∈ X, f(xk} → f∗ = sup
x∈X

f(x),

is called a maximizing sequence (for the function f on X).
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2.1.2 k-th Order Conditions

Let x ∈ domf, k ∈ 0 : ∞ (the set 0 : ∞ contains zero and all positive
numbers). Put

f↓
k (x) = lim inf

y→x

f(y) − f(x)
ρk(x, y)

. (2.19)

Analogously for x ∈ domf the value

f↑
k (x) = lim sup

y→x

f(y) − f(x)
ρk(x, y)

(2.20)

is defined.
Clearly,

f↓(x) = f↓
1 (x), f↑(x) = f↑

1 (x).

If f↓
k (x) ∈ R (i.e., it is finite), then (2.19) implies the expansion

f(y) = f(x) + ρk(x, y)f↓
k (x) + a(ρ(x, y)), (2.21)

where

lim inf
y →x

a(ρ(x, y))
ρk(x, y)

= 0. (2.22)

Analogously, if f↑
k (x) ∈ R, then (2.20) yields the expansion

f(y) = f(x) + ρk(x, y)f↑
k (x) + a(ρ(x, y)), (2.23)

where

lim sup
y→x

a(ρ(x, y))
ρk(x, y)

= 0. (2.24)

The following conditions for an extremum hold.

Theorem 2.1.3. For a point x∗ ∈ domf to be a global or local minimizer of
a function f on X it is necessary that

f↓
k (x∗) ≥ 0 ∀k ∈ 0 : ∞. (2.25)

If for some k ∈ 0 : ∞
f↓
k (x∗) > 0, (2.26)

then the point x∗ is a strict local minimizer of the function f on X.

Proof. is analogous to that of Theorem 2.1.1. �
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Theorem 2.1.4. For a point x∗ ∈ domf to be a global or local maximizer
of f on X, it is necessary that

f↑
k (x∗) ≤ 0 ∀k ∈ 0 : ∞. (2.27)

If for some k ∈ 0 : ∞
f↑
k (x∗) < 0, (2.28)

then x∗ is a strict local maximizer of f on X.

Proof. is analogous to that of Theorem 2.1.2. �

Definition. We say that a point x0 is a k-th order inf-stationary point of a
function f , if

f↓
i (x0) = 0 ∀i ∈ 0 : k.

A function f is called lower semicontinuous at a point x0, if

lim inf
x →x0

f(x) ≥ f(x0).

Clearly, if a function f lower semicontinuous at a point x0, then the point x0

is a zero-th order inf-stationary point.

Definition. We say that a point x0 is a k-th order sup-stationary point of a
function f , if

f↑
i (x0) = 0 ∀i ∈ 0 : k.

A function f is called upper semicontinuous at a point x0, if

lim sup
x →x0

f(x) ≤ f(x0).

Clearly, if a function f upper semicontinuous at a point x0, then the point
x0 is a zero-th order sup-stationary point.

Remark 2.1.3. It is easy to note that the following proposition is valid:
For a function f to be continuous at a point x0, it is necessary and suffi-

cient that f↓
0 (x0) = f↑

0 (x0) = 0 (that is, the point x0 is both zero-th order
inf-stationary and zero-th order sup-stationary).

In other words, a function f is continuous at a point x0 iff it is both upper
and lower semicontinuous at this point.

Remark 2.1.4. Theorems 2.1.3 and 2.1.4 yield the following property:
At any point x ∈ domf either

f↓
k (x) ≥ 0 ∀k ∈ 0 : ∞
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or
f↓
k (x) ≤ 0 ∀k ∈ 0 : ∞.

If f↓
k0

(x) > 0 for some k0 ∈ 0 : ∞, then the point x is a strict local minimizer
and

f↓
k (x) = +∞ ∀k > k0.

If f↓
k0

(x) < 0 for some k0 ∈ 0 : ∞ then the point x is not a local minimizer
and

f↓
k (x) = −∞ ∀k > k0.

Analogously, at any point x ∈ domf either

f↑
k (x) ≤ 0 ∀k ∈ 0 : ∞

or
f↑
k (x) ≥ 0 ∀ k ∈ 0 : ∞.

If f↑
k0

(x) < 0 for some k0 ∈ 0 : ∞ then the point x is a strict local maximizer
and

f↑
k (x) = −∞ ∀k > k0.

If f↑
k0

(x) > 0 for some k0 ∈ 0 : ∞ then the point x is not a local maximizer
and

f↑
k (x) = +∞ ∀k > k0.

And only in the case where

f↓
k (x) = 0 ∀k ∈ 0 : ∞

or
f↑
k (x) = 0 ∀k ∈ 0 : ∞,

we are unable to discover whether the point x is an extremum point, or is
not. It follows from the examples below that in such cases any situation is
possible.

In Examples 2.1.1–2.1.5 below X = R, ρ(x, y) = |x − y|, x0 = 0.

Example 2.1.1. Let

f(x) =

⎧⎨
⎩

x2, x 
= 0,

1, x = 0.

Clearly,

f↓
0 (x0) = −1, f↑

0 (x0) = −1, f↓
k (x0) = f↑

k (x0) = − ∞ ∀k ∈ 1 : ∞.

Thus, the sufficient condition for a local maximum holds at the point
x0 = 0.
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Example 2.1.2. Let

f(x) =

⎧⎨
⎩

e−
1

|x| , x 
= 0,

0, x = 0.

It is easy to find that f↓
k (x0) = f↑

k (x0) = 0 ∀k ∈ 0 : ∞.
This is just the case where we are unable to say whether the function f

attains its extremal value at the point x0 (though x0 is a global minimizer).

Example 2.1.3. Let

f(x) =

{
−e−

1
|x| , x 
= 0,

0, x = 0.

One has
f↓
k (x0) = f↑

k (x0) = 0 ∀ k ∈ 0 : ∞.

And again Theorems 2.1.3, 2.1.4 are of no use to find out whether the
function f attains its extremal value at x0 (though x0 is a global maximizer).

Example 2.1.4. Let

f(x) =

⎧⎨
⎩

e−
1
x , x > 0,

−e
1
x , x < 0,

0, x = 0.

One has f↓
k (x0) = f↑

k (x0) = 0 ∀k ∈ 0 : ∞.
As in the previous two cases Theorems 2.1.3, 2.1.4 provide no information

on the extremality of the point x0 (though the point x0 is neither a minimizer,
nor a maximizer).

Example 2.1.5. Let f : R → R, f ∈ Cm(R) (where Cm(R) is the space of
m times continuously differentiable on R functions). It is not difficult to see
that

f↓
1 (x) = −|f ′(x)|, f↑

1 (x) = |f ′(x)| ∀x ∈ R,

f↓
2 (x) =

{
−∞, f ′(x) 
= 0,

1
2f ′′(x), f ′(x) = 0,

(2.29)

f↑
2 (x) =

{
+∞, f ′(x) 
= 0,

1
2f ′′(x), f ′(x) = 0.

(2.30)

Exercise 2.1.2. Prove the relations (2.29) and (2.30), find f↓
k (x), f↑

k (x) for
k ∈ 3 : m.

Remark 2.1.5. It was assumed above that k ∈ 0 : ∞ (i.e. k is zero or an
integer). All the above statements hold for k ∈ [0,∞).

Exercise 2.1.3. Prove the following proposition.

Theorem 2.1.5. If a function f is lower (upper) semicontinuous on a com-
pact set then f is bounded from below (above) and attains there its exact lower
(upper) bound.
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2.2 Optimization in a Normed Space

Let X be a (linear) normed space with the norm ||x||. Introduce the metric
ρ(x, y) = ||x − y||. Let f : X → R be given. Fix x ∈ X . Then

f↓(x) = lim inf
y→x

f(y) − f(x)
ρ(x, y)

= lim inf
‖Δ‖→0

f(x + Δ) − f(x)
||Δ||

= lim inf
α↓0,g∈S

f(x + αg) − f(x)
α

, (2.31)

where S = {g ∈ X | ‖g‖ = 1.} It follows from (2.31) that for all g ∈ S

f↓(x) ≤ lim inf
α↓0

f(x + αg) − f(x)
α

.

Hence,

f↓(x) ≤ inf
g∈S

lim inf
α↓0

f(x + αg) − f(x)
α

. (2.32)

Let g ∈ X . The value

f↓
D(x, g) = lim inf

α↓0
f(x + αg) − f(x)

α
(2.33)

will be referred to as the Dini lower derivative of the function f at the point
x in the direction g. Clearly,

f↓(x) ≤ inf
||g||=1

f↓
D(x, g). (2.34)

The relation (2.31) also implies

f↓(x) ≤ inf
g∈S

lim inf
[α,g′]→[+0,g]

g′∈S

f(x + αg′) − f(x)
α

. (2.35)

Let g ∈ X . The value

f↓
H(x, g) = lim inf

[α,g′]→[+0,g]

f(x + αg′) − f(x)
α

(2.36)

is called the Hadamard lower derivative of the function f at the point x in
the direction g.

Since
f↓
H(x, g) ≤ f↓

D(x, g) ∀g ∈ X,



94 V.F. Demyanov

then (2.35) and (2.36) yield

f↓(x) ≤ inf
||g||=1

f↓
H(x, g) ≤ inf

||g||=1
f↓
D(x, g). (2.37)

The limits in (2.33) and (2.36) always exist (though they may be equal to
+∞ or −∞).

Lemma 2.2.1. If the set S = {g ∈ X | ‖g‖ = 1} is compact (that is, from
any infinite sequence of points belonging to S, one can choose a converging
subsequence whose limit point also belongs to S), then

f↓(x) = inf
g∈S

f↓
H(x, g).

Proof. Denote inf
g∈S

f↓
H(x, g) = A. It follows from (2.37) that

f↓(x) ≤ A. (2.38)

There exist sequences {αk} and {gk} such that (see(2.31))

αk ↓
k→∞

0, gk ∈ S, (2.39)

hk =
f(x + αkgk) − f(x)

αk
−→
k→∞

f↓(x). (2.40)

Since the set S is compact then without loss of generality one may assume
that gk → g0 ∈ S. The relations (2.36), (2.39) and (2.40) yield

f↓(x) = lim
k→∞

hk ≥ lim inf
[α,g′]→[+0,g0]

g′∈S

f(x + αg′) − f(x)
α

= f↓
H(x, g0). (2.41)

Moreover
f↓(x) ≥ f↓

H(x, g0) ≥ inf
g∈S

f↓
H(x, g) = A. (2.42)

This inequality and (2.38) concludes the proof. �

Definition. A function h(g) : X → R is called positively homoge-
neous (p.h.), if

h(λg) = λh(g) ∀g ∈ R, ∀λ > 0.

Theorem 2.1.1 and relations (2.34) and (2.37) yield
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Theorem 2.2.1. For a point x∗ ∈ X to be a global or local minimizer of a
function f on X, it is necessary that

f↓
D(x∗, g) ≥ 0 ∀g ∈ X, (2.43)

f↓
H(x∗, g) ≥ 0 ∀g ∈ X. (2.44)

If the set S is compact then the condition

f↓
H(x∗, g) > 0 ∀g ∈ X, g 
= 0 (2.45)

is sufficient for x∗ to be a strict local minimizer of the function f on X.

Remark 2.2.1. Due to the positive homogeneity of the functions h1(g) =
f↓
D(x, g) and h2(g) = f↓

H(x, g), the conditions (2.43) and (2.44) hold for all
g ∈ X (not only for g ∈ S).

Exercise 2.2.1. Show that if the function f is locally Lipschitz around the
point x ∈ X , i.e. there exist δ > 0 and L < ∞ such that

|f(x′) − f(x′′)| ≤ L||x′ − x′′|| ∀x′, x′′ ∈ Bδ(x) = {y ∈ X | ‖x − y‖ ≤ δ},

then
f↓
D(x, g) = f↓

H(x, g) ∀g ∈ R
n. (2.46)

Remark 2.2.2. In the one-dimensional case (X = R) the relation (2.46)
always holds:

f↓
D(x, g) = f↓

H(x, g) ∀g ∈ R.

The relation
f↑
D(x, g) = f↑

H(x, g) ∀g ∈ R

is valid too.
Analogously,

f↑(x) = lim sup
y→x

f(y) − f(x)
ρ(x, y)

= lim sup
α↓0,g∈S

f(x + αg) − f(x)
α

. (2.47)

Let g ∈ X . The value

f↑
D(x, g) = lim sup

α↓0

f(x + αg) − f(x)
α

(2.48)

is called the Dini upper derivative of the function f at the point x in the
direction g.

The value

f↑
H(x, g) = lim sup

[α,g′]→[+0,g]

f(x + αg′) − f(x)
α

(2.49)
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will be referred to as the Hadamard upper derivative of the function f at
the point x in the direction g. The functions h1(g) = f↑

D(x, g) and h2(g) =
f↑
H(x, g) are positively homogeneous as functions of g. Clearly,

f↑
H(x, g) ≥ f↑

D(x, g). (2.50)

The limits (possibly, infinite) in (2.48) and (2.49) always exist.

Remark 2.2.3. If the set S = {g ∈ X | ‖g‖ = 1} is compact, then, as in
Lemma 2.2.1, it is possible to show that

f↑(x) = sup
g∈S

f↑
H(x, g). (2.51)

Exercise 2.2.2. Prove the relations (2.51).

Exercise 2.2.3. Show that if a function f is locally Lipschitz around a point
x, then f↑

D(x, g) = f↑
H(x, g) ∀g ∈ R

n.
From (2.50) one has

f↑(x) ≥ sup
||g||=1

f↑
H(x, g) ≥ sup

||g||=1

f↑
D(x, g). (2.52)

Theorem 2.1.2 and the inequalities (2.52) yield

Theorem 2.2.2. For a point x∗ ∈ X to be a global or local maximizer of a
function f on X, it is necessary that

f↑
D(x∗, g) ≤ 0 ∀g ∈ X, (2.53)

f↑
H(x∗, g) ≤ 0 ∀g ∈ X. (2.54)

If the set S = {g ∈ X | ‖g‖ = 1} is compact and the condition

f↑
H(x∗, g) < 0 ∀g ∈ X, g 
= 0 (2.55)

holds then the point x∗ is a strict local maximizer of the function f .

Remark 2.2.4. In each of Theorems 2.2.1 and 2.2.2 two necessary conditions
are stated ((2.43)–(2.44) and (2.53)–(2.54)). It is often easier to compute the
Dini derivatives that the Hadamard ones.

To check the extremality of a point, it is possible first to check a weaker
condition ((2.43) for a minimum and (2.53) for a maximum). If it holds
then one checks a stronger condition ((2.44) for a minimum and (2.54) for
a maximum). If the condition (2.43)((2.53)) doesn’t hold, one may conclude
that the point is not a minimizer (maximizer).
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Theorem 2.2.3. Assume that for every Δ ∈ X the values f↓
D(x,Δ),

f↓
H(x,Δ), f↑

D(x,Δ), f↑
H(x,Δ) are finite. Then the following expansions

hold:
f(x + Δ) = f(x) + f↓

D(x,Δ) + oD(Δ), (2.56)

f(x + Δ) = f(x) + f↓
H(x,Δ) + oH(Δ), (2.57)

f(x + Δ) = f(x) + f↑
D(x,Δ) + oD(Δ), (2.58)

f(x + Δ) = f(x) + f↑
H(x,Δ) + oH(Δ), (2.59)

where

lim inf
α↓0

oD(αΔ)
α

= 0 ∀Δ ∈ X, (2.60)

lim inf
[α,Δ′]→[+0,Δ]

oH(αΔ′)
α

= lim inf
[α,Δ′]→[+0,Δ]

[
f(x + αΔ′) − f(x)

α
− f↓

H(x,Δ′)
]

≤ 0, (2.61)

lim sup
α↓0

oD(αΔ)
α

= 0 ∀Δ ∈ X, (2.62)

lim sup
[α,Δ′]→[+0,Δ]

oH(αΔ′)
α

= lim sup
[α,Δ′]→[+0,Δ]

[
f(x + αΔ′) − f(x)

α
− f↑

H(x,Δ′)
]

≥ 0. (2.63)

Proof. follows from (2.33),(2.36), (2.48) and (2.49). Indeed, the relations
(2.56)– (2.60) and (2.58)–(2.62) are valid due to the definitions. Let us prove,
for example, (2.57)–(2.61). The expansion (2.57) holds for

oH(Δ) = f(x + Δ) − f(x) − f↓
H(x,Δ). (2.64)

We have to show that oH(Δ) satisfies (2.61). Set

A := lim inf
[α,Δ′]→[+0,Δ]

oH(αΔ′)
α

= lim inf
[α,Δ′]→[+0,Δ]

[
f(x + αΔ′) − f(x)

α
− f↓

H(x,Δ′)
]
. (2.65)

Choose a sequence {[αk, Δk]} such that

[αk, Δk] −→
k→∞

[+0, Δ],

h(αk, Δk) := f(x+αkΔk)−f(x)
αk

−→
k→∞

f↓
H(x,Δ).

(2.66)
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Without loss of generality one can assume that

f↓
H(x,Δk) −→

k→∞
B.

Then (2.65) and(2.66) yield

A ≤ lim
k→∞

[h(αk, Δk) − f↓
H(x,Δk)] = f↓

H(x,Δ) − B. (2.67)

Take a sequence {εk} such that εk ↓ 0, and find βk, Δ
′
k such that

0 < βk < εk, ||Δk − Δ′
k|| < εk,

h(βk, Δ′
k) :=

f(x + βkΔ
′
k) − f(x)

βk
= f↓

H(x,Δk) + γk, (2.68)

with |γk| < εk. (Such βk’s and Δ′
k’s always exist.)

Then for k → ∞

h(βk, Δ′
k) −→ B, βk ↓ 0, Δ′

k −→ Δ.

Therefore

f↓
H(x,Δ) := lim inf

[α,Δ′]→[+0,Δ]

f(x + αΔ′) − f(x)
α

≤ lim inf
k→∞

h(βk, Δ′
k) = B. (2.69)

Now (2.69) and (2.67) imply the required A ≤ 0.
The relations (2.57)–(2.61) are deduced in a similar way. �

Exercise 2.2.4. Prove the relations (2.57)–(2.61).

Example 2.2.1. Let X = R,

f(x) =
{

x sin 1
x , x 
= 0,

0, x = 0.

Since X = R, then (see Remark 2.2.3)

f↓
D(x, g) = f↓

H(x, g), f↑
D(x, g) = f↑

H(x, g) ∀g ∈ R.

It is clear that at the point x0 = 0

f↓
D(x0, Δ) = −|Δ|, f↑

D(x0, Δ) = |Δ|.

Remark 2.2.5. Sometimes the definitions (2.36) and (2.49) are written in
the form
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f↓
H(x, g) = lim inf

α↓0,g′→g

f(x + αg′) − f(x)
α

(2.70)

and

f↑
H(x, g) = lim sup

α↓0,g′→g

f(x + αg′) − f(x)
α

. (2.71)

However, generally speaking, these relations do not hold (see [46]). In the
definitions (2.36) and (2.49) g′ may take the value g, while in the definitions
(2.70) and (2.71) g′ 
= g. Put

f↓(x, g) = lim inf
α↓0,g′→g

f(x + αg′) − f(x)
α

, (2.72)

f↑(x, g) = lim sup
α↓0,g′→g

f(x + αg′) − f(x)
α

. (2.73)

Lemma 2.2.2. (see [46]) If a function f is continuous around a point x, then

f↓(x, g) = f↓
H(x, g) ∀g ∈ X, (2.74)

f↑(x, g) = f↑
H(x, g) ∀g ∈ X. (2.75)

Proof. Let us show, e.g., the relation (2.74). Clearly,

f↓
H(x, g) ≤ f↓(x, g). (2.76)

Assume that (2.74) is not valid. Then (2.76) implies

f↓
H(x, g) < f↓(x, g) (2.77)

and, hence, there exists a sequence {αk} such that αk ↓ 0,

f(x + αkg) − f(x)
αk

:= hk −→ f↓
H(x, g). (2.78)

Choose an arbitrary sequence {βk} such that βk ↓ 0. Since the function f is
continuous at the point x + αkg, then for any k one can find a gk 
= g such
that

||gk − g|| ≤ βk, |f(x + αkgk) − f(x + αkg)| ≤ αkβk.

Then

hk :=
f(x + αkgk) − f(x)

αk

=
f(x + αkg) − f(x)

αk
+

f(x + αkgk) − f(x + αkg)
αk

= hk + γk, (2.79)
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where |γk| ≤ βk. Since gk → g, then (2.78) and (2.79) yield

f↓(x, g) ≤ lim inf
k→∞

f(x + αkgk) − f(x)
αk

= lim inf
k→∞

hk = lim
k→∞

(hk + γk) = f↓
H(x, g), (2.80)

which contradicts (2.77). �

Remark 2.2.6. Observe that the continuity of the function f at the point x
is not required.

Remark 2.2.7. It is of interest to study the properties of the functions f↓(x, g)
and f↑(x, g) defined by the relations (2.72) and (2.73).

2.3 Directional Differentiability in a Normed Space

Let X be a normed space with the norm ‖x‖ and the metric ρ(x, y) = ‖x−y‖
and let a function f : X → R be given. Fix x ∈ X and g ∈ X .

If there exists the finite limit

f ′
D(x, g) = lim

α↓0
f(x + αg) − f(x)

α
, (2.81)

then the function f is called Dini directionally differentiable at the point x in
the direction g, and the value f ′

D(x, g) is called the Dini directional derivative
of the function f at the point x in the direction g. If the limit in (2.81) exists
and is finite for any g ∈ X , then the function f is called D-directionally
differentiable at the point x (D-d.d.).

If there exists the finite limit

f ′
H(x, g) = lim

[α,g′]→[+0,g]

f(x + αg′) − f(x)
α

, (2.82)

then f is called Hadamard directionally differentiable at the point x in the
direction g, and the value f ′

H(x, g) is the Hadamard directional derivative of
the function f at the point x in the direction g. If the limit in (2.82) exists
and is finite for any g ∈ X , then the function f is called H-directionally
differentiable at the point x (H-d.d.).

If a function f is H-d.d., then it is also D-d.d., and

f ′
H(x, g) = f ′

D(x, g) ∀g ∈ X.

The functions h(g) = f ′
H(x, g) and h(g) = f ′

D(x, g) are positively homoge-
neous (as functions of g).
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Exercise 2.3.1. Prove the positive homogeneity of the functions h(g) =
f ′
H(x, g) and h(g) = f ′

D(x, g).

Exercise 2.3.2. Prove that if a function f is H-d.d. at a point x, then f
is continuous at this point. Show that the analogous property for D-d.d.
functions does not hold. Give an example.

Lemma 2.3.1. If a function f : X → R is H-d.d. at a point x ∈ X, then
the function h(g) = f ′

H(x, g) is continuous (as a function of g) on X.

Proof. Assume the opposite. Let, for example, the function h(g) be discon-
tinuous at a point g0 ∈ X . Then there exist an ε > 0 and a sequence of points
{gk} such that

gk → g0, |h(gk) − h(g0)| > ε. (2.83)

Choose a sequence {δk} such that δk ↓ 0 and for every k find αk and g′k such
that

||g′k − gk|| < δk, αk < δk,∣∣∣∣f(x + αkg
′
k) − f(x)

αk
− f ′

H(x, gk)
∣∣∣∣ < δk. (2.84)

The relations (2.83) and (2.84) yield

∣∣∣∣f(x + αkg
′
k) − f(x)

αk
− f ′

H(x, g0)
∣∣∣∣ =

∣∣∣∣
(

f(x + αkg
′
k) − f(x)

αk
− f ′

H(x, gk)
)

+
(

f ′
H(x, gk) − f ′

H(x, g0)
)∣∣∣∣

≥
∣∣∣∣f ′
H(x, gk) − f ′

H(x, g0)
∣∣∣∣

−
∣∣∣∣f(x + αkg

′
k) − f(x)

αk
− f ′

H(x, gk)
∣∣∣∣

> ε − δk. (2.85)

Since [α, gk] → [+0, g0], then (see (2.82))

f(x + αkg
′
k) − f(x)

αk
−→ f ′

H(x, g0),

which contradicts (2.85). �

Remark 2.3.1. Thus, the Hadamard derivative is continuous in g, while the
Dini one is not necessarily continuous.

Remark 2.3.2. If a function f is D-d.d., then

f↓
D(x, g) = f↑

D(x, g) = f ′
D(x, g),
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and if f is H-d.d., then

f↓
H(x, g) = f↑

H(x, g) = f ′
H(x, g).

Therefore the necessary and sufficient conditions (Theorems 2.2.1 and 2.2.2)
can be reformulated in terms of f ′

H , f ′
D.

Theorem 2.3.1. For a point x∗ ∈ X to be a global or local minimizer of the
function f on X, it is necessary that

f ′
D(x∗, g) ≥ 0 ∀g ∈ X, (2.86)

f ′
H(x∗, g) ≥ 0 ∀g ∈ X. (2.87)

If the set S is compact then the condition

f ′
H(x∗, g) > 0 ∀g ∈ X, g 
= 0, (2.88)

is a sufficient condition for a strict local minimum of the function f on X.

Theorem 2.3.2. For a point x∗ ∈ X to be a global or local maximizer of the
function f on X, it is necessary that

f ′
D(x∗, g) ≤ 0 ∀g ∈ X, (2.89)

f ′
H(x∗, g) ≤ 0 ∀g ∈ X. (2.90)

If the set S is compact then the condition

f ′
H(x∗, g) < 0 ∀g ∈ X, g 
= 0, (2.91)

is a sufficient condition for a strict local maximum of the function f on X.

Remark 2.3.3. Sometimes in the literature the definition (2.82) is written in
the form

f ′
H(x, g) = lim

α↓0,g′→g

f(x + αg′) − f(x)
α

. (2.92)

However, generally speaking, the expression in the right-hand part of (2.92)
does not coincide with that in the right-hand part of (2.82). To be more
precise, if the limit in (2.82) exists, then the limit in (2.92) also exists, and
these limits coincide. On the other hand, it may happen that the both limits
(2.81) and (2.92) exist, but the limit in (2.82) does not. Give a very simple
example: Let X = R

2, x = (x1, x2), x0 = (0, 0), g0 = (1, 0),

f(x) = f(x1, x2) =
{

x1, x2 
= 0,
0, x2 = 0.
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It is clear, that

f ′
D(x0, g0) = lim

α↓0
f(x0 + αg0) − f(x0)

α
= 0,

f ′(x0, g0) = lim
α↓0,g′→g0

f(x0 + αg′) − f(x)
α

= 1.

However, the limit

f ′
H(x0, g0) = lim

[α,g′]→[+0,g0]

f(x0 + αg′) − f(x)
α

does not exist.
Nevertheless, as in Lemma 2.2.2, it is possible to show that if the function f

is continuous then the limits the right-hand sides of (2.92) and (2.82) coincide
(precisely, if there exists one of these limits, the other also exists, and both
of them coincide).

2.4 The Gâteaux and Fréchet Differentiability

2.4.1 Differentiable Functions

Let X be a normed space, f : X → R. If the function f is D-d.d. at a point
x ∈ X , then (2.81) implies the expansion

f(x + Δ) = f(x) + f ′
D(x,Δ) + oD(Δ), (2.93)

where

oD(αΔ)
α

−→
α↓0

0 ∀Δ ∈ X. (2.94)

If f is H-d.d. at x ∈ X , then (2.82) yields the expansion

f(x + Δ) = f(x) + f ′
H(x,Δ) + oH(Δ), (2.95)

where

oH(Δ)
||Δ|| −→

||Δ||→0

0. (2.96)

Definition. A function f : X → R is called Gâteaux differentiable at a point
x ∈ X , if there exists a linear functional Hx : X → R such that

f(x + Δ) = f(x) + Hx(Δ) + o(Δ), (2.97)
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where

o(αΔ)
α

−→
α→0

0 ∀Δ ∈ X. (2.98)

In such a case the functional Hx(Δ) will be denoted by f ′
G(x)(Δ).

A function f : X → R is called Fréchet differentiable at a point x ∈ X if
there exists a linear functional Hx : X → R such that

f(x + Δ) = f(x) + Hx(Δ) + o(Δ), (2.99)

where

o(Δ)
||Δ|| −→

||Δ||→0

0. (2.100)

In such a case the functional Hx(Δ) will be denoted by f ′
F (x)(Δ).

The function Hx(Δ) = f ′
G(x)(Δ) in (2.97) is continuous in Δ due to the

properties of a linear functional (unlike the Dini derivative above).
It is not difficult to see that the functional Hx, satisfying (2.97)–(2.98) or

(2.99)–(2.100), is unique. The Fréchet differentiability implies the Gâteaux
one, but the reverse is not true.

Clearly, if a function f is Gâteaux differentiable at a point x, then it is
D-d.d. at this point with f ′

D(x,Δ) = Hx(Δ). If f is Fréchet differentiable at
x, then it is H-d.d. at this point and f ′

H(x,Δ) = Hx(Δ).

2.4.2 Conditions for an Extremum for Differentiable Functions

For Gâteaux or Fréchet differentiable functions the necessary conditions for
an extremum on X (Theorems 2.2.1 and 2.2.2) take the following form.

Theorem 2.4.1. Let a function f be Gâteaux differentiable at a point
x∗ ∈ X. For the point x∗ ∈ X to be a global or local minimizer of the
function f on X, it is necessary that

f ′
G(x∗)(g) = 0 ∀g ∈ X. (2.101)

Theorem 2.4.2. Let a function f be Fréchet differentiable at a point
x∗ ∈ X. For the point x∗ ∈ X to be a global or local minimizer of the
function f on X, it is necessary that

f ′
F (x∗)(g) = 0 ∀g ∈ X. (2.102)
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Theorem 2.4.3. Let a function f be Gâteaux differentiable at a point
x∗ ∈ X. For the point x∗ ∈ X to be a global or local maximizer of the
function f on X, it is necessary that

f ′
G(x∗)(g) = 0 ∀g ∈ X. (2.103)

Theorem 2.4.4. Let a function f be Fréchet differentiable at a point
x∗ ∈ X. For the point x∗ ∈ X to be a global or local maximizer of the
function f on X, it is necessary that

f ′
F (x∗)(g) = 0 ∀g ∈ X. (2.104)

Thus, the necessary conditions for a minimum and a maximum coincide and
the linear functional should be equal zero. The sufficient conditions (2.88) for
a minimum or (2.91) for a maximum are never satisfied.

2.4.3 The Function of Maximum of Differentiable Functions

Let f1, f2, · · · , fN : X → R be functionals which are Gâteaux or Fréchet
differentiable at a point x0 ∈ X . Then (see (1.24)) the function f(x) =
max
i∈1:N

fi(x) is directionally differentiable at the point x0, and if all fi’s are

Gâteaux differentiable, then f is D-d.d., while the Fréchet differentiability of
all fi’s implies that f is H-d.d. at x0 and

f ′(x0, g) = max
i∈R(x0)

f ′
i(x0, g) ∀g ∈ X, (2.105)

where R(x) = {i ∈ 1 : N | fi(x) = f(x)}. Here f ′ is either f ′
D, or f ′

H ; f ′
i is a

linear functional.
The relation (2.105) provides the following expansion:

f(x0 + Δ) = f(x0) + f ′(x0, Δ) + o(Δ) = f(x0) + max
i∈R(x0)

f ′
i(x0, Δ) + o(Δ).

(2.106)
Here Δ ∈ X , and o(Δ) depends on x0.

It is also possible to get another expansion:

f(x0 + Δ) = max
i∈1:N

fi(x0 + Δ) = max
i∈1:N

[fi(x0) + f ′
i(x0, Δ) + oi(Δ)]

= f(x0) + max
i∈1:N

[fi(x0) − f(x0) + f ′
i(x0, Δ)] + o(Δ). (2.107)

Observe that the second summand in the right-hand part of (2.106) is a
positively homogeneous function while the second summand in the right-
hand part of (2.107) is not a p.h. function.
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2.5 The Finite-Dimensional Case

2.5.1 Conditions for an Extremum

Consider in more details the case of the n-dimensional arithmetic Euclidean
space.

Let X = R
n. If x = (x1, · · · , xn), y = (y1, · · · , yn), then

ρ(x, y) =

√√√√ n∑
i=1

(xi − yi)2 = ‖x − y‖.

By (x, y) let us denote the scalar product of vectors x and y : (x, y) =∑n
i=1 xiyi.
Let f : R

n → R := [−∞,+∞] and assume that domf 
= ∅. Take x ∈ domf
and find (see (2.2))

f↓(x) = lim inf
y→x

f(y) − f(x)
ρ(x, y)

. (2.108)

Lemma 2.5.1. The following relation

f↓(x) = inf
‖g‖=1

lim inf
[α,g′]→[+0,g]

‖g′‖=1

f(x + αg′) − f(x)
α

(2.109)

holds.

Proof. Denote by A the right-hand part of (2.109). Putting y = x + Δ and
taking into account that ρ(x, y) = ‖Δ‖, one can rewrite the expression (2.108)
in the form

f↓(x) = lim inf
‖Δ‖↓0

f(x + Δ) − f(x)
‖Δ‖ . (2.110)

Denoting ‖Δ‖ = α, Δ
‖Δ‖ = g, from (2.110) we have

f↓(x) = lim inf
α↓0,g∈S

f(x + αg) − f(x)
α

, (2.111)

where S = {g ∈ R
n | ‖g‖ = 1}. The relation (2.111) implies that there exist

sequences {αk} and {gk} such that αk ↓ 0, ‖gk‖ = 1,

f(x + αkgk) − f(x)
αk

−→ f↓(x).

Since the set S is compact, without loss of generality one can assume that
gk→ g0. Then
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h(g0) = lim inf
[α,g′]→[+0,g0]

‖g′‖=1

f(x + αg′) − f(x)
α

≤ lim inf
k→∞

f(x + αkgk) − f(x)
αk

= f↓(x).

Furthermore,
A ≤ h(g0) ≤ f↓(x). (2.112)

Let a sequence {gk} be such that ‖gk‖ = 1,

h(gk) = lim inf
[α,g′]→[+0,gk]

f(x + αg′) − f(x)
α

−→ A. (2.113)

Choose a sequence {εk} such that εk ↓ 0.
For any k there exist αk and g′k such that αk < εk, ‖g′k‖ = 1, ‖g′k−gk‖ < εk,

f(x + αkg
′
k) − f(x)

αk
= h(gk) + μk, (2.114)

where |μk| < εk. The relation (2.111) implies

f↓(x) = lim inf
α↓0,g∈S

f(x + αg) − f(x)
α

≤ lim inf
k→∞

f(x + αkg
′
k) − f(x)

αk
. (2.115)

It follows from (2.113), (2.114) and (2.115) that

f↓(x) ≤ A. (2.116)

Comparing (2.116) and (2.112), we get (2.109). �
The following proposition is proved in the same way.

Lemma 2.5.2. The relation

f↑(x) = sup
‖g‖=1

lim sup
[α,g′]→[+0,g]

‖g′‖=1

f(x + αg′) − f(x)
α

(2.117)

is valid

Exercise 2.5.1. Show that in (2.109) and (2.117) the condition ||g′|| = 1
(but not ||g|| = 1!) may be omitted.

Definition. Let x ∈ domf , g ∈ R
n. The value

f↓
D(x, g) = lim inf

α↓0
f(x + αg) − f(x)

α
(2.118)
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is called the Dini lower derivative of the function f at the point x in the
direction g. Note that the function h(g) = f↓

D(x, g) is positively homogeneous
(of the first degree) in g, i.e. h(λg) = λh(g) ∀λ ≥ 0, ∀g ∈ R

n.
The value

f↓
H(x, g) = lim inf

[α,g′]→[+0,g]

f(x + αg′) − f(x)
α

(2.119)

is called the Hadamard lower derivative of the function f at the point x in
the direction g. The function h(g) = f↓

H((x, g) is also p.h. in g.
The value

f↑
D(x, g) = lim sup

α↓0

f(x + αg) − f(x)
α

(2.120)

is called the Dini upper derivative of the function f at the point x in the
direction g.

The value

f↑
H(x, g) = lim sup

[α,g′]→[+0,g]

f(x + αg′) − f(x)
α

(2.121)

is called the Hadamard upper derivative of the function f at the point x in
the direction g.

As above, the functions h(g) = f↑
D(x, g) and h(g) = f↑

H(x, g) are p.h. in g.
Note that since x ∈ domf , then all the limits in (2.118)–(2.121) exist (though
may attain the values +∞ or −∞).

Remark 2.5.1. In the case R
n = R = (−∞,+∞), we have g ∈ R, and for all

g ∈ R the relations f↑
D(x, g) = f↑

H(x, g), f↓
D(x, g) = f↓

H(x, g) hold.

Exercise 2.5.2. Show that if a function f is locally Lipschitz around a point
x ∈ R

n, then

f↑
H(x, g) = f↑

D(x, g), f↓
H(x, g) = f↓

D(x, g) ∀g ∈ Rn.

Remind that f is called locally Lipschitz around a point x, if there exist
δ > 0 and a constant L < ∞ (depending on x) such that

|f(x′) − f(x′′)| ≤ L‖x′ − x′′‖ ∀x′, x′′ ∈ Bδ(x),

where
Bδ(x) = {y ∈ R

n | ‖x − y‖ ≤ δ}.

Lemma 2.5.1 and Theorem 2.1.1 imply

Theorem 2.5.1. For a point x∗ ∈ R
n, x∗ ∈ domf , to be a global or local

minimizer of a function f on R
n, it is necessary that

f↓
H(x∗, g) ≥ 0 ∀g ∈ R

n. (2.122)
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If
f↓
H(x∗, g) > 0 ∀g ∈ R

n, g 
= 0n, (2.123)

then the point x∗ is a strict local minimizer of the function f on R
n.

Remark 2.5.2. Since (see the definitions (2.118) and (2.119))

f↓
H(x, g) ≤ f↓

D(x, g), (2.124)

then the condition
f↓
D(x∗, g) ≥ 0 ∀g ∈ R

n (2.125)

is also a necessary condition for a minimum, however, the condition

f↓
D(x∗, g) > 0 ∀g ∈ R

n, g 
= 0n

is not sufficient for a strict local minimum.
The condition (2.125) is weaker than the condition (2.122) (the point x∗

may satisfy (2.125), but not the condition (2.122)).
Lemma 2.5.2 and Theorem 2.1.2 imply

Theorem 2.5.2. For a point x∗ ∈ R
n, x∗ ∈ domf , to be a global or local

maximizer of a function f on R
n, it is necessary that

f↑
H(x∗, g) ≤ 0 ∀g ∈ R

n. (2.126)

If
f↑
H(x∗, g) < 0 ∀g ∈ R

n, g 
= 0n, (2.127)

then the point x∗ is a strict local maximizer of the function f on R
n.

Remark 2.5.3. Since (see the definitions (2.120) and (2.121))

f↑
H(x, g) ≥ f↑

D(x, g), (2.128)

then the condition
f↑
D(x∗, g) ≤ 0 ∀g ∈ R

n (2.129)

is also a necessary condition for a maximum, however, the condition

f↑
D(x∗, g) < 0 ∀g ∈ R

n, g 
= 0n

is not sufficient for a strict local maximum. The condition (2.129) is weaker
than the condition (2.126).

Remark 2.5.4. The definitions (2.119), (2.121) and Lemmas 2.5.1, 2.5.2 yield

f↓(x) = inf
‖g‖=1

f↓
H(x, g), f↑(x) = sup

‖g‖=1

f↑
H(x, g). (2.130)
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Definitions. If f↓(x) < 0, then a direction g0 ∈ R
n, such that ‖g0‖ = 1,

f↓
H(x, g0)= f↓(x), is called a steepest descent direction (in the sense

of Hadamard) (H-s.d.d.) of the function f at the point x. The value
f↓(x) = f↓

H(x, g0) is called the rate of H-steepest descent of the function f
at the point x.

If inf
‖g‖=1

f↓
D(x, g)= f↓

D(x, g0) < 0 (this implies f↓(x) < 0), then the direc-

tion g0 is called a steepest descent direction (in the sense of Dini) (D-s.d.d.)
of the function f at the point x. The value f↓(x) = f↓

D(x, g0) is called the
rate of D-steepest descent of the function f at the point x.

Analogously, if f↑(x) > 0, then a direction g0 ∈ R
n, such that

‖g0‖=1, f↑
H(x, g0)= f↑(x), is called a steepest ascent direction (in the

sense of Hadamard) (H-s.a.d.) of the function f at the point x. The value
f↑(x) = f↑

H(x, g0) is called the rate of H-steepest ascent of the function f at
the point x.

If sup
‖g‖=1

f↑
D(x, g) = f↑

D(x, g0) > 0 (this implies f↑(x) > 0), then the direc-

tion g0 is called a steepest ascent direction (in the sense of Dini) (D-s.a.d.)
of the function f at the point x. The value f↑(x) = f↑

D(x, g0) is called the
rate of D-steepest ascent of the function f at the point x.

Note that it may happen that steepest descent and ascent directions either
do not exist, or are not unique.

2.5.2 The Differentiable Case

Let us consider the case where f is a differentiable function. Remind that a
function f : R

n → R is called differentiable at a point x ∈ R
n if there exists

a V ∈ R
n such that

f(x + Δ) = f(x) + (V,Δ) + o(Δ), (2.131)

where o(Δ) is described below. If in (2.131)

o(αΔ)
α

−→
α→0 0 ∀Δ ∈ R

n, (2.132)

then the function f is called Gâteaux differentiable at the point x. If (2.132)
holds uniformly with respect to Δ ∈ S = {Δ ∈ R

n | ‖Δ‖ = 1}, then f is
called Fréchet differentiable. In this case

o(Δ)
‖Δ‖ −→

‖Δ‖→0

0. (2.133)
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Clearly, the Fréchet differentiability implies the Gâteaux one, but the
reverse is not true.

If a function f is Gâteaux or Fréchet differentiable at a point x then the
vector V in (2.131) is unique and represents the gradient of the function f
at the point x. It is the collection of partial derivatives of the function f :

V = f ′(x) =
(

∂f(x1, · · · , xn)
∂x1

, · · · ,
∂f(x1, · · · , xn)

∂xn

)
.

Example 2.5.1. Let us demonstrate a function which is Gâteaux differentiable
but not Fréchet differentiable.

Let X = R
2, x = (x1, x2), x0 = (0, 0), S = {x = (x1, x2) | x2

1+
(x2 − 1)2 = 1},

f(x) =
{

0, x /∈ S,

x1, x ∈ S.

The set S is shown in Fig. 2. We have f(x0 +Δ) = f(x0)+ (A,Δ)+ o(Δ),

where A = (0, 0), o(αΔ)
α −→

α↓0
0 ∀Δ ∈ R

2.

The function f is Gâteaux differentiable at the point x0 = (0, 0), however,
it is not Fréchet differentiable. Clearly,

f ′(x0) = 02 = (0, 0), f↓
D(x0, g) = f↑

D(x0, g) = 0

and the both necessary conditions for a minimum (2.125), and for a maxi-
mum (2.129) are satisfied, that is, the point x0 is both D-inf-stationary, and
D-sup-stationary.

Fig. 2 Example 2.5.1 −2 −1.5 −1 −0.5 0 0.5 1 1.5 2
0

0.5

1

1.5

2

2.5

3

x1

x2



112 V.F. Demyanov

Find (see Lemma 2.5.1)

f↓(x0) = inf
‖g‖=1

lim inf
[α,g′]→[+0,g]

‖g′‖=1

f(x + αg′) − f(x)
α

= inf
‖g‖=1

f↓
H(x0, g).

Since

f↓
H(x0, g) =

{
0, g 
= g0, ‖g‖ = 1,
−1, g = g0,

where g0 = (−1, 0), then f↓(x0) = −1.
Analogously, f↑(x0) = sup

‖g‖=1

f↑
H(x0, g). Since

f↑
H(x0, g) =

{
0, g 
= g1, ‖g‖ = 1,

+1, g = g1,

where g1 =(1, 0), then f↑(x0)= +1. Since f↓(x0)= −1 < 0, f↑(x0)=+1 > 0,
then at the point x0 = 0 neither the necessary condition for a minimum (2.15),
nor the necessary condition for a maximum (2.17) is satisfied.

It is clear from (2.131) and the definitions (2.118) and (2.120) that if a
function f is Gâteaux differentiable at a point x then

f↓
D(x, g) = f↑

D(x, g) = (f ′(x), g), (2.134)

and if f is Fréchet differentiable at x, then the definitions (2.119) and (2.121)
yield

f↓
H(x, g) = f↑

H(x, g) = (f ′(x), g). (2.135)

If f is Fréchet differentiable then (2.130) and (2.135) imply

f↓(x) = inf
‖g‖=1

(f ′(x), g) = −‖f ′(x)‖, (2.136)

f↑(x) = sup
‖g‖=1

(f ′(x), g) = ‖f ′(x)‖. (2.137)

If f is Gâteaux differentiable at a point x then it follows from (2.124), (2.128)
and (2.130) that

f↓(x) ≤ inf
‖g‖=1

f↓
D(x, g) = −‖f ′(x)‖, (2.138)

f↑(x) ≥ sup
‖g‖=1

f↑
D(x, g) = ‖f ′(x)‖. (2.139)

Theorem 2.1.1 and relations (2.136), (2.138) imply the following.



Nonsmooth Optimization 113

Theorem 2.5.3. Let a function f be Gâteaux or Fréchet differentiable at a
point x∗ ∈ R

n. For the point x∗ to be a global or local minimizer of f on R
n,

it is necessary that
f ′(x∗) = 0n. (2.140)

Theorem 2.1.2 and the relations (2.137), (2.139) produce the following.

Theorem 2.5.4. Let a function f be Gâteaux or Fréchet differentiable at a
point x∗ ∈ R

n. For the point x∗ to be a global or local maximizer of f on R
n,

it is necessary that
f ′(x∗) = 0n. (2.141)

Remark 2.5.5. It follows from (2.140) and (2.141) that the necessary condi-
tion for a minimum coincides with the necessary condition for a maximum.
Thus, in this case the notion of inf-stationary point coincides with that of
sup-stationary point. Therefore points satisfying (2.140) and (2.141) will be
referred to as just stationary points.
The conditions (2.140) and (2.141) are well known from the classical
(“smooth”) analysis. Note that the sufficient conditions (2.16) and (2.17)
never hold in the smooth case (they are essentially nonsmooth).

Remark 2.5.6. The relations (2.136) and (2.138) imply that if f ′(x) 
= 0n,
then the direction g0 = − f ′(x)

‖f ′(x)‖ is the unique steepest descent direction (in
the sense of Dini and in the sense of Hadamard if f is Fréchet differentiable),
and the value −‖f ′(x)‖ is the steepest descent direction of the function f at
the point x.

Analogously, we observe from (2.137) and (2.139) that if f ′(x) 
= 0n, then
the direction g0 = f ′(x

‖f ′(x)‖ is the unique steepest ascent direction (in the sense
of Dini and in the sense of Hadamard if f is Fréchet differentiable), and the
value ‖f ′(x)‖ is the steepest ascent direction of the function f at the point x.

Note that the mentioned uniqueness of the directions of steepest descent
and ascent is due to the chosen metric ρ(x, y) = ||x−y||. If one takes another
metric, the uniqueness is not guaranteed.

Exercise 2.5.3. Show that if a function f is locally Lipschitz around a point
x, then the Gâteaux differentiability at the point x is equivalent to the Fréchet
differentiability at this point.

Example 2.5.2. Let X = R = (−∞,∞), f(x) = |x|. The graph of the function
f is depicted in Fig. 3. For x 
= 0 the function f is differentiable and

f ′(x) =
{

+1, x > 0,
−1, x < 0.

For x > 0, f ′(x, g) = g and the direction g = +1 is the steepest ascent
direction (s.a.d.), while the direction g = −1 is the steepest descent direction.
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Analogously, for x < 0, f ′(x, g) = −g and the direction g = +1 is the
steepest descent direction, while g = −1 is the steepest ascent direction.

Consider the point x0 = 0. We have

f↓
H(x0; g) = f↓

D(x0; g) = lim inf
α↓0

f(x0 + αg) − f(x0)
α

= lim inf
α↓0

|αg|
α

= +|g|,

f↑
H(x0; g) = f↑

D(x0; g) = lim sup
α↓0

|αg|
α

= |g|.

This implies (see (2.130))

f↓(x0) = inf
‖g‖=1

f↓
H(x0; g) = +1, f↑(x0) = sup

‖g‖=1

f↑
H(x0; g) = +1.

Since f↓(x0) = +1 > 0, then by Theorem 2.5.1 one concludes that the
point x0 = 0 is a strict local minimizer of the function f (in fact, the point
x0 is a global minimizer, however, our theory allows to guarantee only that
x0 is at least a strict local minimizer).

Since the condition (2.126) does not hold, then x0 is not a maximizer, and
the directions g0 = +1 and g0 = −1 are both steepest ascent directions, and
the rate of steepest ascent is f↑(x0; g0) = f↑

H(x0; g0) = +1.

Example 2.5.3. Let x = R = (−∞,∞),

f(x) =
{

x sin 1
x , x 
= 0,

0, x = 0.
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The graph of the function f is depicted in Fig. 4.
For x 
= 0 the function f is differentiable and

f ′(x) = sin
1
x

− 1
x

cos
1
x
.

Therefore (see (2.136), (2.137))

f↓(x) = −
∣∣∣∣ sin 1

x
− 1

x
cos

1
x

∣∣∣∣, f↑(x) =
∣∣∣∣ sin 1

x
− 1

x
cos

1
x

∣∣∣∣.
At the point x0 = 0 one has

f↓(x0) = lim inf
x→x0

f(x) − f(x0)
‖x − x0‖

= lim inf
x→0

x sin 1
x

|x| = −1,

f↑(x0) = lim sup
x→0

x sin 1
x

|x| = +1.

Clearly, at the point x0 = 0 neither the necessary condition for a minimum
(2.15), nor the necessary condition for a maximum (2.17) holds.

It was shown in Remark 2.5.1 that in the case R
n = R the Dini upper

and lower derivatives coincide with the corresponding Hadamard derivatives.
Therefore

f↓
H(x0, g) = f↓

D(x0, g) = lim inf
α↓0

f(x0+αg)−f(x0)
α

=lim inf
α↓0

αg sin 1
αg

α
=−|g|.
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Clearly, the directions g0 = +1 and g0 = −1 are steepest descent directions
of the function f at the point x0 = 0.

Analogously, since

f↑
H(x0, g) = f↑

D(x,g) = lim sup
α↓0

αg sin 1
αg

α
= |g|,

then the directions g0 = +1 and g0 = −1 are steepest descent directions of
the function f at the point x0 = 0.

Thus, the direction g0 = +1 is both a steepest descent direction, and a
steepest ascent direction.

The direction g0 = −1 is also simultaneously a steepest descent direction
and a steepest ascent directions.

Note that the function f(x) is not locally Lipschitz around the point x0 = 0
(though it is locally Lipschitz in a neighborhood of any point x 
= 0).

Exercise 2.5.4. Study (as it was done in Example 2.5.3) the following func-
tions:

f1(x) = f↑
H(x0, g) =

{
|x| sin 1

x , x 
= 0,

0, x = 0,

f2(x) =

{
|x sin 1

x |, x 
= 0,

0, x = 0,

f3(x) =

{
x sin 1

x , x > 0,

0, x ≤ 0,

f4(x) =

{
2x + x sin 1

x , x 
= 0,

0, x = 0.

3 Constrained Optimization Problems via Exact
Penalization

The constrained optimization problem is that of finding extremal values of a
functional in the presence of constraints.
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3.1 Optimization in a Metric Space in the Presence
of Constraints

3.1.1 First-Order Conditions

Let [X ,ρ] be a metric space (i.e., on a set X a metric ρ is defined), Ω ⊂ X
be a nonempty subset of this space. Assume that a functional f : X → R is
defined on X . It is required to find

inf
x∈Ω

f(x) = f∗
Ω. (3.1)

This problem will be referred to as the constrained optimization problem (in
the case Ω = X the problem (3.1) is called the unconstrained optimization
problem). In the sequel we discuss, mainly, only the minimization problem
since the problem of maximizing a function f is equivalent to that of mini-
mizing the function f1(x) = −f(x).

If one takes, instead of X , the set Ω with the same metric ρ, then the con-
strained minimization problem (3.1) becomes the problem of unconstrained
minimization in the metric space [Ω, ρ]. However, it is often more convenient
and useful not to use such a reduction.

Points of global, strict global, local and strict local minima and maxima
of a function f on a set Ω are defined like in Section 2.1, only everywhere
instead of x ∈ X in the definitions there one should write x ∈ Ω.

Using the same arguments as in the proofs of Theorems 2.1.1 and 2.1.2 we
get the following extremality conditions.

Theorem 3.1.1. For a point x∗ ∈ Ω to be a global or local minimizer of a
function f on a set Ω, it is necessary that

f↓(x∗, Ω) = lim inf
y∈Ω

y→x∗

f(y) − f(x∗)
ρ(y, x∗)

≥ 0. (3.2)

If it turns out that f↓(x∗, Ω) > 0, then the point x∗ is a strict local mini-
mizer of the function f on the set Ω.

Theorem 3.1.2. For a point x∗ ∈ Ω to be a global or local maximizer of a
function f on a set Ω, it is necessary that

f↑(x∗, Ω) = lim sup
y∈Ω

y→x∗

f(y) − f(x∗)
ρ(y, x∗)

≤ 0. (3.3)

It it turns out that f↑(x∗, Ω) < 0, then the point x∗ is a strict local maximizer
of the function f on the set Ω.

A point x∗ ∈ Ω satisfying (3.2) is called an inf-stationary point of the
function f on the set Ω, while a point x∗ ∈ Ω satisfying (3.3) is called a
sup-stationary point of f on Ω.
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Assume that the set Ω is defined as

Ω = {x ∈ X | ϕ(x) = 0}, (3.4)

where
ϕ : X → R, ϕ(x) ≥ 0 ∀x ∈ X. (3.5)

Note that any set Ω ⊂ X can be written in the form (3.4), where ϕ satisfies
(3.5). For example, one can take

ϕ(x) =
{

0, x ∈ Ω,

1, x 
= Ω.
(3.6)

If the set Ω is closed then, as ϕ, we can take the function

ϕ(x) = ρ(x,Ω), (3.7)

with
ρ(x,Ω) = inf

y∈Ω
ρ(x, y). (3.8)

The function ρ(x,Ω) is called the distance function from a point x to the
set Ω.

Definition. A sequence {xk} is called a minimizing sequence (m.s.) for a
function f on a set Ω if xk ∈ Ω ∀k, f(xk) −→ f∗

Ω = inf
x∈Ω

f(x).

A sequence {xk} is called a generalized minimizing sequence for a function
f on Ω (or g.m.s.) if

xk ∈ X ∀k, ρ(xk, Ω) = inf
y∈Ω

ρ(xk, y) −→
k→∞

0, f(xk) −→
k→∞

f∗
Ω. (3.9)

If {xk} is a g.m.s. of a function f on Ω, and the function f is uniformly
continuous on Ω(ε) = {x ∈ X | ρ(x,Ω) < ε} (for some ε > 0), then it is
possible to construct a minimizing sequence. Indeed, choose a sequence {εk}
such that εk ↓ 0. Without loss of generality one may assume that

ρ(xk, Ω) <
ε

2
, εk <

ε

2
∀k,

i.e., xk ∈ Ω(ε).
For any xk ∈ X let us find a point yk ∈ Ω such that

ρ(xk, yk) < ρ(xk, Ω) + εk.

Then for the sequence {yk} one gets yk ∈ Ω ∀k,

f(yk) = f(xk) + [f(yk) − f(xk)] −→
k→∞

f∗
Ω,



Nonsmooth Optimization 119

since f(yk)−f(xk) −→ 0 due to the uniform continuity of f on Ω(ε), f(xk) →
f∗
Ω (see (3.9)).

In particular, if the function f is Lipschitz on Ω(ε), then it is uniformly
continuous there.

Let a set Ω be given in the form (3.4), where ϕ satisfies (3.5). A sequence
{xk} is called a ϕ-minimizing sequence for the function f on the set Ω (or
ϕ-m.s.), if

xk ∈ X, ϕ(xk) −→ 0, f(xk) −→ f∗
Ω.

3.2 The Constrained Optimization Problem
in a Normed Space

Let X be a normed space with the norm ‖x‖, Ω ⊂ X be a nonempty set and
let a functional f : X → R be given.

The necessary conditions for a minimum and a maximum (Theorems 3.1.1
and 3.1.2) have the following form:

Theorem 3.2.1. For a point x∗ ∈ Ω to be a global or local minimizer of the
function f on the set Ω, it is necessary that

f↓(x∗, Ω) = lim inf
(x∗+αg′)∈Ω

α↓0, g′∈S

f(x∗ + αg′) − f(x∗)
α

≥ 0. (3.10)

If
f↓(x∗, Ω) > 0, (3.11)

then the point x∗ is a strict local minimizer of the function f on the set Ω.
As usual, here S = {g ∈ X | ‖g‖ = 1} is the unit sphere in X.
Let x ∈ Ω, g ∈ X. The value

f↓
D(x, g;Ω) = lim inf

α↓0
x+αg∈Ω

f(x + αg) − f(x)
α

(3.12)

is called the Dini conditional lower derivative of the function f at the point
x ∈ Ω in the direction g with respect to the set Ω.

If x + αg /∈ Ω for sufficiently small α > 0 then put f↓
D(x, g;Ω) = +∞.

The value

f↓
H(x, g;Ω) = lim inf

[α,g′]→[+0,g]
x+αg′∈Ω

f(x + αg′) − f(x)
α

(3.13)

is called the Hadamard conditional lower derivative of the function f at the
point x ∈ Ω in the direction g with respect to the set Ω.
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If x + αg′ /∈ Ω for sufficiently small α > 0 and g′ sufficiently close to g,
then put f↓

H(x, g;Ω) = +∞.
Note that

f↓
H(x, g;Ω) ≤ f↓

D(x, g;Ω). (3.14)

One has
f↓(x,Ω) ≤ inf

g∈S
f↓
H(x, g;Ω) ≤ inf

g∈S
f↓
D(x, g;Ω). (3.15)

If the set S is compact (i.e., from any infinite sequence of points from S
it is possible to find a subsequence converging to a point of the set S) then

f↓(x,Ω) = inf
g∈S

f↓
H(x, g;Ω). (3.16)

Theorem 3.2.1, the relations (3.15), (3.16) and positive homogeneity of the
functions h1(g) = f↓

D(x, g;Ω) and h2(g) = f↓
H(x, g;Ω) imply

Theorem 3.2.2. For a point x∗ ∈ Ω to be a global or local minimizer of the
function f on the set Ω, it is necessary that

f↓
D(x∗, g;Ω) ≥ 0 ∀g ∈ X, (3.17)

f↓
H(x∗, g;Ω) ≥ 0 ∀g ∈ X. (3.18)

If the set S is compact then the condition

f↓
H(x∗, g;Ω) > 0 ∀g ∈ X, g 
= 0 = 0X (3.19)

is sufficient for a strict local minimum of the function f on the set Ω.
Here 0X is the zero element of the space X.

Remark 3.2.1. If the set Ω is convex, x ∈ Ω, then

f↓(x,Ω) = lim inf
x+αg∈Ω
‖αg‖→0

f(x + αg) − f(x)
α‖g‖

= lim inf
α‖y−x‖→0
y∈Ω,y 
=x

f(x + α(y − x)) − f(x)
α‖y − x‖

= inf
y∈Ω
y 
=x

(
1

‖y − x‖f↓
H(x, y − x)

)
≤ inf

y∈Ω
y 
=x

(
1

‖y − x‖f↓
D(x, y − x)

)
.

(The definitions of f↓
D(x, g) and f↓

H(x, g) see in Section 2.2.) This implies that
in the case of convexity of Ω, the conditions (3.17) and (3.18) take the form

f↓
D(x∗, x − x∗) ≥ 0 ∀x ∈ Ω, (3.20)
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f↓
H(x∗, x − x∗) ≥ 0 ∀x ∈ Ω. (3.21)

Let x ∈ Ω, g ∈ X . The value

f↑
D(x, g;Ω) = lim sup

α↓0
x+αg∈Ω

f(x + αg) − f(x)
α

(3.22)

is called the Dini conditional upper derivative of the function f at the point
x ∈ Ω in the direction g with respect to the set Ω.

If x + αg /∈ Ω for sufficiently small α > 0 then put f↑
D(x, g;Ω) = −∞.

The value

f↑
H(x, g;Ω) = lim sup

[α,g′]→[+0,g]
x+αg′∈Ω

f(x + αg′) − f(x)
α

(3.23)

is called the Hadamard conditional upper derivative of the function f at the
point x ∈ Ω in the direction g with respect to the set Ω.

If x + αg /∈ Ω for sufficiently small α > 0 and g′ sufficiently close to g,
then put f↑

H(x, g;Ω) = −∞.

Theorem 3.2.3. For a point x∗ ∈ Ω to be a global or local maximizer of the
function f on the set Ω it is necessary that

f↑
D(x∗, g;Ω) ≤ 0 ∀g ∈ X, (3.24)

f↑
H(x∗, g;Ω) ≤ 0 ∀g ∈ X. (3.25)

If the set S is compact then the condition

f↑
H(x∗, g;Ω) < 0 ∀g 
= 0 = 0X (3.26)

is sufficient for x∗ to be a strict local maximizer of the function f on the
set Ω.

Remark 3.2.2. If the set Ω is convex then the conditions (3.24) and (3.25)
are, respectively, of the form

f↑
D(x∗, x − x∗) ≤ 0 ∀x ∈ Ω, (3.27)

and
f↑
H(x∗, x − x∗) ≤ 0 ∀x ∈ Ω. (3.28)

Definition f↑
D(x, g), f↑

H(x, g) see in Section 2.2.
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3.3 Penalty Functions

3.3.1 Definition and Properties of Penalty Functions

Let [X ,ρ] be a metric space, Ω ⊂ X be a nonempty set of this space. Let a
functional f : X → R be given. Assume that the set Ω is defined in the form

Ω = {x ∈ X | ϕ(x) = 0}, (3.29)

where
ϕ : X → R, ϕ(x) ≥ 0 ∀x ∈ X. (3.30)

Fix λ ≥ 0 and introduce the function

Fλ(x) = f(x) + λϕ(x). (3.31)

The function Fλ(x) is called a penalty function (for the given f and ϕ), the
number λ will be referred to as a penalty parameter. Put

F ∗
λ = inf

x∈X
Fλ(x). (3.32)

One has

F ∗
λ := inf

x∈X
Fλ(x) ≤ inf

x∈Ω
Fλ(x) = inf

x∈Ω
f(x) =: f∗

Ω ∀λ ≥ 0. (3.33)

First consider the case where for any λ ≥ λ0 (with λ0 ≥ 0) there exists a
point xλ ∈ X such that

Fλ(xλ) = F ∗
λ (3.34)

(i.e., xλ is a minimizer of the function Fλ(x) on X).
Let us indicate some useful properties of the function

h(λ) := inf
x∈X

Fλ(x) = F ∗
λ . (3.35)

1. The function h(λ) is nondecreasing, that is if λ2 > λ1 then h(λ2) ≥ h(λ1).
Indeed, for any x ∈ X and λ2 > λ1 one has

Fλ2(x) = f(x) + λ2ϕ(x) = f(x) + λ1ϕ(x) + (λ2 − λ1)ϕ(x)

= Fλ1(x) + (λ2 − λ1)ϕ(x) ≥ Fλ1(x).

Therefore
h(λ2) = inf

x∈X
Fλ2(x) ≥ inf

x∈X
Fλ1(x) = h(λ1).
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2. If λ2 > λ1, then
f(xλ2) ≥ f(xλ1), (3.36)

ϕ(xλ2 ) ≤ ϕ(xλ1 ). (3.37)

Indeed, the definitions xλ2 and xλ1 imply

Fλ1(xλ1 ) = f(xλ1) + λ1ϕ(xλ1 ) ≤ Fλ1(xλ2 ) = f(xλ2) + λ1ϕ(xλ2 ), (3.38)

Fλ2(xλ2 ) = f(xλ2) + λ2ϕ(xλ2 ) ≤ Fλ2(xλ1 ) = f(xλ1) + λ2ϕ(xλ1 ). (3.39)

The relation (3.39) yields

− f(xλ1) − λ2ϕ(xλ1 ) ≤ −f(xλ2) − λ2ϕ(xλ2 ). (3.40)

Now from (3.38)

(
1 − λ1

λ2

)
f(xλ1) ≤

(
1 − λ1

λ2

)
f(xλ2). (3.41)

Since λ1 < λ2 then (3.41) implies f(xλ1) ≤ f(xλ2). Using this inequality and
(3.39), we get ϕ(xλ2 ) ≤ ϕ(xλ1 ).
3. If λ2 > λ1 > 0 and f(xλ2) = f(xλ1) then

ϕ(xλ2 ) = ϕ(xλ1 ), (3.42)

and, conversely, if λ2 > λ1 > 0 and ϕ(xλ2 ) = ϕ(xλ1 ), then

f(xλ2) = f(xλ1). (3.43)

In fact, if f(xλ2 ) = f(xλ1), then (3.38) yields ϕ(xλ1 ) ≤ ϕ(xλ2 ), and (3.39)
– ϕ(xλ2 ) ≤ ϕ(xλ1 ). This inequality implies (3.42).

If ϕ(xλ2 ) = ϕ(xλ1 ), then (3.38) yields f(xλ1) ≤ f(xλ2), and (3.39) –
f(xλ2) ≤ f(xλ1 ), i.e., (3.43) holds.
4. If for some λ1, λ2 ∈ R+ = {x ∈ R | x ≥ 0}, such that λ2 > λ1, it turns
out that

h(λ2) = h(λ1), (3.44)

then
ϕ(xλ2 ) = 0. (3.45)

Indeed, assume the opposite, i.e. let ϕ(xλ2 ) > 0. Then

h(λ2) = F ∗
λ2

= Fλ2 (xλ2) = f(xλ2 ) + λ2ϕ(xλ2 )

= Fλ1 (xλ2) + (λ2 − λ1)ϕ(xλ2 ) > Fλ1(xλ2 ).
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The last inequality holds since λ2 > λ1, ϕ(xλ2 ) > 0. Hence,

h(λ2) > Fλ1(xλ2 ) ≥ inf
x∈X

Fλ1 (x) = F ∗
λ1

= h(λ1),

that is, h(λ2) > h(λ1), which contradicts (3.44).

Remark 3.3.1. For the point xλ1 , it may be ϕ(xλ1 ) > 0 (see Example 3.7.1
below).
5. If for some λ1, λ2 ≥ 0, where λ2 > λ1, one has

h(λ2) = h(λ1), (3.46)

then
h(λ) = h(λ1) ∀λ > λ1. (3.47)

Indeed, if λ2 > λ > λ1, then (3.35) yields

h(λ2) ≥ h(λ) ≥ h(λ1),

and the relation (3.47) follows from (3.46).
If λ > λ2, then (3.45) implies

h(λ) ≥ h(λ2) = F ∗
λ2

= Fλ2(xλ2 ) = f(xλ2) + λ2ϕ(xλ2 ) = f(xλ2). (3.48)

However,

h(λ) = F ∗
λ = inf

x∈X
Fλ(x) ≤ Fλ(xλ2 ) = f(xλ2) = Fλ2 (xλ2) = h(λ2).

Therefore, the relations (3.46) and (3.48) yield

h(λ) = h(λ2) = h(λ1).

6. If, for some λ ≥ 0, ϕ(xλ) = 0 (i.e. xλ ∈ Ω) and

inf
x∈X

Fλ(x) = Fλ(xλ) = f(xλ),

then the point xλ is a minimizer of the function f on Ω:

f(xλ) = inf
x∈Ω

f(x) = f∗
Ω.

Indeed, assume the contrary. Then an x ∈ Ω exists such that f(x) < f(xλ).
Since ϕ(x) = 0, one has

Fλ(x) = f(x) < f(xλ) = Fλ(xλ),
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which contradicts the fact that the point xλ is a minimizer of the function
Fλ(x) on X .

Corollary 3.3.1. If ϕ(xλ0 ) = 0 for some λ0 ≥ 0 then the point xλ0 is a
minimizer of the function Fλ(x) on X for all λ > λ0.

Corollary 3.3.2. If F ∗
λ1

= F ∗
λ2

, where λ2 > λ1 ≥ 0, then the point xλ2 is a
minimizer of the function f on Ω.

Indeed, (3.45) yields ϕ(xλ2 ) = 0, i.e. xλ2 ∈ Ω, and then Property 6 implies
that xλ2 is a minimizer of f on Ω. Note again that the point xλ1 does not
necessarily belong to the set Ω and, hence, is not a minimizer of the function
f on Ω (see Remark 3.3.1).
7. If

Fλ1(xλ1 ) =: F ∗
λ1

= F ∗
λ2

:= Fλ2(xλ2 ),

where λ2 > λ1 ≥ 0, then the point xλ2 is a minimizer of the function Fλ1 (x)
on X (the point xλ1 may not belong to the set Ω while the point xλ2 belongs
to the set Ω). In other words, the set of (unconstrained) minimizers of the
function Fλ1(x) contains a point belonging to the set Ω.

Really,
F ∗
λ1

= F ∗
λ2

= Fλ2(xλ2 ) = f(xλ2) + λ2ϕ(xλ2 ). (3.49)

But ϕ(xλ2 ) = 0, therefore

Fλ1(xλ2 ) = f(xλ2) + λ1ϕ(xλ2 )
= f(xλ2) + λ2ϕ(xλ2 ) = Fλ2 (xλ2) = F ∗

λ2
. (3.50)

The relations (3.48) and (3.49) yield

F ∗
λ1

= inf
x∈X

Fλ1 (x) ≤ Fλ1 (xλ2) = F ∗
λ2

= F ∗
λ1

. (3.51)

Hence, F ∗
λ1

= Fλ1 (xλ2), which means that xλ2 is a minimizer of Fλ1 (x) on X.
Put

Mλ = {x ∈ X | Fλ(x) = F ∗
λ = h(λ)}. (3.52)

If h(λ2) = h(λ1) for some λ1, λ2 ∈ R+ such that λ2 > λ1, then

Mλ = Mλ2 ∀λ ∈ (λ1,∞), (3.53)

Mλ ⊂ Ω, Mλ ⊂ Mλ1 ∀λ ∈ (λ1,∞). (3.54)

Furthermore,
Mλ = M∗

Ω = {x ∈ Ω | f(x) = f∗
Ω}. (3.55)

Lemma 3.3.1. If
inf
x∈X

f(x) = f∗ > −∞, (3.56)
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then
ϕ(xλ) −→

λ→∞
0. (3.57)

Proof. Assume that (3.57) is not valid. Then there exist a sequence {λk} and
a number a > 0, such that λk → ∞, ϕ(xλk

) ≥ a. We have

Fλk
(xλk

) = f(xλk
) + λkϕ(xλk

) ≥ f∗ + λka −→
k→∞

+ ∞. (3.58)

By the assumption, Ω 
= ∅, therefore there exists x0 ∈ Ω. Since Fλk
(x0) =

f(x0), then
Fλk

(xλk
) ≤ f(x0), (3.59)

which contradicts (3.58). �
Put

Ωδ = {x ∈ X | ϕ(x) < δ}, rδ = sup
y∈Ωδ

ρ(y,Ω).

Lemma 3.3.2. Let
inf
x∈X

f(x) = f∗ > −∞, (3.60)

rδ →
δ↓0

0, (3.61)

and the function f be uniformly continuous on Ωδ0 for some δ0 > 0. Then

lim
λ→∞

F ∗
λ = f∗

Ω. (3.62)

Proof. Assume the contrary. Then there exist a number a > 0 and sequences
{λk} and {xk} such that λk −→ ∞, xk ∈ X ,

f(xk) + λkϕ(xk) ≤ f∗
Ω − a. (3.63)

It follows from (3.61) that

ϕ(xk) → 0. (3.64)

Choose a sequence {εk} such that εk ↓ 0. For every xk, find a yk ∈ Ω such
that

ρ(yk, xk) ≤ ρ(xk, Ω) + εk ≤ rδk
+ εk, (3.65)

where δk = ϕ(xk) + εk. The relation (3.64) means that δk → 0, and then
(3.61) yields rδk

−→ 0. Then from (3.64) and (3.65) one concludes that
ρ(yk, xk) −→ 0. Now it follows from (3.63) and the uniform continuity of f
on Ωδ0 that, for k sufficiently large,
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f(yk) = f(xk) + [f(yk) − f(xk)] < f∗
Ω − a

2
,

which contradicts the definition f∗
Ω, since yk ∈ Ω. �

Thus, in the hypotheses of Lemma 3.3.2., for λ → ∞ the values of uncon-
strained infima of the penalty functions Fλ tend to the infimal value of the
function f on the set Ω. Under quite natural assumptions, the unconstrained
minimizers of the functions Fλ converge (as λ → ∞) to a minimizer of the
function f on the set Ω. It turns out that, under rather mild assumptions, for
sufficiently large λ’s, an unconstrained minimizer of the function Fλ coincides
with a minimizer of the function f on Ω. This case will be discussed in the
sequel.

Remark 3.3.1. In the hypotheses of Lemma 3.3.2, it is clear from Lemmas
3.3.1 and 3.3.2 how to construct a ϕ-minimizing sequence for the function f
on Ω. Choose sequences {λk} and {εk} such that λk → ∞, εk ↓ 0. For every
λk let us find xk such that Fλk

(xk) ≤ F ∗
λk

+ εk. Due to (3.57), ϕ(xk) −→ 0.
Now (3.62) yields

f(xk) + λkϕ(xk) −→ f∗
Ω. (3.66)

Note that f(xk) −→ f∗
Ω. Indeed, assuming the contrary and arguing as in

the proof of the Lemma, one easily gets a contradiction.
Thus, ϕ(xk) −→ 0, f(xk) −→ f∗

Ω, i.e. the sequence {xk} is
ϕ-minimizing.

3.3.2 Indicator Functions

The function

ϕ(x) =
{

+∞, x /∈ Ω,

0, x ∈ Ω,
(3.67)

is called the indicator function of the set Ω.
If the condition (3.56) holds and Ω 
= ∅, then it is easy to see that for any

λ > 0
inf
x∈X

Fλ(x) = inf
x∈Ω

f(x). (3.68)

The function ϕ(x), defined by (3.67), and the function ϕ(x), given by
(3.6), defined the same set Ω. (The function (3.6) can also be considered as
an indicator function of the set Ω.)

Thus, let Ω be defined by (3.4), with ϕ described by (3.6). Let Fλ(x) =
f(x) + λϕ(x) and let the condition (3.56)be valid.

Lemma 3.3.3. For sufficiently large λ > 0

inf
x∈X

Fλ(x) = inf
x∈Ω

f(x). (3.69)
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Proof. Take λ0 = f∗
Ω − f∗ + a, where a > 0.

Let {xk} be a minimizing sequence for the function Fλ0(x), i.e.

lim
k→∞

Fλ0(xk) = inf
x∈X

Fλ0(x). (3.70)

Let us show that ϕ(xk) = 0 for sufficiently large k’s. Assume the opposite.
Then a subsequence {xks} exists such that ϕ(xks ) = 1 (remind that ϕ is
given by the formula (3.6) and therefore, if ϕ(xks) 
= 0, then ϕ(xks ) = 1).
Since {xks} is a subsequence of the sequence {xk}, then (see (3.70))

Fλ0(xks) −→
ks→∞

F ∗
λ0

. (3.71)

Hence,
Fλ0(xks) = f(xks) + λ0 ≥ f∗ + λ0. (3.72)

On the other hand, for any x ∈ Ω,

Fλ0(x) = f(x). (3.73)

The relations (3.73), (3.71) and (3.72) imply

f∗ + λ0 ≤ F ∗
λ0

≤ f(x) ∀x ∈ Ω. (3.74)

If {xk} is a minimizing sequence for the function f on the set Ω, i.e.

xk ∈ Ω ∀k, f(xk) −→
k→∞

f∗
Ω, (3.75)

then (3.74) and (3.75) yield

f∗ + λ0 ≤ f∗
Ω. (3.76)

But for λ0 > f∗
Ω − f∗ the inequality (3.76) is impossible (we have chosen

λ0 = f∗
Ω − f∗ + a, where a > 0).

Hence, (3.69) holds for an arbitrary λ > λ∗ = f∗
Ω − f∗. �

Remark 3.3.2. Thus, if the indicator function (3.67) or the function (3.6) is
taken as the function ϕ in (3.4), then there exists λ∗ < ∞ (for the function
(3.67) λ∗ = 0, and for the function (3.6) λ∗ = f∗

Ω−f∗) such that for λ > λ∗

the problem of minimizing the function f(x) on the set Ω is equivalent to the
problem of minimizing the function Fλ(x) on the entire space X , i.e. the con-
strained optimization problem is reduced to the unconstrained optimization
one. Unfortunately, usually the function ϕ (described by (3.6) or (3.67)) is
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not known, and, besides, both these functions are essentially discontinuous.
Therefore in practice the both mentioned functions are of a little value.

Nevertheless, the above described procedure of reducing the constrained
minimization problem to an unconstrained one can be applied to other func-
tions ϕ describing the set Ω.

3.4 Exact Penalty Functions and a Global Minimum

3.4.1 Global Minimizers

Let [X, ρ] be a metric space, Ω ⊂ X be a set described by (3.4), where ϕ
satisfies (3.5). For λ ≥ 0 consider the function Fλ(x), defined by (3.31). Put
(see (2.2))

ϕ↓(x) = lim inf
y→x

ϕ(y) − ϕ(x)
ρ(x, y)

. (3.77)

Theorem 3.4.1. Let(3.56) be satisfied and the following conditions hold:
1) there exists a λ0 < ∞ such that for any λ ≥ λ0 one can find an xλ ∈ X,
such that

Fλ(xλ) = F ∗
λ = inf

x∈X
Fλ(x); (3.78)

2) there exist δ > 0 and a > 0 such that

ϕ↓(x) ≤ −a < 0 ∀x ∈ Ωδ \ Ω, (3.79)

where

Ωδ = {x ∈ X | ϕ(x) < δ}, (3.80)

3) the function f is Lipschitz on Ωδ \ Ω, i.e., for some L < ∞

|f(x1) − f(x2)| ≤ Lρ(x1, x2) ∀x1, x2 ∈ Ωδ \ Ω. (3.81)

Then a λ∗ ≥ λ0 exists such that for all λ > λ∗

ϕ(xλ) = 0, f(xλ) = f∗
Ω = inf

x∈Ω
f(x),

that is, the point xλ is a solution of the problem (3.1).

Proof. First let us show that there exists λ∗ ≥ λ0 such that for all λ > λ∗

ϕ(xλ) = 0.
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Assume the contrary. Then one can find a sequence {λs} such that

λs −→
s→∞ ∞; ϕ(λs) > 0 ∀s.

By Lemma 3.3.1, ϕ(xλ) −→
λ→∞

0.

It means that a λ ≥ λ0 exists such that xλ ∈ Ωδ \ Ω for λ ≥ λ. Fix any
λs > λ (from our sequence). Due to (3.79), one can find a sequence {yλsk}
such that yλsk ∈ X,

ϕ↓(xλs) = lim
k→∞

ϕ(yλsk) − ϕ(xλs )
ρ(yλsk, xλs)

≤ −a, ρ(yλsk, xλs) −→
k→∞

0.

Without loss of generality, one may assume that

ϕ(yλsk) − ϕ(xλs ) ≤ −a

2
ρ(yλsk, xλs) ∀k. (3.82)

Fix some ks satisfying (3.82). Then (3.81) and (3.82) yield

Fλs(yλsks) − Fλs(xλs) = f(yλsks) − f(xλs) + λs(ϕ(yλsks) − ϕ(xλs ))

≤ Lρ(yλsks , xλs) −
a

2
λsρ(xλs , yλsks)

= ρ(yλsks , xλs)[L − a

2
λs].

For

λs > max
{

λ,
2L
a

}
= λ∗ (3.83)

we get Fλs(yλsks) < Fλs(xλs ), which contradicts (3.78). Hence, ϕ(xλ) = 0
for λ > λ∗. It remains to show that

f(xλ) = f∗
Ω = inf

x∈Ω
f(x).

Assume the opposite. Then one can find an x ∈ Ω such that f(x) < f(xλ).
We have

Fλ(x) = f(x) + λϕ(x) = f(x) < f(xλ) = f(xλ) + λϕ(xλ) = Fλ(xλ),

which contradicts (3.78). �

Definition. A number λ∗ ≥ 0 is called an exact penalty constant (for the
function f on the set Ω) if

F ∗
λ∗ := inf

x∈X
Fλ∗(x) = inf

x∈Ω
f(x) =: f∗

Ω. (3.84)
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It is easy to see that if (3.84) holds then

F ∗
λ := inf

x∈X
Fλ(x) = inf

x∈Ω
f(x) =: f∗

Ω ∀λ > λ∗. (3.85)

The lower bounds in (3.84) and (3.85) should not be necessarily attainable.

Remark 3.4.1. Thus, if, for a given function f and a given set Ω ⊂ X , there
exists an exact penalty constant λ∗, then for λ > λ∗ the constrained optimiza-
tion problem (3.1) is equivalent to the unconstrained optimization problem of
minimizing Fλ(x) on the entire space. The exact penalty constant is defined
by the formula (3.83) where the value λ is not known in advance. However,
if in (3.79) δ = +∞ (i.e., (3.79) holds for all x ∈ X \ Ω), then λ∗ = 2L

a .

Remark 3.4.2. the function ϕ, defined by (3.6), does not satisfy the condition
(3.79). Indeed,

Ωδ =
{

Ω, δ ∈ [0, 1),
X, x ≥ 1.

For δ > 1 and x ∈ Ωδ \Ω = X \Ω, one has ϕ↓(x) = 0. Nevertheless, as it was
shown in Lemma 3.3.3, for λ > f∗

Ω−f∗ the function Fλ(x) is an exact penalty
function. Remind that the conditions of Theorem 3.4.1 are only sufficient.

Remark 3.4.3. Since

Fλ(xλ) = inf
x∈X

Fλ(x) ≤ inf
x∈Ω

Fλ(x) = inf
x∈Ω

f(x) = f∗
Ω,

then (3.57) implies that, for any γ > 0 and for sufficiently large λ, one has
ρ(xλ,M∗) < γ, where

M∗ = argmin
x∈Ω

f(x), ρ(x,M) = inf
y∈M

ρ(x, y).

Therefore the conditions of Theorem 3.4.1 can be weakened:

Theorem 3.4.2. Let (3.56) hold. Assume that
1) there exists a λ0 < ∞ such that, for every λ ≥ λ0, one can find xλ ∈ X
such that

Fλ(xλ) = F ∗
λ = inf

z∈X
Fλ(x);

2) there exist δ > 0, a > 0 and γ > 0 such that

ϕ↓(x) ≤ −a ∀x ∈ Bγ(M∗) ∩ (Ωδ \ Ω),

where

Bγ(M∗) = {x ∈ X |ρ(x,M∗) < γ}, Ωδ = {x ∈ X |ϕ(x) ≤ δ};
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3) the function f is Lipschitz on T = Bγ(M∗) ∩ (Ωδ \ Ω), i.e., for some
L < ∞,

|f(x1) − f(x2)| ≤ Lρ(x1, x2) ∀x1, x2 ∈ T.

Then there exists λ∗ ≥ λ0 such that

ϕ(xλ) = 0 ∀λ > λ∗.

Remark 3.4.4. In condition 3) of the Theorem it is enough to assume the
Lipschitzness of the function f on the set C = (Ωδ \ Ω) ∩ D(x0) where

D(x0) = {x ∈ X |f(x) ≤ f(x0)}, f(x0) > f∗
Ω.

Indeed, (3.33) implies

f(xλ) ≤ Fλ(xλ) = F ∗
λ ≤ f∗

Ω < f(x0), (3.86)

i.e., xλ ∈ int C. Now in the proof of Theorem 3.4.1 one may assume that
yλsks ∈ C ∀s.

3.5 Exact Penalty Functions and Local Minima

3.5.1 Local Minimizers

Definition. A local minimizer of the function Fλ in the absence of con-
straints is called an unconstrained local minimizer of the function Fλ.

Theorem 3.5.1. In the assumptions of Theorem 3.4.1, there exists a
λ∗ < ∞, such that, for λ > λ∗, all local minimizers of the function Fλ(x),
belonging to the set Ωδ, are also local minimizers of the function f on Ω.

Proof. First of all, let us show that a λ∗ < ∞ exists such that, for every
λ > λ∗, the following property holds: if xλ ∈ Ωδ and xλ is a local minimizer
of the function Fλ(x) then ϕ(xλ) = 0 (i.e., xλ ∈ Ω).

One has Fλ(xλ) = f(xλ) + λϕ(xλ). If ϕ(xλ) > 0 (that is, xλ /∈ Ω) then,
due to (3.79), there exists a sequence of points {yλk} (depending, of course,
on λ) such that

ρ(yλk, xλ) −→
k→∞

0,
ϕ(yλk) − ϕ(xλ)

ρ(yλk, xλ)
≤ −a

2
. (3.87)

It follows from (3.81) and (3.87) that

Fλ(yλk) − Fλ(xλ) = f(yλ) − f(xλ) + λ(ϕ(yk) − ϕ(xλ))

≤ Lρ(xλ, yλk) − a

2
λρ(xλ, yλk) = ρ(xλ, yλk)

[
L − a

2
λ
]
.
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As in the proof of Theorem 3.4.1, for λ > λ∗ = max{λ1,
2L
a } (see (3.83)) one

gets Fλ(yλk) < Fλ(xλ), which contradicts the assumption that xλ is a local
minimizer of the function Fλ(x).

Thus, for λ > λ∗, one has ϕ(xλ) = 0.
Now let us show that for λ > λ∗ the point xλ is also a local minimizer of

the function f on the set Ω.
Indeed, since xλ is a local minimizer of the function Fλ then there exists

an ε > 0 such that

Fλ(xλ) ≤ Fλ(x) ∀x ∈ X : ρ(x, xλ) < ε.

Then, for x ∈ Ω and such that ρ(x, xλ) < ε, one gets

Fλ(xλ) = f(xλ) + λϕ(xλ) = f(xλ) ≤ Fλ(x) = f(x) + λϕ(x) = f(x),

i.e.
f(xλ) ≤ f(x) ∀x ∈ Ω : ρ(x, xλ) < ε.

It means that xλ is a local minimizer of the function f on the set Ω. �
It turns out that the opposite statement is also valid:
If x0 ∈ Ω is a local minimizer of f on Ω then there exists a λ∗ < ∞

such that, for λ > λ∗, the point x0 is a local minimizer of the function Fλ(x)
on X.

To get this result, first prove the following proposition:

Lemma 3.5.1. Let a function f : X → R be Lipschitz with a Lipschitz
constant L < ∞ in a neighborhood Bδ(x0) of the point x0. Then there exists
a function f̃ : X → R such that

a) f̃ is Lipschitz on X with a Lipschitz constant 2L;
b) f̃(x) = f(x) ∀x ∈ Bδ(x0) = {x ∈ X | ρ(x, x0) ≤ δ};
c) lim
ρ(x,x0)→∞

f̃(x) = +∞.

Proof. In the space X let us define the function

f̃(x) = inf
u∈Bδ(x0)

{f(u) + 2Lρ(x, u)}. (3.88)

Show that the function f̃ satisfies the conditions a) – c). First, prove the
property b). Let x ∈ Bδ(x0). The definition (3.88) yields

f̃(x) ≤ f(x) + 2Lρ(x, λ) = f(x). (3.89)

Let {uk} be a sequence of elements such that

uk ∈ Bδ(x0), lim
k→∞

[f(uk) + 2Lρ(x, uk)] = f̃(x). (3.90)
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The Lipschitzness of f implies

f(uk) − f(x) ≥ −Lρ(x, uk). (3.91)

Now one concludes from (3.90) that

f̃(x) ≥ lim
k→∞

[f(x) + Lρ(x, uk)] ≥ f(x). (3.92)

The property b) follows from (3.92) and (3.89).
Let x ∈ X . From (3.88) one has

f̃(x) ≥ inf
u∈Bδ(x0)

f(u) + inf
u∈Bδ(x0)

2Lρ(x, u). (3.93)

The function f is Lipschitz on Bδ(x0), therefore

f(u) ≥ f(x0) − Lρ(x0, u). (3.94)

Since ρ(x0, u) ≤ δ ∀u ∈ Bδ(x0), then (3.94) yields

inf
u∈Bδ(x0)

f(u) ≥ f(x0) − Lδ. (3.95)

On the other hand, the triangle inequality implies

ρ(x, u) ≥ ρ(x, x0) − ρ(u, x0) ≥ ρ(x, x0) − δ.

Hence, from (3.94) and (3.93) one concludes that

f̃(x) ≥ f(x0) − Lδ + 2L(ρ(x, x0) − δ) = f(x0) + 2Lρ(x, x0) − 3Lδ. (3.96)

The property c) follows from (3.96).
It remains to show the Lipschitzness of the function f̃ on X . Let x1, x2 ∈ X .

Choose a sequence {δk} such that δk ↓ 0. For every k, there exists a uk ∈
Bδ(x0) such that

f̃(x2) = f(uk) + 2Lρ(x2, uk) + μk, (3.97)

where |μk| < δk. Then

f̃(x1) − f̃(x2) = inf
u∈Bδ(x0)

[f(u) + 2Lρ(x1, u)] − [f(uk) + 2Lρ(x2, uk) + μk]

≤ f(uk) + 2Lρ(x1, uk) − [f(uk) + 2Lρ(x2, uk) + μk]

= 2L[ρ(x1, uk) − ρ(x2, uk)] − μk. (3.98)
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Since ρ is a metric, then ρ(x1, uk) ≤ ρ(x1, x2) + ρ(x2, uk). It follows from
(3.97) and (3.98) that

f̃(x1) − f̃(x2) ≤ 2Lρ(x1, x2) + δk.

Passing to the limit as k → ∞, one gets

f̃(x1) − f̃(x2) ≤ 2Lρ(x1, x2). (3.99)

Permuting x1 and x2 and arguing analogously, we have

f̃(x2) − f̃(x1) ≤ 2Lρ(x1, x2). (3.100)

The inequalities (3.99) and (3.100) imply the Lipschitzness of the function f̃
on the entire space X with a Lipschitz constant 2L. This completes the proof
of the Lemma. �

Theorem 3.5.2. Let the conditions 2) and 3) of Theorem 3.4.1 hold. If x0 ∈
Ω is a local minimizer of the function f on Ω, then there exists a λ∗ < ∞
such that, for λ > λ∗, the point x0 is a local (unconstrained) minimizer of
the function Fλ(x).

Proof. Since x0 ∈ Ω is a local minimizer of f on Ω then a δ > 0 exists such
that

f(x0) ≤ f(x) ∀x ∈ Ω ∩ Bε(x0), (3.101)

where
Bε(x0) = {x ∈ X |ρ(x, x0) ≤ ε}.

Using Lemma 3.5.1, construct a function f̃ possessing the properties a) – c)
stated in Lemma 3.5.1.

Choose x /∈ Bε(x0). Let {uk} be a sequence of points such that

uk ∈ Bε(x0), f̃(x) = f(uk) + 2Lρ(x, uk) + μk, (3.102)

where
|μk| ↓ 0. (3.103)

Since uk ∈ Bε(x0), then f(uk) ≥ inf
z∈Bε(x0)

f(z) = f∗
ε . This yields

ρ(x, uk) ≥ ρ(x, x0) − ρ(x0, uk) ≥ ρ(x, x0) − ε. (3.104)

The property b) from Lemma 3.5.1 implies f̃(z) = f(z) ∀z ∈ Bε(x0).
Hence,

inf
z∈Bε(x0)

f(z) = inf
z∈Bε(x0)

f̃(z). (3.105)
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Since x /∈ Bε(x0), then from (3.102) and (3.104)

f̃(x) ≥ f∗
ε + 2L(ρ(x, x0) − ε) + μk. (3.106)

But ρ(x, x0) − ε > 0, therefore from (3.103), (3.105) and (3.106)

f̃(x) > inf
z∈Bε(x0)

f(z) = f∗
ε = inf

z∈Bε(x0)
f̃(z) ∀x /∈ Bε(x0). (3.107)

Thus,
inf
z∈X

f̃(z) = inf
z∈Bε(x)

f̃(z) = inf
z∈Bε(x)

f(z) = f(x0).

This implies that x0 is a global minimizer of the function f̃ on the set Ω.
For the function f̃ all the assumptions of Theorem 3.4.1 hold, therefore

one can find a λ∗ (depending on x0, since the function f̃ depends on x0),
such that, for λ > λ∗, the point x0 is a global (unconstrained) minimizer of
the function F̃λ(x) = f̃(x) + λϕ(x), that is,

F̃λ(x0) = f(x0) ≤ F̃λ(x) ∀x ∈ X. (3.108)

Since f̃(x) = f(x) ∀x ∈ Bε(x0) then (3.108) yields

f(x0) = f(x0) + λϕ(x0) = Fλ(x0)

≤ f̃(x) + λϕ(x) = f(x) + λϕ(x) = Fλ(x) ∀x ∈ Bε(x0).

This implies that x0 is a local minimizer of the function Fλ(x). �

Remark 3.5.1. Condition 2) of Theorem 3.4.1, which must be satisfied in
Theorem 3.5.2, can be replaced by a weaker condition:

Theorem 3.5.3. Let x0 ∈ Ω be a local minimizer of the function f on the
set Ω. Assume that
1) There exist ε1 > 0 and λ1 such that, for any λ > λ1, one can find xλ ∈
Bε1(x0) satisfying the inequality

Fλ(xλ) ≤ Fλ(x) ∀x Bε1(x0)

(i.e., xλ is a minimizer of the function Fλ(x) on the set Bε1(x0));
2) there exist δ > 0, δ1 > 0 and a > 0 such that

ϕ↓(x) ≤ −a < 0 ∀x ∈ D = (Bδ1(x0) ∩ Ωδ) \ Ω; (3.109)

3) the function f is locally Lipschitz on D, i.e., for some L < ∞,

|f(x1) − f(x2)| ≤ Lρ(x1, x2) ∀x1, x2 ∈ D. (3.110)
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Then there exists a λ∗ < ∞ such that, for λ > λ∗, the point x0 is a local
minimizer of the function Fλ(x).

Proof. Let (3.109) hold and let ε > 0 be a number acting in the proof of
Theorem 3.5.2. Without loss of generality, we may assume that ε < ε1 (see
condition 1) of Theorem 3.5.2). Introduce the function

ϕ̃(x) = ϕ(x) +
[
max

{
0, ρ(x, x0) − ε

2

}]2
. (3.111)

Then

ϕ̃(x)

⎧⎪⎪⎨
⎪⎪⎩

= ϕ(x), x ∈ Bε/2(x0),

> ϕ(x), x /∈ Bε/2(x0),

> ϕ(x) + ε2

4 , x /∈ Bε(x).

(3.112)

Therefore
Ω̃ = {x ∈ X |ϕ̃(x) = 0} ⊂ Bε/2(x0). (3.113)

Due to (3.112),
Ω̃ = Ω ∩ Bε/2(x0), (3.114)

Ω̃ε2/4 =
{

x ∈ X |ϕ̃(x) ≤ ε2

4

}
⊂ Bε(x0). (3.115)

Take x ∈ Ω̃ ε2
4

\ Ω̃. If x ∈ Bε/2(x0), then

ϕ̃(x) = ϕ(x). (3.116)

For

ε/2 < δ1 or
ε2

4
< δ, (3.117)

due to (3.116),
ϕ̃↓(x) = ϕ↓(x) ≤ −a ∀x ∈ Bε/2(x0). (3.118)

If x ∈ Bε(x0) \ Bε/2(x0), then

ϕ̃(x) = ϕ(x) + (ρ(x, x0) − ε/2)2. (3.119)

For
ε2/4 < δ (3.120)

one has ϕ(x) < δ, and for
ε < δ1 (3.121)

we have (due to (3.112)) x ∈ (Bδ1(x0) ∩ Ωδ) \ Ω.
Therefore (see (3.109))

ϕ↓(x) ≤ −a. (3.122)
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Let us find

ϕ̃↓(x) = lim inf
z→x

ϕ̃(z) − ϕ̃(x)
ρ(z, x)

= lim inf
z→x

[
ϕ(z) − ϕ(x)

ρ(z, x)
+

(
ρ(z, x0) − ε

2

)2 −
(
ρ(x, x0) − ε

2

)2
ρ(z, x)

]

= lim inf
z→x

[
ϕ(z) − ϕ(x)

ρ(z, x)

+
(ρ(z, x0) − ρ(x, x0))(ρ(z, x0) + ρ(x, x0) − ε)

ρ(z, x)

]
.

(3.123)

From the triangle axiom (see the properties of a metric)

ρ(z, x0) − ρ(x, x0) ≤ ρ(z, x) + ρ(x, x0) − ρ(x, x0) = ρ(z, x). (3.124)

Since x ∈ Bε(x0), then ρ(z, x0) ≤ ε, ρ(x, x0) ≤ ε, and it follows from (3.123)
and (3.124) that ϕ̃↓(x) ≤ ϕ↓(x) + ε. For

ε <
a

2
(3.125)

one gets (2. (3.122))

ϕ̃↓(x) ≤ −a

2
∀x ∈ Bε(x0) \ B ε

2
(x0). (3.126)

Choose (see (3.117), (3.120), (3.121), (3.125)) ε < min{2δ1, 2
√

δ, a2} and put
δ0 = ε2

4 . Then (3.119) and (3.126) yield

ϕ̃↓(x) ≤ −a

2
∀x ∈ Ω̃δ0 \ Ω̃. (3.127)

(3.101) and (3.114) imply that x0 is a global minimizer of f on the set Ω̃.
Thus, for the function f and the set Ω̃ = Ω ∩ Bε/2(x0), defined by (3.113),
where the function ϕ̃ is given by the formula (3.111), all assumptions of
Theorem 3.4.1 are satisfied and therefore there exists a λ∗ < ∞ such that,
for λ > λ∗ ≥ λ1 (see condition 1) of the Theorem), the problem of minimizing
the function f on the set Ω̃ is equivalent to the problem of minimizing on X
the function F̃λ(x) = f(x) + λϕ̃(x), and x0 is a global minimizer of F̃λ(x),
that is,

F̃λ(x0) ≤ F̃λ(x) ∀x ∈ X. (3.128)
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It follows from (3.112) that ϕ̃(x) = ϕ(x) ∀x ∈ Bε/2(x0). This relation and
(3.128) yield

F̃λ(x0) = Fλ(x0) ≤ F̃λ(x) = Fλ(x) ∀x ∈ Bε/2(x0),

which means that x0 is a local (unconstrained) minimizer of Fλ. �

Remark 3.5.2. The constant λ∗, which existence is proved in Theorem 3.5.3,
depends on the point x0.

3.6 Exact Penalty Functions and Stationary Points

3.6.1 Inf-Stationary Points

Theorem 3.6.1. Assume that for δ > 0, a > 0 and L < ∞ the conditions
(3.79) and (3.81) hold. Then there exists a λ∗ < ∞ such that, for λ > λ∗,
any inf-stationary point of the function Fλ(x) on the space X, belonging to
the set Ωδ, is also an inf-stationary point of the function f on the set Ω.

Proof. Remind that (see Subsection 2.1.1) a point xλ ∈ X is called an inf-
stationary point of the function Fλ on X if

F ↓
λ (xλ) = lim inf

x→xλ

Fλ(x) − Fλ(xλ)
ρ(x, xλ)

≥ 0. (3.129)

First of all, let us show that, for λ sufficiently large, for all inf-stationary

points of Fλ, belonging to the set Ωδ, one has

ϕ(xλ) = 0. (3.130)

Assume the contrary, let xλ ∈ Ωδ be an inf-stationary point and let ϕ(xλ) > 0.
Then xλ ∈ Ωε \ Ω, and, by assumption (see (3.79)), ϕ↓(xλ) ≤ −a < 0.
Therefore there exists a sequence {yλk} such that

yλk ∈ X, ρ(yλk, xλ) −→
k→∞

0;
ϕ(yλk) − ϕ(xλ)

ρ(yλ, xλ)
≤ −a

2
∀k. (3.131)

Now,

Fλ(yλk) − Fλ(xλ)
ρ(yλk, xλ)

=
f(yλk) − f(xλ) + λ[ϕ(yλk) − ϕ(xλ)]

ρ(yλk, xλ)
.
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(3.81) and (3.131) yield

Fλ(yλk) − Fλ(xλ)
ρ(yλk, xλ)

≤ L − a

2
λ.

For λ > 2L
a one has

F ↓
λ (xλ) ≤ lim inf

k→∞
Fλ(yλk) − Fλ(xλ)

ρ(yλk, xλ)
< L − a

2
λ < 0,

which contradicts (3.129).
This contradiction implies that, for λ sufficiently large (namely, for λ >

2L
a ), the relation (3.130) holds for all inf-stationary points, belonging to the

set Ωδ.
Since ϕ(x) = ϕ(xλ) = 0 for all x ∈ Ω and xλ ∈ Ω, then

Fλ(x) − Fλ(xλ) = f(x) − f(xλ) + λ(ϕ(x) − ϕ(xλ)) = f(x) − f(xλ).

Therefore from (3.129)

f↓(xλ, Ω) = lim inf
x∈Ω

x→xλ

f(x) − f(xλ)
ρ(x, xλ)

= lim inf
x∈Ω

x→xλ

Fλ(x) − Fλ(xλ)
ρ(x, xλ)

≥ lim inf
x∈X

x→xλ

Fλ(x) − Fλ(xλ)
ρ(x, xλ)

≥ 0,

that is,
f↓(xλ, Ω) ≥ 0. (3.132)

The inequality (3.132) means that the point xλ is an inf-stationary point of
the function f on the set Ω. �

Remark 3.6.1. Theorems 3.4.1, 3.5.1 and 3.5.2 imply that, in the assumptions
of Theorem 3.4.1, for sufficiently large λ, all global and local minimizers of
the functions Fλ(x) on X and the function f on Ω, belonging to the set Ωδ,
coincide.

Usually, the majority of existing numerical methods provide only an inf-
stationary point. Theorem 3.6.1 shows that, for sufficiently large λ, all inf-
stationary points of the function Fλ(x) on X , belonging to the set Ωδ, are also
inf-stationary points of the function f on the set Ω. The converse property,
generally speaking, is not true, but we are not interested in inf-stationary
points of the function f on Ω, which are not local or global minimizers.
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3.6.2 Local Minimizers of the Penalty Function

Let us state one more condition under which the constrained optimization
problem is reduced to an unconstrained one.

Theorem 3.6.2. Let x0 ∈ Ω be a local minimizer of the function f on the
set Ω and let there exists a > 0 and δ > 0 such that

ϕ(x) ≥ aρ(x,Ω) ∀x ∈ Bδ(x0). (3.133)

If the function f is Lipschitz on Bδ(x0) with a Lipschitz constant L then there
exists a λ∗ < ∞, such that, for λ > λ∗, the point x0 is a local minimizer of
the function Fλ(x) = f(x) + λϕ(x) on the set X.

Proof. Since x0 is a local minimizer of f on Ω, then without loss of generality
one can assume that

f(x0) ≤ f(x) ∀x ∈ Bδ(x0) ∩ Ω. (3.134)

Choose x ∈ Bε/2(x0). Let {xk} be a sequence of points satisfying the relations

xk ∈ Ω, ρ(xk, x) → inf
y∈Ω

ρ(y, x) = ρ(x,Ω). (3.135)

Note that xk ∈ Bδ(x0) (since x ∈ Bδ/2(x0)). We have

Fλ(x0) − Fλ(x) = f(x0) − f(x) − λϕ(x)
= f(x0) − f(xk) + f(xk) − f(x) − λϕ(x). (3.136)

Since xk ∈ Ω ∩Bδ(x0), then (3.134) implies f(x0)− f(xk) ≤ 0, and therefore
the relations (3.136), (3.133) and Lipschitzness of f imply

Fλ(x0) − Fλ(x) ≤ Lρ(xk, x) − λaρ(x,Ω). (3.137)

Passing to the limit in (3.137), one gets from (3.135)

Fλ(x0) − Fλ(x) ≤ ρ(x,Ω)[L − aλ].

Hence, for λ > L
a ,

Fλ(x0) − Fλ(x) ≤ 0 ∀x ∈ Bδ/2(x0).

This means that x0 is a local (unconstrained) minimizer of the function Fλ(x)
for λ > L

a . �
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Corollary 3.6.1. Since Ω = {x ∈ X | ρ(x,Ω) = 0}, then, as ϕ(x), it is
possible to take the function ρ(x,Ω), hence, the condition (3.133) holds as an
equality for α = 1.

3.6.3 Relationship Between Sufficient Conditions

Let us find a relation between the conditions (3.79) and (3.133). In this
subsection it is assumed that X is a complete metric space with a metric ρ,
the function ϕ : X → R+ = [0,∞) is continuous,

Ω = {x ∈ X | ϕ(x) = 0} 
= ∅.

Lemma 3.6.1. If, for some ε > 0 and a > 0,

ϕ↓(x) ≤ −a ∀x ∈ Ωε \ Ω, (3.138)

where Ωε = {x ∈ X | ϕ(x) < ε}, then

ϕ(x) ≥ aρ(x,Ω) ∀x ∈ Ωε. (3.139)

Here, as above,
ρ(x,Ω) = inf

y∈Ω
ρ(x, y). (3.140)

Proof. Let x ∈ Ωε. If x ∈ Ω, then ϕ(x) = 0, ρ(x,Ω) = 0, and (3.139) holds.
Consider the case x /∈ Ω. Fix an arbitrary β > 0 such that a′ = a − 2β > 0,
and a sequence {γk} such that γk ↓ 0. Let us construct a sequence {xk} as
follows. Put x0 = x. Let xk ∈ Ωε have already been found. If ϕ(xk) = 0 (i.e.,
xk ∈ Ω), then put x∗ = xk. If ϕ(xk) > 0, then(3.138) yields

lim inf
y→xk

ϕ(y) − ϕ(xk)
ρ(xk, y)

= −ak ≤ −a.

Put

Gk =
{

y ∈ X | ϕ(y) − ϕ(xk)
ρ(xk, y)

≤ −a′
}

, (3.141)

ρ∗k = sup
y∈Gk

ρ(xk, y). (3.142)

Clearly, Gk 
= ∅. Find yk ∈ Gk such that ρ(xk, yk) = ρ∗k − δk, where δk < γk.
Put xk+1 = yk. Clearly, that ϕ(xk+1) < ϕ(xk), i.e., xk+1 ∈ Ωε. Then (3.141)
yields

ϕ(xk+1) − ϕ(xk) ≤ −a′ρ(xk, xk+1) ≤ −a′(ρ∗k − γk). (3.143)
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Proceeding analogously, construct a sequence {xk}. If this sequence is finite
then the last obtained point x∗ ∈ Ω.

Now consider the case where this sequence is infinite. Since

ϕ(xk+1) < ϕ(xk), ϕ(xk) > 0, (3.144)

then there exists a sequence

lim
k→∞

ϕ(xk) = ϕ∗ ≥ 0. (3.145)

The sequence {xk} is fundamental, i.e.

ρ(xm, xm+n) −→
m,n→∞

0. (3.146)

Indeed, (3.143) implies

ϕ(xk) − ϕ(x0) = (ϕ(xk) − ϕ(xk−1)) + · · · + (ϕ(x1) − ϕ(x0))
≤ −a′[ρ(xk, xk−1) + · · · + ρ(x1, x0)]. (3.147)

Therefore (3.145) means that the series
∞∑
k=1

βk, where βk = ρ(xk, xk+1), con-

verges, and then

cm =
m+n∑
k=m

βk −→ 0. (3.148)

On the other hand, ρ(xm, xm+n) ≤

≤ ρ(xm, xm+1) + · · · + ρ(xm+n−1, xm+n) ≤
m+n∑
k=m

βk = cm. (3.149)

The relations (3.148) and (3.149) imply (3.146).
Thus, the sequence {xk} is fundamental, and since X is a complete metric

space, then there exists the limit

x∗ = lim
k→∞

xk. (3.150)

Clearly, x∗ ∈ Ωε. Let us show that ϕ(x∗) = ϕ∗ = 0, that is, x∗ ∈ Ω. Assume
the opposite, let ϕ(x∗) > 0. It follows from (3.138) that there exists y∗ ∈ X
such that

ϕ(y∗) − ϕ(x∗) ≤ −(a − β)ρ(x∗, y∗) = −(a′ + β)ρ(x∗, y∗), ρ(x∗, y∗) > 0.



144 V.F. Demyanov

Therefore
ϕ(y∗) ≤ ϕ(x∗) − (a′ + β)ρ(x∗, y∗) < ϕ(x∗).

One has

ϕ(y∗) − ϕ(xk) = [ϕ(y∗) − ϕ(x∗)] + [ϕ(x∗) − ϕ(xk)]
≤ −(a′ + β)ρ(x∗, y∗) + ϕ(x∗) − ϕ(xk).

Since ρ(xk, y∗) ≤ ρ(xk, x∗) + ρ(x∗, y∗), then

ρ(x∗, y∗) ≥ ρ(xk, x∗) − ρ(xk, x∗).

Hence, ϕ(y∗) − ϕ(xk) ≤

≤ ϕ(x∗) − ϕ(xk) − (a′ + β)[ρ(xk, y∗) − ρ(xk, x∗)] = zk − (a′ + β)ρ(xk, y∗),

where zk = (a′ + β)ρ(xk, x∗) + ϕ(x∗) − ϕ(xk).

The relations (3.145) and (3.150) imply that zk → 0. For sufficiently
large k

ρ(xk, y∗) ≥ 3
4
ρ(x∗, y∗) > 0, ϕ(y∗) − ϕ(xk) ≤ −a′ρ(xk, y∗), (3.151)

i.e. y∗ ∈ Gk. Without loss of generality, one can assume that

γk <
1
4
ρ(x∗, y∗). (3.152)

One has
ρ∗k ≥ ρ(xk, y∗) ≥ 3

4
ρ(x∗, y∗). (3.153)

Since ρ(xk+1, xk) = ρ∗k − δk > ρ∗k − γk, then (3.152) and (3.153) yield

βk = ρ(xk+1, xk) >
3
4
ρ(x∗, y∗) − 1

4
ρ(x∗, y∗) =

1
2
ρ(x∗, y∗),

which contradicts (3.148). This contradiction means that

ϕ(x∗) = 0, (3.154)

that is x∗ ∈ Ω. The relation (3.147) implies

ϕ(xk) − ϕ(x0) ≤ −a′
k−1∑
i=0

ρ(xi+1, xi) ≤ −a′ρ(xk, x0).

Passing to the limit as k → ∞, one gets from (3.154)
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ϕ(x∗) − ϕ(x0) = −ϕ(x0) ≤ −a′ρ(x∗, x0),

that is,
ϕ(x0) ≥ a′ρ(x∗, x0). (3.155)

But ρ(x∗, x0) ≥ inf
y∈Ω

ρ(y, x0) = ρ(x0, Ω), therefore (3.155) yields

ϕ(x0) ≥ a′ρ(x0, Ω). (3.156)

Since a′ = a − 2β and β > 0 is arbitrary, then (3.156) implies ϕ(x0) ≥
aρ(x∗, x0). To conclude the proof, observe that x0 = x. �

3.7 Exact Penalty Functions and Minimizing
Sequences

Up to now, we considered the case where, for λ sufficiently large, there exists
a minimizer xλ ∈ X of the penalty function Fλ(x) on X . Now, consider the
general case.

3.7.1 The Smallest Exact Penalty Constant

Remind that λ ≥ 0 is called an exact penalty constant (for a function f on
a set Ω), if

F ∗
λ := inf

x∈X
Fλ(x) = inf

x∈Ω
f(x) =: f∗

Ω. (3.157)

The function Fλ(x) = f(x) + λϕ(x) is then called an exact penalty function.

Lemma 3.7.1. If λ0 ≥ 0 is an exact constant for the function f on the set
Ω, then any λ > λ0 is also an exact penalty constant for f . Any minimizing
sequence for the function Fλ on X is a ϕ-minimizing sequence for the function
f on the set Ω.

Proof. Let λ > λ0. Since ϕ(x) ≥ 0, λ − λ0 > 0, then

Fλ(x) = f(x) + λϕ(x) = Fλ0(x) + (λ − λ0)ϕ(x) ≥ Fλ0(x).

Therefore
F ∗
λ := inf

x∈X
Fλ(x) ≥ inf

x∈X
Fλ0(x) =: F ∗

λ0
, (3.158)

that is, the function F ∗
λ is nondecreasing. If λ0 is an exact penalty constant

then (3.157) yields
F ∗
λ ≥ F ∗

λ0
= f∗

Ω. (3.159)
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But

F ∗
λ := inf

x∈X
Fλ(x) ≤ inf

x∈Ω
Fλ(x) = inf

x∈Ω
f(x) =: f∗

Ω ∀λ ≥ 0. (3.160)

Hence, (3.159) implies F ∗
λ = f∗

Ω. Thus, for λ > λ0

F ∗
λ = F ∗

λ0
= f∗

Ω. (3.161)

Let {xk} be a minimizing sequence for the function Fλ on X , that is, (due
to (3.161))

Fλ(xk) = f(xk) + λϕ(xk) −→
k→∞

F ∗
λ = f∗

Ω. (3.162)

First show that

ϕ(xk) −→
k→∞

0. (3.163)

Assume the opposite. Then there exist a subsequence {xks} and a > 0 such
that ϕ(xks) > a ∀s; ks −→

s→∞ ∞,

Fλ(xks) = Fλ0 (xks) + (λ − λ0)ϕ(xks )) ≥ Fλ0 (xks) + (λ − λ0)a.

Since Fλ(xks) −→ F ∗
λ , then, for sufficiently large ks, (see (3.161))

Fλ0(xks ) < F ∗
λ = F ∗

λ0
,

which contradicts the definition of F ∗
λ0

.
Hence, (3.163) holds, and since in this case (3.162) implies f(xk) → f∗

Ω,
then {xk} is a ϕ-minimizing sequence for the function f on the set Ω. �

Remark 3.7.1. Thus, if, for some λ0 ≥ 0, the function Fλ0 is an exact penalty
function for the function f on the set Ω, then for λ > λ0 the function Fλ
is also an exact penalty function. Any minimizing sequence for the function
Fλ on X is a ϕ-minimizing sequence for the function f on Ω. For the exact
penalty constant λ0 this property does not necessarily hold. This is clear from
the following example.

Example 3.7.1. Let X = R, Ω = [0, 1], f(x) = (x + 1)2. Clearly,

min
x∈Ω

f(x) = f(0) = 1 = f∗
Ω, min

x∈R
f(x) = f(−1) = 0 = f∗.

Describe Ω by means of the indicator function

Ω = {x ∈ X | ϕ(x) = 0},
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where

ϕ(x) =
{

0, x ∈ Ω,

1, x 
= Ω.

Then

Fλ(x) =
{

f(x), x ∈ Ω,

f(x) + λ, x 
= Ω.

It is clear that
min
x∈R

[f(x) + λ] = f(−1) + λ = λ.

For λ ∈ [0, 1)
min
x∈R

Fλ(x) = Fλ(−1) = λ < 1 = f∗
Ω.

For λ = 1
min
x∈R

Fλ(x) = Fλ(−1) = Fλ(0) = λ = 1 = f∗
Ω.

For λ > 1
min
x∈R

Fλ(x) = Fλ(0) = f∗
Ω.

Thus, λ0 = 1 is an exact penalty constant (by definition), but not every
minimizer of the function Fλ0 on X is a minimizer of the function f on Ω
(in this case the point x0 = −1 is not a minimizer of the function f on Ω,
since does not belong to the set Ω). However, for λ > λ0, any minimizer of
the function Fλ on X is a minimizer of the function f on Ω. �

If λ0 is an exact penalty constant, but not every minimizer of the function
Fλ0 on X is a minimizer of the function f on Ω, it means that λ0 is the
smallest exact penalty constant. On the other hand, if λ is an exact penalty
constant then every ϕ-minimizing sequence for the function f on Ω is a
minimizing sequence for the function Fλ on X , that is, if λ0 is the smallest
exact penalty function then among minimizing sequences for the function Fλ0

on X is a ϕ-minimizing sequence for the function f on Ω.

3.7.2 Sufficient Conditions for the Existence
of an Exact Penalty Function

Lemma 3.7.2. Let the assumptions of Lemma 3.3.2 hold. If, for some λ ≥ 0
and some minimizing sequence {xk} of the function Fλ on X, one has
ϕ(xk) −→

k→∞
0, then Fλ(x) is an exact penalty function.

Proof. Let

Fλ(xk) = f(xk) + λϕ(xk) −→
k→∞

F ∗
λ := inf

x∈X
Fλ(x). (3.164)
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Let us show that F ∗
λ = f∗

Ω. Assume the contrary. Then (see (3.160)) F ∗
λ < f∗

Ω.
The relation (3.164) implies that there exists a > 0 such that, for k sufficiently
large, f(xk) ≤ f∗

Ω − a. Since all assumptions of Lemma 3.3.2 hold, then, for
sufficiently large k, one can find a point xk ∈ Ω such that f(xk) < f∗

Ω − 1
2a,

which contradicts the definition of f∗
Ω. �

Lemma 3.7.3. If, for some xλ ∈ X,

Fλ(xλ) = F ∗
λ , ϕ(xλ) = 0, (3.165)

then Fλ(x) is an exact penalty function.

Proof. The relation (3.165) yields Fλ(xλ) = f(xλ) = F ∗
λ . It remains to show

that f(xλ) = f∗
Ω. Assume the contrary. Then there exists a point x ∈ Ω such

that f(x) < f(xλ). One has

Fλ(x) = f(x) + λϕ(x) = f(x) < f(xλ) = F ∗
λ ,

which contradicts the definition of F ∗
λ .

Remark 3.7.2. In Lemma 3.7.3, it is not required to satisfy the assumptions
of Lemma 3.7.2.

Theorem 3.7.1. Let the following conditions hold:
1) the function ϕ is continuous on X,
2) the relation

inf
x∈X

f(x) = f∗ > −∞ (3.166)

is valid,
3) there exist δ > 0 and a > 0 such that

ϕ(x) ≥ aρ(x,Ω) ∀x ∈ Ωδ \ Ω, (3.167)

where Ωδ = {x ∈ X | ϕ(x) < δ},
4) the function f is locally Lipschitz on Ωδ \ Ω with a Lipschitz constant L.

Then a λ∗ ∈ [0,∞) exists such that, for λ > λ∗, the function Fλ(x) is an
exact penalty function.

Proof. Assume that the proposition is not correct. Then for any λ ≥ 0

F ∗
λ := inf

x∈X
Fλ(x) < inf

x∈Ω
f(x) =: f∗

Ω. (3.168)

Choose an arbitrary λ ≥ 0. Let {xk} = {xλk} be a minimizing sequence for
the function Fλ on X . By Lemma 3.7.3, there exists aλ > 0 such that, for
sufficiently large k,

ϕ(xk) ≥ aλ. (3.169)
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Without loss of generality one can assume that (3.169) holds for all k. It is
also possible to assume that (see Lemma 3.3.1) ϕ(xk) < δ, that is,

xk ∈ Ωδ \ Ω ∀k.

(3.167) yields

ρk := ρ(xk, Ω) ≤ ϕ(xk)
a

. (3.170)

By the continuity of the function ϕ, there exists yk ∈ Bρk
(xk), where

Bρk
(xk) = {x ∈ X | ρ(xk, x) ≤ ρk}, (3.171)

such that
ϕ(yk) =

1
2
ϕ(xk). (3.172)

One gets

Fλ(yk) − Fλ(xk) = fλ(yk) − fλ(xk) + λ[ϕ(yk) − ϕ(xk)].

The Lipschitzness of the function f and relation (3.172) imply that

Fλ(yk) − Fλ(xk) ≤ Lρ(yk, xk) − 1
2
ϕ(xk).

It follows from (3.171) that

Fλ(yk) − Fλ(xk) ≤ Lρk − 1
2
λϕ(xk).

Now (3.170) yields

Fλ(yk) − Fλ(xk) ≤ ϕ(xk)
[
L

a
− λ

2

]
.

For λ > 2L
a , it follows from (3.169) that

Fλ(yk) − Fλ(xk) ≤ aλ

[
L

a
− λ

2

]
:= −b < 0.

The sequence {xk} is minimizing for the function Fλ on X , therefore, for
sufficiently large k,

Fλ(yk) ≤ F ∗
λ − b

2
< F ∗

λ ,

which contradicts the definition of F ∗
λ . �
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3.8 Exact Smooth Penalty Functions

Let X be a normed space with the norm ‖x‖, Ω ⊂ X be a nonempty set
and let f : X → R be a given functional. Assume that the set Ω can be
represented in the form

Ω = {x ∈ R
n | ϕ(x) = 0}, (3.173)

where
ϕ(x) ≥ 0 ∀x ∈ X. (3.174)

Construct the penalty function Fλ(x) = f(x) + λϕ(x). In the previous part,
conditions for the existence of an exact penalty constant were discussed. Let
us now discuss the possibility of existence of an exact penalty constant in
the case where ϕ is a differentiable function. Assume that the function ϕ is
Gâteaux differentiable (see Section 2.4). Then (see formula (2.97))

ϕ↓
D(x0, g) = ϕ′

D(x0, g) = ϕ′
G(x0)(g), (3.175)

where ϕ′
G(x0)(g) is a linear functional. Assume that, for some λ0 ≥ 0, the

function Fλ0 (x) is an exact penalty function, i.e.,

F ∗
λ0

:= inf
x∈X

Fλ0(x) = inf
x∈Ω

f(x) =: f∗
Ω

and there exists a point x0 ∈ Ω such that Fλ0 (x0) = F ∗
λ0

. Then, by the
necessary condition for a minimum of the function Fλ0(x) on X , the following
relation holds (see formula (2.43))

F ↓
λ0D

(x0, g) ≥ 0 ∀g ∈ X, (3.176)

where

F ↓
λ0D

(x0, g) = lim inf
α↓0

Fλ0(x0 + αg) − Fλ0 (x0)
α

.

The relation (3.175) yields

F ↓
λ0D

(x0, g) = f↓
D(x0, g) + λϕ′

D(x0, g). (3.177)

Since x0 ∈ Ω, then ϕ(x0) = 0, and (3.174) implies that x0 is a global min-
imizer of the function ϕ(x) on X . By the necessary condition for a minimum
(see Theorem 2.4.3) ϕ′

G(x0)(g) = 0 ∀g ∈ X . Therefore from (3.176) and
(3.177) one concludes that

f↓
D(x0, g) ≥ 0 ∀g ∈ X, (3.178)
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which means that x0 is a D-inf-stationary point of the function f on X .
Therefore, if a minimizer of f on Ω is not a D-inf-stationary point of the
function f on X , then there exists no exact smooth penalty function.

Analogous arguments are valid also in the case where the function
ϕ is Fréchet differentiable. Namely, if a minimizer of f on Ω is not an
H-inf-stationary point of f on X , then there exists no exact smooth penalty
function.

3.9 Minimization in the Finite-Dimensional Space

3.9.1 A Necessary Condition for a Minimum of a Smooth
Function on a Convex Set

Let a function f : R
n → R be continuously differentiable on R

n, Ω ⊂ R
n

be a convex set. Remind that Ω is called a convex set, if for any x1, x2 ∈ Ω
and α ∈ [0, 1] one has xα = αx1+ (1 − α)x2 ∈ Ω. Consider the problem of
minimizing the function f on the set Ω.

Theorem 3.9.1. For a function f to attain its minimal value on the set Ω
at a point x∗ ∈ Ω it is necessary that

(f ′(x∗), x − x∗) ≥ 0 ∀x ∈ Ω. (3.179)

Proof. Let x∗ ∈ Ω be a minimizer of the function f on the set Ω, i.e.

f(x∗) ≤ f(x) ∀x ∈ Ω. (3.180)

Assume that condition (3.179) does not hold. Then there exists x ∈ Ω such
that

(f ′(x∗), x − x∗) = −a < 0. (3.181)

Put xα = αx + (1 − α)x∗ = x∗ + α(x − x∗). For α ∈ [0, 1] one has xα ∈ Ω
(due to the convexity of the set Ω). Then

f(xα) = f(x∗ + α(x − x∗))
= f(x∗) + α(f ′(x∗), x − x∗) + o(α) = f(x∗) − αa + o(α),

where o(α)
α −→

α↓0
0. The relation (3.181) implies that, for α sufficiently small

and positive, xα ∈ Ω, f(xα) < f(x∗), which contradicts (3.180). �



152 V.F. Demyanov

A function f : R
n → R is called convex on a convex set Ω ⊂ R

n, if

f(αx1+(1−α)x2) ≤ αf(x1)+(1−α)f(x2) ∀x1, x2 ∈ Ω, ∀α ∈ [0, 1]. (3.182)

Exercise 3.9.1. Prove that if, in the conditions of Theorem 3.9.1, the func-
tion f is convex on Ω then the relation (3.179) is a sufficient condition for
the point x∗ to be a minimizer of f on Ω.

3.9.2 A Necessary Condition for a Minimum of a Max-Type
Function

Let
f(x) = max

i∈I
fi(x), (3.183)

where I = 1 : N , functions fi : R
n → R are continuously differentiable on R

n.

Theorem 3.9.2. For a point x∗ ∈ R
n to be a minimizer of the function f

on R
n, it is necessary that

0n ∈ L(x∗) = co{f ′
i(x

∗) | i ∈ R(x∗)}, (3.184)

where
R(x) = {i ∈ I | fi(x) = f(x)}. (3.185)

Proof. Let x∗ ∈ R
n be a minimizer of f on the entire space R

n, i.e.

f(x∗) ≤ f(x) ∀x ∈ R
n. (3.186)

Assume that condition (3.184) does not hold, that is

0n 
∈ L(x∗). (3.187)

Find
min

z∈L(x∗)
||z||2 = ||z∗||2.

Due to (3.187), ||z∗||2 = a2 > 0. By the necessary condition for a minimum
of the function h(z) = ||z||2 on the convex set L(x∗) (see (3.179)) one has

(z∗, z − z∗) ≥ 0 ∀z ∈ L(x∗). (3.188)

Since f ′
i(x

∗) ∈ L(x∗) ∀i ∈ R(x∗), then (3.188) yields

(f ′
i(x

∗), z∗) ≥ ||z∗||2 = a2 ∀i ∈ R(x∗). (3.189)
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Put xα = x∗ − αz∗, where α > 0. The relations (3.189) and (3.185) imply

fi(xα) = fi(x∗) − α(f ′
i(x

∗), z∗) + oi(α) ≤ f(x∗) − αa2 + oi(α) ∀i ∈ R(x∗),

where oi(α)
α −→

α↓0
0. There exists an α1 > 0 such that

fi(xα) < fi(x∗) − α
a2

2
∀α ∈ (0, α1], ∀i ∈ R(x∗). (3.190)

Since fi(x∗) < f(x∗) for i 
∈ R(x∗), then there exists an α2 > 0 such that

fi(xα) < f(x∗) ∀α ∈ (0, α2], ∀i 
∈ R(x∗). (3.191)

It follows from (3.190) and (3.191) that

fi(xα) < f(x∗) ∀α ∈ (0, α0], ∀i ∈ I, (3.192)

where α0 = min{α1, α2}. The relation (3.192) implies f(xα) < f(x∗) ∀α ∈
(0, α0], which contradicts (3.186). �

A point x∗ ∈ R
n satisfying (3.184) is called an inf-stationary point of the

max-function f (defined by (3.183)) on R
n.

3.9.3 Mathematical Programming Problems

Let a function f : R
n → R be continuously differentiable on R

n,

Ω = {x ∈ R
n | hi(x) ≤ 0 ∀i ∈ I}, (3.193)

where I = 1 : N , functions hi : R
n → R, i ∈ I, are continuously differentiable

on R
n. The set Ω can be written in the form

Ω = {x ∈ R
n | h(x) ≤ 0}, (3.194)

where
h(x) = max

i∈I
hi(x). (3.195)

Assume that Ω 
= ∅. The set Ω, defined by the relation (3.193), is not neces-
sarily convex, however, if all the functions hi, i ∈ I, are convex on R

n (see
the definition (3.182)), then the set Ω is also convex.
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Exercise 3.9.1. Show the convexity of the set Ω, given by (3.193), if hi are
convex functions.

Consider the following problem: Find infx∈Ω f(x) = f∗.

Theorem 3.9.3. For a point x∗ ∈ Ω to be a minimizer of the function f on
the set Ω, it is necessary that

0n ∈ L(x∗) = co
{
{f ′(x∗)} ∪ {h′

i(x
∗) | i ∈ R(x∗)}

}
, (3.196)

where R(x∗) = {i ∈ I | hi(x∗) = 0}.
Proof. Since x∗ ∈ Ω, then h(x∗) ≤ 0. Note that if h(x∗) < 0 then R(x∗) = ∅
and L(x∗) = {f ′(x∗)}. Let x∗ ∈ Ω be a minimizer of the function f on the
set Ω, i.e. f(x∗) ≤ f(x) ∀x ∈ Ω. Assume that the condition (3.196) does
not hold, that is,

0n 
∈ L(x∗). (3.197)

Find
min

z∈L(x∗)
||z|| = ||z∗|| = a. (3.198)

Here ||z|| =
√∑

i∈1:n z2
i , z = (z1, ..., zn). It follows from (3.197) that

a > 0. The problem (3.198) is equivalent to the problem of minimiz-
ing the function h(z) = ||z||2 on the set L(x∗). By the necessary con-
dition for a minimum of the function h(z) on the convex set L(x∗) (see
(3.179)) one has

(z∗, z − z∗) ≥ 0 ∀z ∈ L(x∗). (3.199)

Since f ′(x∗) ∈ L(x∗), h′
i(x

∗) ∈ L(x∗) ∀i ∈ R(x∗), then (3.199)
yields

(f ′(x∗), z∗) ≥ ||z∗||2 = a2, (3.200)

(h′
i(x

∗), z∗) ≥ ||z∗||2 = a2 ∀i ∈ R(x∗). (3.201)

Take g = −z∗ and put xα = x∗ + αg, where α > 0. Since

f(xα) = f(x∗ + αg) = f(x∗) + α(f ′
i(x

∗), g) + o(α),

hi(xα) = hi(x∗) + α(h′
i(x

∗), g) + oi(α) ∀i ∈ R(x∗),

hi(x∗) = 0 ∀i ∈ R(x∗),

where o(α)
α −→

α↓0
0, oi(α)

α −→
α↓0

0 ∀i ∈ R(x∗), then (3.200) and (3.201) imply

that there exists α1 > 0 such that

f(xα) ≤ f(x∗) − α
a2

2
∀α ∈ (0, α1], (3.202)
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hi(xα) < −α
a2

2
∀α ∈ (0, α1], ∀i ∈ R(x∗). (3.203)

For i 
∈ R(x∗) the inequality hi(x∗) < 0 holds. Therefore there exists α2 > 0
such that

hi(xα) < 0 ∀α ∈ (0, α2], ∀i 
∈ R(x∗). (3.204)

It follows from (3.202)–(3.204) that for α ∈ (0, α0], with α0 = min{α1, α2},
one has

f(xα) ≤ f(x∗) − α
a2

2
< f(x∗), (3.205)

hi(xα) < 0 ∀i ∈ I. (3.206)

The relation (3.206) implies that xα ∈ Ω ∀α ∈ (0, α0], and, hence, (3.205)
yields f(xα) < f(x∗), which contradicts the assumption that x∗ is a mini-
mizer of f on Ω. �

A point x∗ ∈ Ω, satisfying (3.196), is called an inf-stationary point of the
function f on the set Ω, defined by (3.194).

Remark 3.9.1. It follows from (3.196) that there exist coefficients α0 ≥ 0,
αi ≥ 0(i ∈ R(x∗)), such that

α0 +
∑

i∈R(x∗)

αi = 1, α0f
′(x∗) +

∑
i∈R(x∗)

αih
′
i(x

∗) = 0n. (3.207)

Putting αi = 0 for all i 
∈ R(x∗), one can rewrite (3.207) in the form

α0f
′(x∗) +

∑
i∈I

αih
′
i(x

∗) = 0n. (3.208)

Note that
αihi(x∗) = 0 ∀i ∈ I. (3.209)

The condition (3.209) is called the complementarity slackness condition.
The relation (3.208) means that x∗ is a stationary point of the function

Lα(x) = α0f(x) +
∑
i∈I

αihi(x) (3.210)

on R
n. Here α = (α0, α1, . . . , αN ) ∈ R

N+1. The function Lα(x) is continu-
ously differentiable on R

n.

Remark 3.9.2. Let h(x∗) = 0. If x∗ ∈ Ω is not an inf-stationary point of the
function h(x) (defined by the relation (3.195)), then (see (3.184))

0n 
∈ co{h′
i(x

∗) | i ∈ R(x∗)}. (3.211)
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The condition (3.211) is called a regularity condition. Now it follows from
(3.207) that α0 > 0, therefore, putting λi = αi/α0, one concludes from
(3.208) and (3.209) that there exist coefficients λi ≥ 0, such that the relations

f ′(x∗) +
∑
i∈I

λih
′
i(x

∗) = 0n, (3.212)

λihi(x∗) = 0 ∀i ∈ I (3.213)

hold.
Let us introduce the function

Lλ(x) = L(x, λ) = f(x) +
∑
i∈I

λihi(x),

where λ = (λ1, . . . , λN ). The function Lλ(x) is continuously differentiable on
R
n. The condition (3.212) means that x∗ is a stationary point of the function

Lλ(x) on R
n. The multipliers λi are called (see Section 3.8) Lagrange multi-

pliers, and the function Lλ(x) is the Lagrange function. Hence, the following
condition is proved.

Theorem 3.9.4. If x∗ ∈ Ω is a minimizer of the function f on the set
Ω, given by the relation (3.194), then there exist coefficients αi ≥ 0, i ∈
0 : N, such that α0 +

∑
i∈N αi = 1 and the point x∗ is a stationary point

of the function Lα(x), described by (3.210). The complementarity slackness
condition (3.209) also holds.

If the regularity condition (3.211) is satisfied then there exist coefficients
λi ≥ 0, i ∈ I, such that x∗ is a stationary point of the Lagrange function
Lλ(x). The complementarity slackness condition (3.213) is valid as well.

Corollary 3.9.1. If h ∈ C1(Rn), Ω = {x ∈ R
n | h(x) ≤ 0} and, for

some x∗, h′(x∗) 
= 0n, then the condition (3.212) takes the form f ′(x∗) +
λh′(x∗) = 0n, where λ ≥ 0.

Bibliographical Comments

Section 1.
The discovery of the subdifferential by J. -J. Moreau and R. T. Rockafellar

(see [71, 89]) was an important breakthrough.
N. Z. Shor [99] proposed the famous generalized gradient method (GGM).

Yu. M. Ermoliev [38] and B. T. Polyak [79] elaborated this method. Gener-
alizations and modifications of the GGM are described in [25, 53, 80, 100].

The problems related to convex functions are studied by Convex Analysis
(see [25, 53, 85, 91]). The formula (1.31) was independently discovered by
J. M. Danskin [8], V. F. Demyanov [15] and I.V.Girsanov [48].
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Numerical methods for minimax problems based on the notion of sub-
differential (1.32) were proposed by V. F. Demyanov, V. N. Malozemov,
B. N. Pshenichnyi in [26, 84].

The problems related to maximum-type functions are treated by Minimax
Theory (see [9, 26]).

The properties of convex and max-type functions inspired
B. N. Pshenichnyi (see [86]) to introduce a new class of nonsmooth functions
– the class of subdifferentiable functions (B. N. Pshenichnyi called them
quasidifferentiable).

In 1972 N. Z. Shor introduced the notion of almost-gradient (see [100]).
N. Z. Shor used almost-gradients to construct numerical methods for min-

imizing Lipschitz functions (see [101]). The Shor subdifferential is a compact
set but not convex. In the convex case co ∂shf(x) = ∂f(x). The set ∂shf(x)
is not convex, therefore it provides more “individual” information than the
subdifferential ∂f(x).

In 1973 F. Clarke proposed the notion of generalized gradient (see [6, 7]).
This tool (the Clarke subdifferential) was extremely popular in the 1970’s

and 80’s and is still viewed by many people as the most powerful tool available
in Nonsmooth Analysis and Nondifferentiable Optimization (see [57]).

R. T. Rockafellar (see [90]) introduced the generalized directional deriva-
tive (1.51).

P. Michel and J. -P. Penot in [68] suggested the generalized derivatives
(1.54) and (1.55). If f is also d.d. then ∂mpf(x) in (1.54) and (1.55) is the
Clarke subdifferential of the function h(g) = f ′(x, g) at the point g = 0n.
The set ∂mpf(x) is often called [55] the small subdifferential.

Many other subdifferentials (convex as well as nonconvex) were proposed
later (see, e.g., [54,57,63,69,76]). They are useful for the study of some prop-
erties of specific classes of nonsmooth functions. Their common property is
that the function under consideration is investigated by means of one set
(convex or nonconvex). The study of nonsmooth functions by means of sev-
eral sets was started by V. F. Demyanov and A. M. Rubinov who in 1979
introduced the so-called quasidifferentiable (q.d.) functions (see [17]). In 1980
B. N. Pschenichny (see [85]) proposed the notions of upper convex and lower
concave approximations of the directional derivative. In 1982 A. M. Rubinov
(see [18]) described exhaustive families of upper convex and lower concave ap-
proximations. This led to the notions of upper and lower exhausters [16,22],
and finally the study of directional derivatives (“usual” and generalized) was
reduced to the usage of a family of convex sets (see [105]). Some generalized
subdifferentials were investigated via exhausters (see [94, 95]).

Properties of quasidifferentiable functions were studied in [21,24,25,29,62,
82, 98]. Most problems and results of Classical Differential Calculus may be
formulated for nonsmooth functions in terms of quasidifferentials (see, e.g.,
[25, 29]). For example, a Mean-value theorem is valid [108].

The majority of the tools described in Section 1 provide positively homo-
geneous approximations of the increment. The used mappings are, in general,
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discontinuous as functions of a point. This creates computational problems.
Nonhomogeneous approximations (by means of codifferentials (see Subsection
1.4.5) were introduced in [28, 29] (see [16, 110]).

Section 2. Extremum problems in the smooth finite dimensional case
are well studied. Unconstrained optimality conditions in different nonsmooth
cases were discussed in [25, 26, 28, 44, 58, 81, 86, 91, 101, 106]. The results of
Section 6 are published in [27]. The value f↓(x) was, to our best knowledge,
first introduced (under the name “slope”) by De Giorgi in [10] (for more
details see [59]).

Section 3. There exist many approaches to solving constrained optimiza-
tion problems. For mathematical programming problems a lot of methods and
algorithms have been proposed (their description one can find in monographs,
text-books and reference-books, see, e.g., [3,10,34,45,61,81,87,106,112,113]).

Necessary optimality conditions are of great importance and therefore at-
tract attention and interest of the researchers. Existence of different (and
often equivalent) conditions is useful in solving practical problems: the user
can choose a condition which is more tailored for a specific problem. Neces-
sary (and sometimes sufficient) conditions were studied in [25, 26, 28, 34, 44,
49, 53, 72, 81, 86, 91, 102,106].

The idea of reducing the constrained optimization problem to an uncon-
strained one was implemented by different tools: by means of imbedding
methods (see, for example, [5]), via Lagrange multipliers technique (see
[3, 58]). Lagrange multipliers are productive for the theoretical study of the
problem (see [58,66,92,105]), however, their practical implementation is often
difficult due to the fact that the mentioned multipliers are unknown. This
problem is overcome by means of exact penalty functions.

The idea of exact penalties was first proposed in 1966 by I. I. Eremin in [35]
(see also [36, 111]). In the same 1966 G. Danskin and V. F. Demyanov (see
[8,13,15]) published the formula for the directional derivative of the max-type
function. For some special cases this formula was obtained by I. V. Girsanov
and B. N. Pschenichny in [48,85]. Later on Theory of Exact penalty functions
[4, 14, 40, 43, 51, 60] and Minimax theory [9, 26] came into being.

Exact penalties were successfully applied to different problems (see [2,32,
33, 40, 41, 47, 51, 52, 67, 75, 77, 83, 104,107,111]).

The main advantage of the exact penalization approach is clear: the con-
strained optimization problem is replaced by an unconstrained one. The main
disadvantage is that, even if the original function is smooth, the penalty
function is essentially nonsmooth. However, the present state of Nonsmooth
Analysis and Nondifferentiable optimization makes it possible to solve the
new nonsmooth problem quite efficiently (see, e.g., [7, 25, 28, 29, 41, 73, 74,
86, 91, 93, 96]). Surveys of such methods can be found in [4, 31, 43, 60]. Ex-
tension of the area of applicability of exact penalization depends on new
conditions under which exact penalties can be used. One of such conditions
was found by V. V. Fedorov in [41]. A more constructive assumption guar-
anteeing the condition in [41] was proposed by G. Di Pillo and F. Facchinei
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in [32]. They used the generalized Clarke derivative [7]. This condition was
generalized in [14] and [30] (see also [1]). In these papers the Hadamard upper
and lower derivatives were employed. Just this approach is used in Section
3. In the above mentioned publications, the penalty parameter λ in penalty
functions had a linear form. Nonlinear penalty functions were employed by
Yu. G. Evtushenko and A. M. Rubinov in [40,97].

The condition formulated in Subsection 3.6.2 was stated by V. V. Fedorov
(see [41]).
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The Sequential Quadratic
Programming Method

Roger Fletcher

1 Introduction

Sequential (or Successive) Quadratic Programming (SQP) is a technique for
the solution of Nonlinear Programming (NLP) problems. It is, as we shall
see, an idealized concept, permitting and indeed necessitating many varia-
tions and modifications before becoming available as part of a reliable and
efficient production computer code. In this monograph we trace the evolu-
tion of the SQP method through some important special cases of nonlinear
programming, up to the most general form of problem. To fully understand
these developments it is important to have a thorough grasp of the underly-
ing theoretical concepts, particularly in regard to optimality conditions. In
this monograph we include a simple yet rigorous presentation of optimality
conditions, which yet covers most cases of interest.

A nonlinear programming problem is the minimization of a nonlinear ob-
jective function f(x), x ∈ IRn, of n variables, subject to equation and/or
inequality constraints involving a vector of nonlinear functions c(x). A basic
statement of the problem, useful for didactic purposes is

minimize
x∈IRn

f(x)

subject to ci(x) ≥ 0 i = 1, 2, . . . ,m. (1.1)

In this formulation, equation constraints must be encoded as two opposed in-
equality constraints, that is c(x) = 0 is replaced by c(x) ≥ 0 and −c(x) ≥ 0,
which is usually not convenient. Thus in practice a more detailed formula-
tion is appropriate, admitting also equations, linear constraints and simple
bounds. One way to do this is to add slack variables to the constraints, which
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together with simple bounds on the natural variables, gives rise to

minimize
x∈IRn

f(x)

subject to ATx = b

c(x) = 0

l ≤ x ≤ u.

(1.2)

in which either ui or −li can be set to a very large number if no bound is
present. Alternatively one might have

minimize
x∈IRn

f(x)

subject to l ≤

⎛
⎜⎝

x

ATx
c(x)

⎞
⎟⎠ ≤ u (1.3)

in which the user can specify an equation by having li = ui.
There are a number of special cases of NLP which are important in their

own right, and for which there are special cases of the SQP method for
their solution. These include systems of nonlinear equations, unconstrained
optimization, and linearly constrained optimization. Understanding the the-
oretical and practical issues associated with these special cases is important
when it comes to dealing with the general NLP problem as specified above.
A common theme in all these cases is that there are ‘linear’ problems which
can be solved in a finite number of steps (ignoring the effects of round-off
error), nonlinear problems which can usually only be solved approximately by
iteration, and Newton methods for solving nonlinear problems by the succes-
sive solution of linear problems, obtained by making Taylor series expansions
about a current iterate. This context is underpinned by a famous theorem
of Dennis and Moré [10] which states, subject to a regularity condition, that
superlinear convergence occurs if and only if an iterative method is asymptot-
ically equivalent to a Newton method. Loosely speaking, this tells us that we
can only expect rapid convergence if our iterative method is closely related to
a Newton method. The SQP method is one realization of a Newton method.

Generally x ∈ IRn will denote the variables (unknowns) in the problem,
x∗ denotes a (local) solution, x(k), k = 1, 2 . . . are iterates in some iterative
method, and g(k) for example denotes the function g(x) evaluated at x(k).
Likewise g∗ would denote g(x) evaluated at x∗. It is important to recognise
that solutions to problems may not exist, or on the other hand, there may
exist multiple or non-unique solutions. Generally algorithms are only able
to find local minima, and indeed guaranteeing to find a global (best local)
minimizer is impractical for problems of any significant size. A more extensive
and detailed coverage of topics in this monograph can be found for example
in Fletcher [13].
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2 Newton Methods and Local Optimality

In this and subsequent sections we trace the development of Newton methods
from the simplest case of nonlinear equations, through to the general case of
nonlinear programming with equations and inequalities.

2.1 Systems of n Simultaneous Equations
in n Unknowns

In this case the ‘linear’ problem referred to above is the well known system
of linear equations

ATx = b (2.1)

in which A is a given n × n matrix of coefficients and b is a given vector
of right hand sides. For all except the very largest problems, the system is
readily solved by computing factors PAT = LU using elimination and partial
pivoting. If A is a very sparse matrix, techniques are available to enable large
systems to be solved. A less well known approach is to compute implicit
factors LPAT = U (see for example Fletcher [14]) which can be advantageous
in certain contexts. The system is regular when A is nonsingular in which
case a unique solution exists. Otherwise there may be non-unique solutions,
or more usually no solutions.

The corresponding nonlinear problem is the system of nonlinear equations

r(x) = 0 (2.2)

in which r(x) is a given vector of n nonlinear functions. We assume that
r(x) is continuously differentiable and denote the n × n Jacobian matrix by
A = ∇rT , that is A is the matrix whose columns are the gradients of the
component functions in r. If r = ATx − b is in fact linear then its Jacobian
matrix is A, which accounts for the use of AT rather than the more usual A
in (2.1). A Taylor series about the current iterate x(k) gives

r(x(k) + d) = r(k) + A(k)Td + o(‖d‖). (2.3)

Truncating the negligible term in d and setting the left hand side to zero
yields the system of linear equations

A(k)Td = −r(k). (2.4)

This system forms the basis of the Newton-Raphson (NR) method in which
(2.4) is solved for a displacement d = d(k), and x(k+1) = x(k) +d(k) becomes
the next iterate.
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A solution x∗ is said to be regular iff A∗ is nonsingular. Assuming that A
is Lipschitz continuous in a neighbourhood of x∗, then the Newton-Raphson
method converges locally (that is if some x(k) is sufficiently close to x∗) and
the order of convergence is second order, that is

‖x(k+1) − x∗‖ = O(‖x(k) − x∗‖2).

We prove these properties in the next subsection. This property is very desir-
able, indicating as it does that the number of significant figures of accuracy
doubles on each iteration, in the limit. Moreover a theorem of Dennis and
Moré [10] indicates that if x∗ is regular then any sequence {x(k)} converging
to x∗ exhibits superlinear convergence (that is ‖x(k+1)−x∗‖ = o(‖x(k)−x∗‖)
if and only if the displacements converge asymptotically to those of the
Newton-Raphson method, in the sense that

d(k) = d(k)
NR + o(‖d(k)

NR‖).

We shall see in what follows that many successful methods of optimization
(Newton methods) are derived from the Newton-Raphson method, including
the SQP method, which indicates the fundamental importance of the Dennis
and Moré result.

An important class of Newton methods are the so-called quasi-Newton
methods in which A(k) is approximated by a matrix B(k). Initially B(k) is
arbitrary, and is updated after each iteration to take advantage of information
gained about how r(x) behaves.

Unfortunately this favourable theoretical profile of the NR method is only
valid locally in a neighbourhood of a regular solution. If x(1) is remote from x∗

then there is no guarantee of convergence, and indeed A(k) can be singular in
which case (2.4) usually has no solution and the method aborts. Modifications
of the NR method to promote global convergence (that is convergence when
x(1) is remote from x∗) are a subject of much active research interest, some
of which is described later in this monograph.

2.2 Local Convergence of the Newton-Raphson
Method

Let x∗ be a solution of (2.2). Then the following theorem holds.

Theorem 2.2.1. Assume that r(x) is continuously differentiable in a neigh-
bourhood of x∗, and that A∗ is nonsingular. Then there exists a neighbourhood
of x∗ such that if any iterate x(k) is within this neighbourhood, then the
Newton-Raphson method converges to x∗ and the order of convergence is
superlinear.
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Proof. For x in a neighbourhood of x∗, denote r = r(x), e = x−x∗ and Ã =
∫1
0 A(x−θe) dθ. The conditions of the theorem permit an integral form of the

Taylor series about x

0 = r∗ = r − ÃTe (2.5)

to be used. As e → 0, so Ã → A (A = A(x)) and hence

‖r − AT e‖/‖e‖ → 0. (2.6)

Because A∗ is nonsingular there exists a neighbourhood N (x∗) in which both
‖A−T ‖ ≤ β is bounded, and

‖r − AT e‖ ≤ α‖e‖/β (2.7)

for some fixed α ∈ (0, 1), by virtue of (2.6).
Let x(k) ∈ N (x∗) and denote the error e(k) = x(k) − x∗. Then

e(k+1) = e(k) + d(k) (2.8)

= e(k) − (A(k)T )−1r(k) (2.9)

= −(A(k)T )−1(r(k) − A(k)T e(k)). (2.10)

It follows from (2.7) that ‖e(k+1)‖ ≤ α‖e(k)‖ and hence that x(k+1) ∈ N (x∗).
By induction, e(k) → 0, and hence x(k) → x∗. It also follows from (2.10) and
(2.6) that ‖e(k+1)‖/‖e(k)‖ → 0, showing that the order of convergence is
superlinear.

!"

Corollary 2.2.1. If, in addition, the Jacobian matrix A(x) satisfies a
Lipschitz condition, then the order of convergence is second order.

Proof. In this case we can write the Taylor series (2.3) in the form

r(x(k) + d) = r(k) + A(k)Td + O(‖d‖2). (2.11)

Now we can replace (2.6) by the stronger result that ‖r − AT e‖ = O(‖e‖2).
Following a similar argument to the above, we then deduce that

e(k+1) = O(‖e(k)‖2) (2.12)

which is the definition of second order convergence. !"
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2.3 Unconstrained Optimization

In this case the ‘linear’ problem is that of minimizing a quadratic function
of n variables

q(x) = 1
2x

TGx + hTx (2.13)

where the Hessian matrix of second derivatives G is symmetric and positive
definite. The corresponding nonlinear problem is to find a local minimizing
point x∗ of a given non-quadratic function f(x). We refer to the gradient
(column) vector of first partial derivatives of f(x) by g(x) = ∇f(x) and the
Hessian by G(x) = ∇g(x)T . If x∗ is a local minimizer of f(x) then clearly it
is a minimizer along any line

x(α) = x∗ + αs, s 
= 0

through x∗. It follows from this and the chain rule that the slope

df(x(α))/dα|α=0 = g∗T s = 0

for any s. Consequently a necessary condition for x∗ to be a local minimizer
of f(x) is that g∗ = 0. Points x which satisfy g(x) = 0 are referred to
as stationary points, and include saddle points and maximizers as well as
minimizers. Similarly another necessary condition for a minimizer is that the
second derivative of f(x(α)) at α = 0 is non-negative, that is sTG∗s ≥ 0 for
all s, which is the condition that G∗ is positive semi-definite. On the other
hand, if both g∗ = 0 and G∗ is positive definite, then this is a sufficient
condition for x∗ to be a local minimizer.

The stationary point condition g(x) = 0 is a system of nonlinear equations
that can be solved by the NR method to find a stationary point of f(x). The
Jacobian ∇g(x)T is just the Hessian G(x). For minimization we are inter-
ested in the case that G is positive definite. In the case of a quadratic function
(2.13), g(x) = Gx+h and we solve the system Gx = −h. In the non-quadratic
case, the appropriate regularity condition is that G∗ is positive definite, and
the NR iteration formula (2.4) becomes G(k)d = −g(k). These linear sys-
tems are most efficiently solved using Choleski factors G = LLT when G is
positive definite. We refer to this method as the Newton method for mini-
mization. The method inherits all the favourable local properties of the NR
method, described in the previous subsection. Likewise, there is also the pos-
sibility that when the initial point is remote from a minimizer, the method
might fail to converge, and so must be modified to promote global conver-
gence. There is an additional issue that not only might G(k) be singular,
whence the method aborts, but also G(k) might become indefinite, remote
from the solution. In this case the local quadratic approximating function
q(d) = 1

2d
TG(k)d + g(k)Td no longer has a minimizer, and the resulting dis-

placement d(k) obtained by finding the stationary point of q(d) is unlikely
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to be useful. Thus the most effective way of promoting global convergence is
still a subject of some interest. In this respect, quasi-Newton methods are of
particular interest because there exist methods of updating a Hessian approx-
imating matrix B(k) so as to maintain the property that B(k) is symmetric
positive definite (see for example [13]).

2.4 Optimization with Linear Equality Constraints

This section is mainly important for the techniques it introduces in regard
to handling linear constraints, which form a major feature of the Quadratic
Programming (QP) method that is the subproblem of the SQP method. The
‘linear’ problem that we consider is the Equality QP (EQP) problem

minimize
x∈IRn

q(x) = 1
2x

TGx + hTx

subject to ATx = b.
(2.14)

In this problem A is an n×m matrix with m ≤ n. The constraints are regular
iff rank(A) = m, which we assume to be the case. When m = n the solution is
simply that given by (2.1) and q(x) plays no part. We shall focus therefore on
the case that m < n, whence the equations in (2.14) are under-determined.

In this case we can express the general solution of ATx = b as

x = x◦ + Zt (2.15)

where x◦ is a particular solution of ATx = b, Z is an n × (n − m) matrix
whose columns are a basis for the null space of AT , that is null(AT ) =
{z |AT z = 0}, and t ∈ IRn−m is an arbitrary vector. The Zt term in (2.15)
expresses the non-uniqueness of solutions of ATx = b. Neither x◦ nor Z
are uniquely defined and any valid choice is acceptable, although there are
possible considerations relating to ill-conditioning. There are various ways
of finding a suitable x◦ and Z. One is to reduce AT to upper echelon form,
as described in any basic linear algebra text, using pivoting to avoid ill-
conditioning. More relevant to QP software is to find any matrix, V say,
such that [A |V ] is nonsingular, and also well-conditioned, insofar as that is
possible. Denote [A |V ]−T = [Y |Z] where Z has n − m columns. Then it
can readily be verified using ATY = I, ATZ = 0 and rank(Z) = n − m that
x◦ = Y b is a particular solution and columns of Z are a basis for null(AT ).

What follows is known as the Null Space Method for solving EQP problems.
Simply, we substitute the general solution (2.15) into the definition of q(x),
giving a reduced quadratic function

Q(t) = q(x◦ + Zt) = 1
2 (x◦ + Zt)TG(x◦ + Zt) + hT (x◦ + Zt).
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We find a stationary point of Q(t) by applying the condition ∇tQ(t) = 0,
giving rise to the system of equations

ZTGZt = −ZT (h + Gx◦) (2.16)

which is solved for t. Then (2.15) defines the solution x∗. The solution is a
unique minimizer if and only if ZTGZ, referred to as the reduced Hessian
matrix, is positive definite.

The Null Space Method extends to solve any linear equality constrained
problem (LECP) in which the objective function is non-quadratic, that is

minimize
x∈IRn

f(x)

subject to ATx = b.
(2.17)

Again, we just substitute for x using (2.15) giving a reduced problem

minimize
t∈IRn−m

F (t) = f(x◦ + Zt).

This is now a non-quadratic unconstrained minimization problem and can be
solved by the methods of the previous subsection.

3 Optimization with Nonlinear Equations

In this section we consider the Equality constrained NLP problem

ENLP

{
minimize

x∈IRn
f(x)

subject to c(x) = 0

where in general c(x) is a vector of m nonlinear functions. We assume that
these functions are continuous and continuously differentiable ( IC1) functions
of x. In the null space method we looked for a parametrization of the feasi-
ble region which allows us to eliminate the linear constraints ATx = b, and
so solve an unconstrained problem. In this section we seek to do the same
when the constraint manifold is nonlinear. The development of this section
provides an elegant and concise introduction to the concept of so-called La-
grange multipliers and their relation to the reduced optimization problems
seen in the previous section. We make use of a locally valid nonlinear trans-
formation, which, although computationally unattractive, does enable us to
state necessary optimality conditions, and to derive a Newton method which
is ultimately the basis for the SQP method.
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3.1 Stationary Points and Lagrange Multipliers

In this section we follow the rationale of the null space method and attempt to
derive an equivalent reduced unconstrained optimization problem. In this case
however it is necessary to make a nonlinear transformation of variables, and
there exist exceptional situations in which this is not possible. In order there-
fore to ensure that our transformation is well defined, local to a solution x∗ of
the ENLP, we make the regularity assumption that the columns of the Jaco-
bian matrix A∗ are linearly independent, or equivalently that rank(A∗) = m.

Existence and some properties of the transformation are a consequence
of the Inverse Function Theorem, an important result which can be found
in texts on real variable calculus. It may be stated as follows. Let r(x),
IRn → IRn, be a IC1 nonlinear mapping, and let x∗ be such that ∇r(x∗) is
nonsingular. Then open neighbourhoods of x∗ and r∗ (= r(x∗)) exist within
which a IC1 inverse mapping x(r) is uniquely defined, so that x(r(x)) = x
and r(x(r)) = r. Moreover, derivatives of the mappings are related by

∇rxT = (∇xrT )−1. (3.1)

In the case of the ENLP above, we choose any fixed matrix V such that
[A∗ |V ] is nonsingular (this is possible by virtue of the regularity assumption),
and consider the nonlinear mapping

r(x) =
(

c(x)
V T (x − x∗)

)
, (3.2)

noting that r(x∗) = 0. The Jacobian of the transformation is ∇xrT = [A |V ]
which is nonsingular at x∗. It follows by virtue of the inverse function theorem
that a well defined inverse function x(r) exists in a neighbourhood of x∗. We
consider the constrained form of x(r) in which r = (0

t ). This defines a function
x(t), t ∈ IRn−m, for which c(x(t)) = 0, and so provides a parametrization
of the feasible region of the ENLP which is valid local to x∗. Moreover, for
any x local to x∗ there corresponds a unique value of t = V T (x − x∗), and
x = x∗ corresponds to t = 0. It also follows from (3.1) that

∇rx(r)T = [A |V ]−1 =
[
Y T

ZT

]
, (3.3)

say, so that

∇tx(t)T = ZT and hence ∂xi/∂tj = zij . (3.4)

Note in general that Z is no longer a constant matrix, and the expressions
are only valid local to x∗, in contrast to the null space method for handling
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Illustrating dimension reduction for n = 3
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Fig. 1 Illustrating dimension reduction for n = 3

linear constraints. However, in the linear case the reduced problem that is
obtained below is identical to that described in Section 2.4.

The process of dimension reduction is illustrated in Figure 1 when the full
space is three dimensional. In the linear case the constraints can be repre-
sented by planes, and the normal vectors a1 and a2 (columns of the matrix
A) are perpendicular to the planes. When m = 1, the null space has dimen-
sion two, and is spanned by two independent vectors z1 and z2 which are the
columns of Z. Any point x in the plane can be represented uniquely by the
linear combination x = x∗ + t1z1 + t2z2. When m = 2 the feasible set is the
intersection of two planes, there is only one basis vector z1, and the feasible
set is just x = x∗ + t1z1. It can be seen in both cases that the vectors ai and
zj are mutually perpendicular for all i and j, which expresses the condition
ATZ = 0. In the nonlinear case, the planes are replaced by curved surfaces,
and feasible lines in the linear case have become feasible arcs in the nonlinear
case, whose directions at x∗ are the vectors z∗i . It can be seen that A and Z
are no longer constant in the nonlinear case.
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We can now state an equivalent reduced unconstrained optimization prob-
lem for the ENLP, that is

minimize
t∈IRn−m

F (t), (3.5)

where F (t) = f(x(t)). A stationary point of F (t) is defined by the condition
that

∇tF (t) = 0. (3.6)

By the chain rule
∂

∂tj
=
∑
i

∂xi
∂tj

∂

∂xi
=
∑
i

zij
∂

∂xi

from (3.4), or
∇t = ZT∇x. (3.7)

This result shows how derivatives in the reduced space are related to those in
the full space. Applying these derivatives to F (t) and f(x) at x∗, it follows
from (3.6) that the stationary point condition for the ENLP problem is

Z∗Tg(x∗) = 0, (3.8)

where Z∗ denotes the matrix given by (3.3) when x = x∗ and A = A∗. The
vector ZTg is referred to as the reduced gradient and is zero at a stationary
point of the ENLP problem.

There is also an alternative formulation of the stationary point condi-
tion that can be deduced. Arising from (3.3) and the regularity assumption
rank(A∗) = m, we know that both A∗ and Z∗ have linearly independent
columns. The definition of the inverse in (3.3) implies that A∗TZ∗ = 0
showing that columns of Z∗ are in null(A∗T ). But we might equally write
Z∗TA∗ = 0, showing that columns of A∗ are in null(Z∗T ), and indeed provide
a basis for null(Z∗T ) by virtue of linear independence. Now the stationary
point condition (3.8) states that g∗ ∈ null(Z∗T ). Thus we can express g∗ as
a linear combination of basis vectors for null(Z∗T ), that is

g∗ = A∗λ∗ =
m∑
i=1

a∗
i λ

∗
i . (3.9)

The multipliers λ∗ in the linear combination are referred to as Lagrange
multipliers. There is one Lagrange multiplier for each constraint.

Equations (3.8) and (3.9) provide alternative and equivalent statements of
the stationary point conditions for an ENLP problem. They are often referred
to as first order necessary conditions for a local solution of a regular ENLP
problem. We can also express (3.9) as g∗ ∈ range(A∗). These alternative
viewpoints of null space and range space formulations pervade much of both
the theoretical and computational aspects of quadratic programming and
nonlinear programming, as we shall see below.
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Satisfying (3.9) and feasibility provides a method for solving the ENLP,
that is: find x∗,λ∗ to solve the system of n + m equations

r(x,λ) =
(
g − Aλ

−c

)
= 0, (3.10)

in the n + m variables x,λ, where g, A and c are functions of x. This is the
so-called method of Lagrange multipliers. However, the system is generally
nonlinear in x and may not be straightforward to solve, as we have observed
above. It also can only be expected to yield stationary points of the ENLP.
Equation (3.10) can also be interpreted as defining a stationary point of a
Lagrangian function

L(x,λ) = f(x) − λT c(x), (3.11)

since ∇xL = g − Aλ and ∇λL = −c. The Lagrangian function plays a
central rôle in both the theoretical and computational aspects of nonlinear
programming and the SQP method.

Lagrange multipliers also have a useful interpretation in terms of the sen-
sitivity of the ENLP to perturbations in the constraints. Consider an ENLP
problem

minimize
x∈IRn

f(x)

subject to c(x) = ε
(3.12)

in which the right hand sides of the constraints have been perturbed by an
amount ε. Let x(ε), λ(ε) be the solution and multipliers of the perturbed
problem, and consider f(x(ε)). Then

df(x(ε))/dεi = λi, (3.13)

showing that λi measures the change of f(x(ε)) with respect to a change εi
in constraint i, to first order. To prove this result, let the Lagrangian of the
perturbed ENLP problem be

L(x,λ, ε) = f(x) − λT (c(x) − ε),

and observe that L(x(ε),λ(ε), ε) = f(x(ε)). Then the chain rule gives

df

dεi
=

dL
dεi

=
∂xT

∂εi
∇xL +

∂λT

∂εi
∇λL +

∂L
∂εi

= λi

by virtue of the stationarity of the Lagrangian function with respect to
x and λ.



The Sequential Quadratic Programming Method 177

3.2 Second Order Conditions for the ENLP Problem

Let x∗ solve the ENLP and let rank(A∗) = m (regularity). Then we have
seen that (3.5) is an equivalent reduced unconstrained minimization problem.
Thus, from Section 2.2, a second order necessary condition is that the Hessian
matrix ∇2

tF (t) is positive semi-definite. To relate this to the ENLP, we use
equation (3.7) which relates derivatives in the reduced and full systems. Thus

∇2
tF (t) = ∇t(∇tF (t))T = ZT∇x(gTZ).

When the constraints are linear, such as in (2.17), Z is a constant matrix so
we can differentiate further to get

ZT∇x(gTZ) = ZT (∇xgT )Z = ZTGZ

where G is the Hessian matrix of f(x). Thus the second order necessary
condition in this case is that the reduced Hessian matrix ZTG∗Z is positive
semi-definite. Moreover, ZTg∗ = 0 and ZTG∗Z being positive definite are
sufficient conditions for x∗ to solve (3.5).

For an ENLP with nonlinear constraints, Z depends on x and we can
no longer assume that derivatives of Z with respect to x are zero. To make
progress, we observe that the ENLP is equivalent to the problem

minimize
x∈IRn

L(x,λ∗)

subject to c(x) = 0
(3.14)

since f(x) = L(x,λ) when c(x) = 0. We now define x(t) as in (3.2), and
consider the problem of minimizing a reduced function F (t) = L(x(t),λ∗).
Then ∇tF = 0 becomes ZT∇xL = 0, or ZT (g−Aλ∗) = 0. At x∗, it follows
that Z∗Tg∗ = 0 which is the first order necessary condition. For second
derivatives,

∇2
tF (t) = ∇t(∇tF (t))T = ZT∇x((g − Aλ∗)TZ).

At x∗, derivatives of Z are multiplied by g∗ −A∗λ∗ which is zero, so we have

∇2
tF (t∗) = ZT∇x((g − Aλ∗)T )Z|x∗ = Z∗TW ∗Z∗,

where

W (x,λ) = ∇2
xL(x, λ) = ∇2f(x) −

m∑
i=1

λi∇2ci(x) (3.15)

is the Hessian with respect to x of the Lagrangian function, and W ∗ =
W (x∗,λ∗). Thus the second order necessary condition for the regular ENLP
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problem is that the reduced Hessian of the Lagrangian function is positive
semi-definite. As above, a sufficient condition is that the reduced Hessian is
positive definite and the reduced gradient is zero.

3.3 The SQP Method for the ENLP Problem

We have seen in (3.10) that a stationary point of a regular ENLP can be found
by solving a system of nonlinear equations. Applying the Newton-Raphson
method to these equations enables us to derive a Newton type method with
rapid local convergence properties. First however we consider solving (3.10) in
the case of an EQP problem (2.14). In this case, g = Gx+h and c = ATx−b,
so (3.10) can be written as the system of n + m linear equations in n + m
unknowns [

G −A

−AT 0

](
x
λ

)
= −

(
h
b

)
. (3.16)

Although symmetric, the coefficient matrix in (3.16) is indefinite so cannot be
solved by using Choleski factors. The Null Space Method (2.16) is essentially
one way of solving (3.16), based on eliminating the constraints ATx = b.
When G is positive definite, and particularly when G permits sparse Choleski
factors G = LLT to be obtained, it can be more effective to use the first block
equation to eliminate x = G−1(Aλ − h). Then the system

ATG−1Aλ = b + ATG−1h (3.17)

is used to determine λ, and hence implicitly x. Of course, operations with G−1

are carried out by making triangular solves with the Choleski factor L. This
method might be regarded as a Range Space Method for EQP, in contrast to
the Null Space Method described earlier.

We now proceed to consider the ENLP problem in the general case of non-
linear constraints. In this case we attempt to solve the equations r(x,λ) = 0
in (3.10) by the Newton-Raphson method. First we need the Jacobian matrix
of this system, which is the (n + m) × (n + m) matrix

(∇x

∇λ

)
rT =

[
W −A

−AT 0

]
(3.18)

where W as defined in (3.15) is the Hessian with respect to x of the
Lagrangian function. The current iterate in the NR method is the pair of
vectors x(k), λ(k), and the iteration formula, generalising (2.4), is

[
W (k) −A(k)

−A(k)T 0

](
d(k)

δ(k)

)
= −r(k) =

(
A(k)λ(k) − g(k)

c(k)

)
(3.19)
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where superscript (k) denotes quantities calculated from x(k) and λ(k). Then
updated values for the next iteration are defined by x(k+1) = x(k) + d(k)

and λ(k+1) = λ(k) + δ(k). These formulae may be rearranged by moving the
A(k)λ(k) term to the left hand side of (3.19), giving

[
W (k) −A(k)

−A(k)T 0

](
d(k)

λ(k+1)

)
=
(
−g(k)

c(k)

)
. (3.20)

This then is a Newton iteration formula for finding a stationary point of
an EQP problem. For rapid local convergence to a stationary point x∗ with
multipliers λ∗, we require that the Jacobian matrix

[
W ∗ −A∗

−A∗T 0

]
(3.21)

is nonsingular.
So where does the SQP method come in? There are two important obser-

vations to make. First, if the constraints in the ENLP problem are regular
(rank(A∗) = m), and the ENLP satisfies second order sufficiency conditions
(Z∗TW ∗Z∗ is positive definite), then it is a nice exercise in linear algebra to
show that the matrix (3.21) is nonsingular (see [13]). Thus the local rapid con-
vergence of (3.20) is assured. Moreover, it also follows that rank(A(k)) = m
and Z(k)TW (k)Z(k) is positive definite in a neighbourhood of x∗, λ∗. Under
these conditions, the EQP problem

EQP(k)

{
minimize

d∈IRn

1
2d

TW (k)d + dTg(k) + f (k)

subject to c(k) + A(k)Td = 0

is regular and has a unique local minimizer, which can be found by solving the
stationary point condition (see (3.16)), which for EQP(k) is none other than
(3.20). Thus, for finding a local minimizer of an ENLP problem, it is better
to replace the iteration formula (3.20) by one based on solving EQP(k) for
a correction d(k) = d and multiplier vector λ(k+1). This correctly accounts
for the second order condition required by a local minimizer to an ENLP
problem. In particular, any solution of (3.20) which corresponds to a saddle
point or maximizer of EQP(k) is not accepted. (EQP(k) is unbounded in this
situation.) Also EQP(k) has a nice interpretation: the constraints are linear
Taylor series approximations about x(k) to those in the ENLP problem, and
the objective function is a quadratic Taylor series approximation about x(k)

to the objective function in the ENLP, plus terms in W (k) that account
for constraint curvature. The objective function can equally be viewed as a
quadratic approximation to the Lagrangian function. (In fact the term f (k)

in the objective function of EQP(k) is redundant, but is included so as to
make these nice observations.)
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To summarize, solving an ENLP in this way may be interpreted as a
Sequential EQP method (SEQP) with the following basic structure

initialize x(1), λ(1)

for k = 1, 2, . . . until converged

solve EQP(k) giving d(k) and multipliers λ(k+1)

set x(k+1) = x(k) + d(k)

end

As with other Newton methods, the method may not converge globally, and
EQP(k) may have no solution, for example it may be unbounded, or possibly
infeasible if A(k) is rank deficient. It is therefore essential that extra features
are included in any practical implementation. We return to this subject later
in the monograph.

4 Inequality Constraints and Nonlinear Programming

In this section we examine the extra complication caused by having inequal-
ity constraints in the formulation of an optimization problem. As above we
discuss ‘linear’ problems which can be solved in a finite number of steps, and
nonlinear problems for which iteration is required, leading to a general formu-
lation of the SQP method. We also discuss changes to optimality conditions
to accommodate inequality constraints.

4.1 Systems of Inequalities

Corresponding to the development of Section 2.1, the ‘linear’ problem we now
consider is that of a system of linear inequalities

ATx ≥ b (4.1)

in which A is a given n × m matrix of coefficients and b is a given vector of
right hand sides. Usually m > n when there is no objective function present,
although in general, m ≤ n is also possible. Each inequality aTi x ≥ bi in
(4.1) divides IRn into two parts, a feasible side and an infeasible side, with
respect to the inequality. Equality holds on the boundary. Any n independent
such equations define a point of intersection, referred to as a vertex in this
context. Usually methods for solving (4.1) attempt to locate a feasible vertex.
Each vertex can be found by solving a system of linear equations as in (2.1).
There are only a finite number of vertices so the process will eventually find
a solution, or establish that none exists. However, there may be as many as(
m
n

)
vertices, which can be extremely large for problems of any size. Thus it is

important to enumerate the vertices in an efficient way. This can be done by
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a modification known as Phase I of the so-called Simplex Method for Linear
Programming, which we describe briefly below (see also [13] for example).
An important saving in this case is that adjacent vertices differ by only one
equation, and this can be used to update matrix factors to gain efficiency.

The corresponding nonlinear problem is the system of nonlinear
inequalities

r(x) ≥ 0 (4.2)

in which r(x) is a given vector of m nonlinear functions. This problem can be
solved by a Newton type algorithm in which a sequence of linearized subprob-
lems are solved, each being obtained by a linear Taylor series approximation
to c(x) about a current iterate x(k). This just becomes a special case of the
SQP method, and we shall defer discussion on it until later.

In cases when no solution exists to (4.1) or (2.1), it is often of interest to
find a ‘best’ solution which minimizes some measure of constraint infeasibility.
Exactly what measure to choose is a decision for the user, and is one which
has implications for the type of method that is possible.

4.2 Optimization with Inequality Constraints

In this case our generic linear problem, which can be solved finitely, is the
QP problem

minimize
x∈IRn

q(x) = 1
2x

TGx + hTx

subject to ATx ≥ b.
(4.3)

In this problem A is an n×m matrix with no restrictions on the value of m.
The corresponding nonlinear problem is the NLP problem (1.1). There is also
the intermediate stage of a linearly constrained problem (LCP say) in which
the objective function is non-quadratic, that is

minimize
x∈IRn

f(x)

subject to ATx ≥ b.
(4.4)

As in Section 1, a more general formulation of the QP and NLP problems is
often appropriate for practical use, but the simplified form is convenient for
introducing the main features. An important special case of QP, which can
also be solved finitely, is the Linear Programming (LP) problem, characterized
by G = 0 in (4.3).

In this section our main aim is to discuss optimality conditions for an
NLP problem. An important concept is that of an active constraint. The set
of active constraints at a point x is defined by

A(x) = {i | ci(x) = 0} (4.5)
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so that i ∈ A(x) indicates that x is on the boundary of constraint i. The
set of active constraints at the solution is denoted by A∗. Constraints not in
A∗ have no influence on the behaviour of the NLP problem, local to a local
solution x∗ of (1.1).

Clearly x∗ solves the following ENLP problem

minimize
x∈IRn

f(x)

subject to ci(x) = 0 i ∈ A∗.
(4.6)

Let the gradient vectors a∗
i = ∇c∗i , i ∈ A∗ be linearly independent (regular-

ity). Then from (3.9) in Section 3.1 there exist multipliers λ∗ such that

g∗ =
∑
i∈A∗

a∗
i λ

∗
i =

m∑
i=1

a∗
i λ

∗
i = A∗λ∗, (4.7)

denoting λ∗
i = 0 for inactive constraints i 
∈ A∗. Moreover, by virtue of

regularity, we can perturb the right hand side of (4.6) by a sufficiently small
amount εi > 0, and εj = 0, j 
= i, and still retain feasibility in (1.1). Then,
if λ∗

i < 0, it follows from (3.13) that df/dεi = λ∗
i < 0, which contradicts

optimality. Thus
λ∗
i ≥ 0 (4.8)

for an inequality constraint is also necessary. (The multiplier of an equality
constraint can take either sign.) The convention that the multiplier of an
inactive constraint is zero may also be expressed as

λ∗
i c

∗
i = 0 (4.9)

which is referred to as the complementarity condition. If λ∗
i > 0 for all active

inequality constraints, then strict complementarity is said to hold. Collec-
tively, feasibility in (1.1), (3.9), (4.8) for an inequality constraint, and (4.9)
are known as KT (Kuhn-Tucker) (or KKT (Karush-Kuhn-Tucker)) conditions
(Karush [31], Kuhn and Tucker [32]). Subject to a regularity assumption of
some kind, they are necessary conditions for a local solution of (1.1). A point
x∗ which satisfies KT conditions for some λ∗ is said to be a KT point.

A second order necessary condition that can be deduced from (4.6) is that
Z∗TW ∗Z∗ is positive semi-definite, where Z∗ is the null-space basis matrix
for (4.6), and W is defined in (3.15). A sufficient condition is that x∗ is a KT
point, strict complementarity holds, and Z∗TW ∗Z∗ is positive definite.

The regularity assumption used in these notes (that the gradient vectors
a∗
i = ∇c∗i , i ∈ A∗ are linearly independent) is known as the Linear Indepen-

dence Constraint Qualification (LICQ). If LICQ fails at any point, degeneracy
is said to hold at that point. However KT conditions can hold under weaker
conditions, most notably when all the active constraints are linear. In this
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case the validity of KT conditions is a consequence of the famous Farkas
Lemma (see [13] for example). Weaker regularity conditions than LICQ have
been proposed, from which KT conditions can be deduced, for instance by
Kuhn and Tucker [32] (KTCQ), and by Mangasarian and Fromowitz [33]
(MFCQ). A sufficient condition for KTCQ to hold is that the active con-
straints are all linear. For problems in which there are some nonlinear active
constraints, LICQ is arguably the only practical way of establishing that a
point is regular, and failure of LICQ is rare at local solutions of nonlinear
constraint problems.

4.3 Quadratic Programming

Before describing the SQP method, it is important to know how to solve
a QP problem (4.3) that contains inequality constraints. A method with
finite termination is the Active Set Method (ASM), which has features that
are favourable in the context of SQP. The method solves (4.3) by solving
a sequence of EQP problems, whilst retaining feasibility in (4.3), until the
correct active set is determined. The method is described in the case that
G is positive definite, all the constraints are inequalities, and there is no
degeneracy at the iterates x(k). The method is initialized by finding a feasible
vertex, x(1) say, as described in Section 4.1. We let A denote the current set
of active constraints at x(k). The current EQP is defined by

minimize
x∈IRn

1
2x

TGx + hTx

subject to aTi x = bi i ∈ A.
(4.10)

Because x(1) is a vertex, it is in fact the solution of the current EQP defined
by A. The ASM has two major steps.

(i) If x(k) solves the currentEQP, then find the correspondingmultipliers λ(k).
Choose any i : λ

(k)
i < 0 (if none exist, then finish with x∗ = x(k)).

Otherwise, remove i from A and goto step (ii).
(ii) Find the solution, x̂ say, of the current EQP. If x̂ is feasible in the QP

problem then [set x(k+1) = x̂, k = k + 1 and goto step (i)]. Otherwise,
set x(k+1) as the closest feasible point to x̂ along the line segment from
x(k) to x̂. Add the index of a newly active constraint to A. Set k = k+1.
If |A| = n then goto step (i) else goto step (ii).

The motivation for the algorithm is provided by the observation in Section
4.2 that if there exists i : λ

(k)
i < 0 at the solution of the current EQP, then

it is possible to relax constraint i whilst reducing the objective function. If
G = 0 in (4.3) then we have a Linear Programming (LP) problem, and the
ASM is essentially the same as the Simplex method for LP, although it is not
often explained in this way.
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Special linear algebra techniques are required to make the method efficient
in practice. Changes to the current active set involve either adding or sub-
tracting one constraint index. Updates to matrices such as Z and ZTGZ can
be performed much more quickly than re-evaluating the matrices. For large
problems, it is important to take advantage of sparsity in A and possibly G.

There are some complicating factors for the ASM. If the Hessian G is not
positive definite, then it is possible that the EQP obtained by removing i
from A may be unbounded, so that x̂ does not exist. In this case an arbitrary
choice of feasible descent direction is chosen, to make progress. If G has
negative eigenvalues, then the QP problem may have local solutions, and the
ASM does not guarantee to find a global solution. Any solution found by
the ASM will be a KT point of the QP problem, but may not be a local
solution unless strict complementarity holds. A more serious complicating
factor is that of degeneracy which refers to the situation where regularity
of the active constraints at the solution of an EQP problem fails to hold.
An example would be where there are more than n active constraints at a
feasible vertex. In this case, deciding whether x(k) solves the current EQP, or
whether a feasible descent direction exists, is a more complex issue, although
a finite algorithm to decide the issue is possible. Degeneracy is often present
in practical instances of QP problems, and it is important that it is correctly
accounted for in a computer code.

More recently an alternative class of methods has become available for
the solution of LP or QP problems in which G is positive semi-definite.
These interior point methods have the advantage that they avoid the worst
case behaviour of ASM and Simplex methods, in which the number of itera-
tions required to locate the solution may grow exponentially with n. However,
interior point methods also have some disadvantages in an SQP context.

4.4 The SQP Method

We are now in a position to describe the basic SQP method for an NLP (1.1)
with inequality constraints. The method was first suggested in a thesis of
Wilson (1960), [48], and became well known due to the work of Beale [1]. The
idea follows simply from the SEQP method for an ENLP problem, where the
equality constraints c(x) = 0 are approximated by the linear Taylor series
c(k) + A(k)Td = 0 in the subproblem EQP(k). In an NLP with inequality
constraints c(x) ≥ 0 we therefore make the same approximation, leading to
a QP subproblem with linear inequality constraints c(k) +A(k)Td ≥ 0, that is

QP(k)

{
minimize

d∈IRn

1
2d

TW (k)d + dTg(k)

subject to c(k) + A(k)Td ≥ 0.
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The basic form of the algorithm therefore is that described at the end of
Section 3.3, with the substitution of QP(k) for EQP(k). To view this method
as a Newton-type method, we need to assume that strict complementarity
λ∗
i > 0, i ∈ A∗ holds at a regular solution to (1.1). Then, if x(k), λ(k) is

sufficiently close to x∗, λ∗, it follows that the solution of EQP(k) with active
constraints A∗, also satisfies the sufficient conditions for QP(k). Thus we
can ignore inactive constraints i 
∈ A∗, and the SQP method is identical to
the SEQP method on the active constraint set A∗. Thus the SQP method
inherits the local rapid convergence of a Newton type method under these
circumstances.

The progress of the SQP method on the NLP problem

minimize
x∈IR2

f(x) = −x1 − x2

subject to c1(x) = x2 − x2
1 ≥ 0

c2(x) = 1 − x2
1 − x2

2 ≥ 0

is illustrated in Table 1, and has some instructive features. Because the initial
multiplier estimate is zero, and f(x) is linear, the initial W (1) matrix is zero,
and QP(1) is in fact an LP problem. Consequently, x(1) has to be chosen
carefully to avoid an unbounded subproblem (or alternatively one could add
simple upper and lower bounds to the NLP problem). The solution of QP(1)

delivers some non-zero multipliers for λ(2), so that W (2) becomes positive
definite. The solution of QP(2) predicts that constraint 1 is inactive, and we
see that λ

(3)
1 is zero. This situation persists on all subsequent iterations. For

this NLP problem, the active set is A∗ = {2}, and we see for k ≥ 3, that the
SQP method converges to the solution in the same way as the SEQP method
with the single equality constraint 1 − x2

1 − x2
2 = 0. The onset of rapid local

convergence, characteristic of a Newton method, can also be observed.
However, the basic method can fail to converge if x(k) is remote from x∗

(it is not as important to have λ(k) close to λ∗ because if x(k) is close to
x∗, one solution of QP(k) will give an accurate multiplier estimate). It is
also possible that QP(k) has no solution, either because it is unbounded, or
because the linearized constraints are infeasible.

For these reasons, the SQP method is only the starting point for a fully
developed NLP solver, and extra features must be added to promote conver-
gence from remote initial values. This is the subject of subsequent sections of

Table 1 A numerical example of the SQP method

k x
(k)
1 x

(k)
2 λ

(k)
1 λ

(k)
2 c

(k)
1 c

(k)
2

1 1
2

1 0 0 3
4

− 1
2

2 11
12

2
3

1
3

2
3

−0.173611 −0.284722

3 0.747120 0.686252 0 0.730415 0.128064 −0.029130

4 0.708762 0.706789 0 0.706737 0.204445 −0.001893

5 0.707107 0.707108 0 0.707105 0.207108 −0.2810 − 5
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this monograph. Nonetheless it has been and still is the method of choice for
many researchers. The success of the method is critically dependent on hav-
ing an efficient, flexible and reliable code for solving the QP subproblem. It
is important to be able to take advantage of warm starts, that is, initializing
the QP solver with the active set from a previous iteration. Also important
is the ability to deal with the situation that the matrix W (k) is not positive
semi-definite. For both these reasons, an active set method code for solving
the QP subproblems is likely to be preferred to an interior point method.
However, NLP solvers are still a very active research area, and the situation
is not at all clear, especially when dealing with very large scale NLPs.

4.5 SLP-EQP Algorithms

An early idea for solving NLP problems is the successive linear programming
(SLP) algorithm in which an LP subproblem is solved (W (k) = 0 in QP(k)).
This is able to take advantage of fast existing software for large scale LP.
However, unless the solution of the NLP problem is at a vertex, convergence
is slow because of the lack of second derivative information. A more recent
development is the SLP-EQP algorithm, introduced by Fletcher and Sainz
de la Maza [22], in which the SLP subproblem is used to determine the
active set and multipliers, but the resulting step d is not used. Instead an
SEQP calculation using the subproblem EQP(k) in Section 3.3 is made to
determine d(k). The use of a trust region in the LP subproblem (see below)
is an essential feature in the calculation. The method is another example of a
Newton-type method and shares the rapid local convergence properties.The
idea has proved quite workable, as a recent software product SLIQUE of
Byrd, Gould, Nocedal and Waltz [3] demonstrates.

4.6 Representing the Lagrangian Hessian W (k)

An important issue for the development of an SQP code is how to represent
the Hessian matrix W (k) that arises in the SQP subproblem. As defined in
QP(k), it requires evaluation of all the Hessian matrices of f and ci, i =
1, 2, . . . ,m at x(k), and their combination using the multipliers λ(k). Writing
code from which to evaluate second derivatives can be quite error prone, and
in the past, this option has not always been preferred. However, the use of
an exact W (k) matrix has been given new impetus through the availability
of easy-to-use automatic differentiation within modelling languages such as
AMPL, GAMS and TOMLAB (see Section 7). In large problems the exact
W (k) may be a sparse matrix, which provides another reason to consider
this option. On the other hand, it may be that the globalization strategy
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requires W (k) to be positive definite, in which case it will usually not be
possible to use W (k) directly (except for certain ‘convex’ problems, W can
be indefinite, even at the solution). However, if W (k) is readily and cheaply
available, it is probably best to make use of it in some way, as this can
be expected to keep the iteration count low. There are various ideas for
modifying W (k) to obtain a positive definite matrix. One is to add a suitable
multiple of a unit matrix to W (k). Another is to add outer products using
active constraint gradients, as when using an augmented Lagrangian penalty
function.

Otherwise, the simplest approach, generically referred to as quasi-Newton
SQP, is to update a symmetric matrix B(k) which approximates W (k). In this
method, B(1) is initialized to some suitable positive definite or semi-definite
matrix (often a multiple of the unit matrix), and B(k) is updated after each
iteration to build up information about second derivatives. A suitable strategy
(e.g. Nocedal and Overton [37]) is usually based on evaluating difference
vectors

δ(k) = x(k+1) − x(k) (4.11)

in x, and

γ(k) = ∇xL(x(k+1), λ(k)) − ∇xL(x(k), λ(k)) (4.12)

in the gradient of the Lagrangian function L(x, λ(k)), using the latest avail-
able estimate λ(k) of the multipliers. Then the updated matrix B(k+1) is
chosen to satisfy the secant condition B(k+1)δ(k) = γ(k).

There are many ways in which one might proceed. For small problems,
where it is required to maintain a positive definite B(k) matrix, the BFGS
formula (see [13]) might be used, in which case it is necessary to have
δ(k)Tγ(k) > 0. It is not immediately obvious how best to meet this require-
ment in an NLP context, although a method suggested by Powell [41] has
been used widely with some success. For large problems, some form of limited
memory update is a practical proposition. The L-BFGS method, Nocedal [36],
as implemented by Byrd, Nocedal and Schnabel [4] is attractive, although
other ideas have also been tried. Another method which permits low costs
is the low rank Hessian approximation B = UUT (Fletcher [15]), where U
has relatively few columns. For ENLP, updating the reduced Hessian matrix
M ≈ ZTWZ, B = V MV T , using differences in reduced gradients, is ap-
propriate, essentially updating the Hessian of the reduced objective function
F (t) in (3.5). However, this idea does not translate easily into the context of
NLP with inequality constraints, due to the change in dimension of m when
the number of active constraints changes.

An intermediate situation for large scale SQP is to update an approx-
imation which takes the sparsity pattern of W (k) into account, and up-
dates only the non-sparse elements. The LANCELOT project (see Conn,
Gould and Toint [8] for many references) makes use of partially separa-
ble functions in which B(k) is the sum of various low dimensional element
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Hessians, for which the symmetric rank one update is used. Other sparsity
respecting updates have also been proposed, for example Toint [45], Fletcher,
Grothey and Leyffer [17], but the coding is complex, and there are some
difficulties.

Various important conditions exist regarding rapid local convergence, re-
lating to the asymptotic properties of WZ or ZTWZ (see [13] for references).
Significantly, low storage methods like L-BFGS do not satisfy these con-
ditions, and indeed slow convergence is occasionally observed, especially
when the true reduced Hessian Z∗TW ∗Z∗ is ill-conditioned. For this rea-
son, obtaining rapid local convergence when the null space dimension is very
large is still a topic of research interest. Indeed the entire subject of how best
to provide second derivative information in an SQP method is very much an
open issue.

5 Globalization of NLP Methods

In this section we examine the transition from Newton type methods with
rapid local convergence, such as the SQP method, to globally convergent
methods suitable for incorporation into production NLP software. By glob-
ally convergent, we refer to the ability to converge to local solutions of an
NLP problem from globally selected initial iterates which may be remote
from any solution. This is not to be confused with the problem of guaran-
teeing to find global solutions of an NLP problem in the sense of the best
local solution, which is computationally impractical for problems of any size
(perhaps >40 variables, say), unless the problem has some special convex-
ity properties, which is rarely the case outside of LP and QP. We must also
be aware that NLP problems may have no solution, mainly due to the con-
straints being infeasible (that is, no feasible point exists). In this case the
method should ideally be able to indicate that this is the case, and not spend
an undue amount of time in searching for a non-existent solution. In practice
even to guarantee that no feasible solution exists is an unrealistic aim, akin
to that of finding a global minimizer of some measure of constraint infeasi-
bility. What is practical is to locate a point which is locally infeasible in the
sense that the first order Taylor series approximation to the constraints set
is infeasible at that point. Again the main requirement is that the method
should be able to converge rapidly to such a point, and exit with a suitable
indication of local infeasibility. Another possibility, which can be excluded
by bounding the feasible region, is that the NLP is unbounded, that is f(x)
is not bounded below on the feasible region, or that there are no KT points
in the feasible region. Again the software has to recognize the situation and
terminate accordingly.

Ultimately the aim is to be able to effectively solve NLP problems created
by scientists, engineers, economists etc., who have a limited background in
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optimization methods. For this we must develop general purpose software
which is

• Efficient
• Reliable
• Well documented
• Thoroughly tested
• Flexible
• Easy to use, and has
• Large scale capacity.

Efficiency and reliability are self evident, as is being well-documented, Being
thoroughly tested involves monitoring the behaviour on test problems (e.g.
CUTE [2]) which encompass a wide range of possible situations, including
problems with no solution as referred to above. Flexibility includes the ability
to specify simple bounds, linear constraints, etc., to take account of sparsity
in the formulation, and to be able to make warm starts from the solution
of a previously solved problem. It can also include the flexibility to decide
whether or not to supply second derivatives (indeed some codes have been
developed which require no derivative information to be supplied, but these
are very limited in the size of problem that can be solved, and the accuracy
that can be achieved). By easy to use we envisage issues such as the provision
of default parameter values which do not need tuning by the user, and access
to the software via modelling languages like AMPL, GAMS or TOMLAB.
Large scale capacity is required for the software to make a significant impact:
even run of the mill applications of optimization now have 1000’s of variables
and/or constraints and may be computationally intractable without the use
of sparse matrix techniques, or special iterative methods such as Conjugate
Gradients.

5.1 Penalty and Barrier Functions

From an historical perspective, almost all general purpose NLP solvers until
about 1996 aimed to promote global convergence by constructing an auxil-
iary function from f(x) and c(x) known variously as a penalty, barrier, or
merit function. In the earlier days, the idea was to apply successful existing
techniques for unconstrained minimization to the auxiliary function, in such
a way as to find the solution of the NLP problem. Later, there came the idea
of using the auxiliary function to decide whether or not to accept the step
given by the SQP method, hence the term merit function.

For an ENLP problem, an early idea was the Courant [9] penalty function

φ(x;σ) = f(x) + 1
2σcT c = f(x) + 1

2σ

m∑
i=1

c2
i where c = c(x), (5.1)



190 R. Fletcher

where σ > 0 is a parameter. The cT c term ‘penalizes’ points which violate
the constraints, and σ determines the strength of the penalty. Let a min-
imizer, x(σ) say, of φ(x;σ) be found by some technique for unconstrained
minimization. Then we choose a sequence of values of σ → ∞, for example
σ = {1, 10, 100, . . .} and observe the behaviour of x(σ). Under some assump-
tions, it can be shown that the NLP solution is given by x∗ = limσ→∞ x(σ).
A simple modification for the NLP problem is to include terms (min(ci, 0))2

in the summation for any inequality constraints ci(x) ≥ 0. In practice the
methods are slow as compared with SQP techniques, and more seriously,
suffer serious effects due to ill-conditioning of the Hessian matrix of φ as
σ → ∞.

Another early idea for NLP with inequality constraints was the Frisch [24]
log function

φ(x;μ) = f(x) − μ

m∑
i=1

loge ci(x), (5.2)

where μ > 0 is a parameter. In this case we require x to lie in the interior of
the feasible region where ci(x) > 0, i = 1, 2, . . . ,m, so that the log terms are
well defined. Then each term − loge ci(x) approaches +∞ as x approaches the
boundary of the feasible region, and creates a ‘barrier’ which prevents iterates
from escaping out of the feasible region. The parameter μ determines the
extent to which the influence of barrier extends into the interior of the feasible
region. For any fixed value of μ we again find x(μ) to minimize φ(x;μ). Then
we choose a sequence of values of μ → 0, for example μ = {1, 1

10 , 1
100 , . . .}

and observe the behaviour of x(μ). Under some assumptions, it can be shown
that x∗ = limμ→0 x(μ). Again the methods are slow and suffer from ill-
conditioning of the Hessian. Moreover the need to find a strictly feasible
starting point is usually a difficult problem in its own right. More recently
the log barrier function has been used as a merit function in conjunction with
interior point methods.

5.2 Multiplier Penalty and Barrier Functions

From around 1969 onwards, a more satisfactory class of auxiliary function
came into use, involving an additional parameter λ ∈ IRm which could be
interpreted as an estimate of the Lagrange multiplier vector. For ENLP the
Lagrangian function is augmented with a penalty term giving

φ(x; λ, σ) = f(x) − λT c + 1
2σcT c where c = c(x), (5.3)

sometimes referred to as the augmented Lagrangian function (Hestenes [30],
Powell [40]). We note that

∇xφ = g − Aλ + σAc, (5.4)
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so that ∇φ(x∗; λ∗, σ) = 0. Moreover if the local solution is regular and
satisfies second order sufficient conditions, and if σ is sufficiently large, then
∇2φ(x∗; λ∗, σ) is positive definite (see [13]). Thus, if λ∗ is known, the solution
of the ENLP can be found by minimizing φ(x; λ∗, σ), without the need to
drive σ to infinity, in contrast to the methods of the previous subsection, and
this avoids the worst effects of the ill-conditioning. Unfortunately λ∗ is not
known a-priori, so a sequential minimization technique must still be used. In
an outer iteration a sequence of parameters λ(k) → λ∗ is chosen, whilst in
the inner iteration, a minimizer x(λ(k), σ) of φ(x; λ(k), σ) is found by means
of an unconstrained minimization technique. The behaviour of x(λ(k), σ) is
observed as λ(k) changes. If the iteration is not converging to x∗, it may be
necessary to increase σ at some stage. To update λ(k), a formula

λ(k+1) = λ(k) − (ATWA)−1c(k) (5.5)

derived from the SQP iteration formula (3.20) may be used. For large σ this
may be approximated by the scheme

λ(k+1) = λ(k) − σc(k), (5.6)

see [13].
A multiplier penalty function for the NLP (1.1) with inequality con-

straints is

φ(x; λ, σ) = f(x) +
∑
i

{
−λici + 1

2σc2
i if ci ≤ λi/σ

− 1
2λ2

i /σ if ci ≥ λi/σ
(5.7)

suggested by Rockafellar [44]. The piecewise term does not cause any dis-
continuity in first derivatives, and any second derivative discontinuities occur
away from the solution. Otherwise its use is similar to that in (5.3) above.

A multiplier based modification of the Frisch barrier function due to Polyak
[39] is

φ(x; λ, μ) = f(x) − μ

m∑
i=1

λi loge(ci/μ + 1), (5.8)

in which the boundary occurs where ci = −μ, which is strictly outside the
feasible region. Thus the discontinuity of the Frisch function at the solution
x∗ is moved away into the infeasible region. We note that

∇xφ(x∗; λ∗, μ) = g∗ − μ

m∑
i=1

λ∗
i a

∗
i /μ

(c∗i /μ + 1)
= 0

using KT conditions (including complementarity). If the solution x∗ is reg-
ular, and sufficient conditions hold, with strict complementarity, then it can
also be shown that ∇2

xφ(x∗; λ∗, μ) is positive definite if μ is sufficiently small.
Thus a suitable fixed value of μ > 0 can be found and the worst effects of
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ill-conditioning are avoided. Both the Rockafellar and Polyak functions are
used in a sequential manner with an outer iteration in which λ(k) → λ∗.

All the above proposals involve sequential unconstrained minimization,
and as such, are inherently less effective than the SQP method, particu-
larly in regard to the rapidity of local convergence. Errors in λ(k) induce
errors of similar order in x(λ(k)), which is not the case for the SQP method.
Many other auxiliary functions have been suggested for solving NLP or ENLP
problems in ways related to the above. In a later section we shall investigate
so-called exact penalty functions which avoid the sequential unconstrained
minimization aspect.

A major initiative to provide robust and effective software with large scale
capability based on the augmented Lagrangian function was the LANCELOT
code of Conn, Gould and Toint (see [8] for references). The code applies to
an NLP in the form

minimize
x∈IRn

f(x)

subject to c(x) = 0

l ≤ x ≤ u.

(5.9)

which treats simple bounds explicitly but assumes that slack variables have
been added to any other inequality constraints. In the inner iteration, the aug-
mented Lagrangian function (5.3) is minimized subject to the simple bounds
l ≤ x ≤ u on the variables. A potential disadvantage of this approach for
large scale computation is that the Hessian ∇2

xφ(x; λ(k), σ) is likely to be
much less sparse than the Hessian W (k) in the SQP method. To avoid this
difficulty, LANCELOT uses a simple bound minimization technique based on
the use of the preconditioned conjugate gradient method, and solves the sub-
problem to lower accuracy when λ(k) is inaccurate. It also uses an innovative
idea of building the Hessian from a sum of elementary Hessians through the
concept of group partial separability. LANCELOT has been successfully used
to solve problems with upwards of 104 variables, particularly those with large
dimensional null spaces arising for example from the discretization of a par-
tial differential equation. It is less effective for problems with low dimensional
null spaces and does not take advantage of any linear constraints.

5.3 Augmented Lagrangians with SQP

A fruitful way to take advantage of linear constraints has been to merge the
globalization aspect of the augmented Lagrangian function with the rapid
local convergence of the SQP method. This was the motivation of the very
successful MINOS code of Murtagh and Saunders [35], which was arguably
the first SQP-like NLP solver with large scale capability. In fact MINOS was
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influenced by a method due to Robinson [43] which is not an SQP method
in the strict sense described above, but is closely related to it. We describe
Robinson’s method in the context of the NLP problem (1.1). The method
generates a sequence of major iterates x(k), λ(k) and solves the LCP problem

LCP(k)

{
minimize

x∈IRn
f(x) − λ(k)T (c(x) − s)

subject to s = c(k) + A(k)T (x − x(k)) ≥ 0,

where s = s(x, x(k)) = c(k) + A(k)T (x − x(k)) is the first order Taylor series
approximation to c(x) about the current point, and the quantity c(x)−s may
be thought of as the deviation from linearity. The solution and multipliers
of LCP(k) then become the iterates x(k+1), λ(k+1) for the next major itera-
tion. The method differs from SQP, firstly in that LCP(k) cannot be solved
finitely, which is a disadvantage, and secondly that second derivatives are
not required, which is an advantage. Robinson intended that LCP(k) should
be solved by a reduced Hessian quasi-Newton method. If a Taylor expansion
of the objective function in LCP(k) about the current point is made, then
it agrees with that of SQP(k) up to and including second order terms. Also
the method has the same fixed point property as SQP that if x(k), λ(k) is
equal to x∗, λ∗, then x∗, λ∗ is the next iterate, and the process terminates.
Consequently the method has the same rapid local convergence properties
as the SQP method, assuming that the LCP(k) subproblem is solved suffi-
ciently accurately. However there is no global convergence result available,
for example there is no mechanism to force the iterates x(k) to accumulate
at a feasible point.

The MINOS code attempts to mitigate the lack of a global convergence
property by augmenting the objective function in LCP(k) with a squared
penalty term. As with LANCELOT, the method is applicable to an NLP in
the form (5.9), and the LCP subproblem that is solved on the k-th major
iteration is

minimize
x∈IRn

f(x) − λ(k)T (c(x) − s) + 1
2σ(c(x) − s)T (c(x) − s)

subject to s = c(k) + A(k)T (x − x(k)) = 0
l ≤ x ≤ u.

In the original source, MINOS refers to the active set method used to solve
this LCP subproblem, and MINOS/AUGMENTED refers to the major iter-
ative procedure for solving (5.9). However it is more usual now to refer to
the NLP solver by MINOS. The code has sparse matrix facilities, and also
allows ‘linear variables’ to be designated, so allowing the use of a smaller Hes-
sian approximation. MINOS was probably the first SQP-type code with the
capability to solve large scale problems, and as such has been very successful
and is still in use.
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A development of MINOS is the SNOPT code of Gill, Murray and
Saunders [25] which first appeared in about 1992. In place of an LCP subprob-
lem it solves a QP subproblem, but using an approximate Hessian matrix.
Slack variables s are explicitly included, and each iteration involves the solu-
tion of a line search subproblem based on the MINOS augmented Lagrangian

φ(x, s,λ) = f(x) − λ(k)T (c(x) − s) + 1
2 (c(x) − s)TD(c(x) − s), (5.10)

where D = diag σi is a diagonal matrix of penalty parameters. The entire
triple x(k), s(k), λ(k) is varied in the line search. Various treatments of the
Hessian approximation are possible, depending for example on the size of
the problem. Another difference from MINOS is the use of ‘elastic mode’
(essentially the l1 penalty function of the next subsection) to resolve signifi-
cant deviations from infeasibility. It is impossible here to do justice to all the
features of the code, and the reader is referred to the comprehensive descrip-
tion in [25], although it is quite likely that further development of the code
has taken place. For NLP problems in which the null space dimension is not
too large, up to 1000 say, SNOPT is currently amongst the best currently
available NLP solvers (see Byrd, Gould, Nocedal and Waltz [3]).

5.4 The l1 Exact Penalty Function

The penalty and barrier functions in Sections 5.1 and 5.2 are inherently se-
quential, that is the solution of the NLP problem is obtained by a sequence of
unconstrained minimization calculations. It is however possible to construct
a so-called exact penalty function, that is a penalty function of which x∗, a
solution of the NLP problem, is a local minimizer. It is convenient here to
consider an NLP problem in the form

minimize
x∈IRn

f(x)

subject to c(x) ≤ 0.
(5.11)

The most well known exact penalty function (Pietrzykowski [38], see [13]
for more references) is the l1 exact penalty function (l1EPF)

φ(x;σ) = f(x) + σ‖c+(x)‖1 = f(x) + σ

m∑
i=1

c+
i (x), (5.12)

where c+
i = max(ci, 0) is the amount by which the i−th constraint is violated.

The parameter σ controls the strength of the penalty.
First we consider optimality conditions for a local minimizer of φ(x, σ).

The function is nonsmooth due to the discontinuity in derivative of max(ci, 0)
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at zero, so we cannot refer to the stationary point condition of Section 2.2.
In fact we proceed very much as in Section 4.2, by defining the set of active
constraints as in (4.5), and the set of infeasible constraints

I(x) = {i | ci(x) > 0}. (5.13)

Infeasible constraints at x∗ are denoted by the set I∗ and are assigned a
multiplier λ∗

i = σ. Constraints that are neither active nor infeasible at x∗

play no part in the conditions and can be ignored. As before we assign them
a multiplier λ∗

i = 0. We observe that if x∗ minimizes φ(x, σ), then it must
solve the problem

minimize
x∈IRn

f(x) + σ

m∑
i=1

c+
i (x)

subject to ci(x) ≤ 0 i ∈ A∗.
(5.14)

and hence the problem

minimize
x∈IRn

f(x) + σ
∑
i∈I∗

ci(x)

subject to ci(x) ≤ 0 i ∈ A∗.
(5.15)

since the penalty term comes only from the infeasible constraints. Therefore
if we make the same regularity assumption that the vectors a∗

i , i ∈ A∗ are
linearly independent, then the KT conditions for this problem are also nec-
essary for a minimizer of (5.12). Moreover, if we perturb the right hand side
of a constraint i ∈ A∗ in (5.15) by a sufficiently small εi > 0, εj = 0, j 
= i,
we make constraint i infeasible, but do not change the status of any other
constraints. This causes an increase of σεi in the penalty term. Moreover
the change in f(x) + σ

∑
i∈I ci(x) to first order is −λ∗

i εi. (The negative sign
holds because of the sign change in (5.11)). Hence the change in φ(x, σ) to
first order is εi(σ − λ∗

i ). If λ∗
i > σ then φ is reduced by the perturbation,

which contradicts the optimality of x∗ in the l1 EPF. Thus the condition
λ∗
i ≤ σ, i ∈ A∗ is also necessary. This result tells us that unless the penalty

parameter σ is sufficiently large, a local minimizer will not be created. We
can therefore summarize the first order necessary conditions as

g∗ + σ
∑
i∈I∗

a∗
i +

∑
i∈A∗

a∗
i λ

∗
i = g∗ +

m∑
i=1

a∗
i λ

∗
i = g∗ + A∗λ∗ = 0 (5.16)

0 ≤ λ∗
i ≤ σ

c∗i < 0 ⇒ λ∗
i = 0

c∗i > 0 ⇒ λ∗
i = σ

⎫⎬
⎭ i = 1, 2, . . . ,m. (5.17)
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If ⇒ in (5.17) can be replaced by ⇔ then strict complementarity is said to
hold. Second order necessary conditions are the same as for (5.15), that is
Z∗TW ∗Z∗ is positive semi-definite. Sufficient are that first order conditions
hold, with strict complementarity, and Z∗TW ∗Z∗ is positive definite.

We see that these conditions are very similar to those for solving the NLP
problem (5.11). Consequently there is a strong correlation between local min-
imizers of the l1EPF and local solutions of the NLP problem, which justifies
the practical use of the l1EPF as a means of solving an NLP problem. To
be precise, assume that the appropriate second order sufficient conditions
and strict complementarity hold. Then if x∗ solves the NLP problem and
σ > ‖λ∗‖∞, it follows that x∗ is a local minimizer of the l1EPF. Conversely,
if x∗ is a local minimizer of the l1EPF, and x∗ is feasible in the NLP problem,
then x∗ is a local solution of the NLP problem.

5.5 SQP with the l1EPF

The SQP method first came into prominent use when used in conjunction
with the l1EPF as suggested by Han [29] and Powell [41]. The vector d(k)

generated by the SQP subproblem QP(k) is regarded as a direction of search,
and the l1EPF is used as a merit function, so that the next iterate is x(k+1) =
x(k) + α(k)d(k), with α(k) being chosen to obtain a sufficient reduction in
φ(x, σ). For this to be possible requires that d(k) is a descent direction at x(k)

for φ(x, σ). If the Hessian W (k) (or its approximation) is positive definite,
it is possible to ensure that this is the case, if necessary by increasing σ.
Early results with this technique were quite promising, when compared with
sequential unconstrained penalty and barrier methods. However the use of
a nonsmooth merit function is not without its difficulties. In particular the
discontinuities in derivative cause ‘curved valleys’, with sides whose steepness
depends on the size of σ. If σ is large, the requirement to monotonically
improve φ on every iteration can only be achieved by taking correspondingly
small steps, leading to slow convergence. Unfortunately, increasing σ to obtain
descent exacerbates this situation.

A way round this is the Sequential l1 Quadratic Programming (Sl1QP)
method of Fletcher [11]. The idea (also applicable to an l∞ exact penalty
function) is to solve a subproblem which more closely models the l1EPF,
by moving the linearized constraints into the objective function, in an l1
penalty term. Thus the l1QP subproblem is

minimize
d∈IRn

g(k)Td + 1
2d

TW (k)d + σ‖(c(k) + A(k)Td)+‖1

subject to ‖d‖∞ ≤ ρ.
(5.18)

It is necessary that σ is sufficiently large as discussed in Section 5.4, and
also below. The restriction on d is the trust region constraint and ρ is
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the trust region radius. Solving the subproblem ensures descent, and quite
strong results regarding global convergence can be proved by using standard
trust region ideas. The use of an l∞ trust region (a ‘box constraint’) fits
conveniently into a QP type framework.

Even so, there are still some issues to be resolved. Firstly, (5.18) is not
a QP in standard form due to the presence of l1 terms in the objective,
although it is still a problem that can be solved in a finite number of steps.
Ideally a special purpose l1QP solver with sparse matrix capabilities would
be used. This would enable an efficient l1 piecewise quadratic line search to
be used within the solver. Unfortunately a fully developed code of this type
is not easy to come by. The alternative is to transform (5.18) into a regular
QP by the addition of extra variables. For example a constraint l ≤ c(x) ≤ u
can be written as l ≤ c(x)−v+w ≤ u where v ≥ 0 and w ≥ 0 are auxiliary
variables, and a penalty term of the form σ‖v + w‖1, which is linear in
v and w, would then be appropriate. However 2m extra variables need be
added, which is cumbersome, and the benefit of the piecewise quadratic line
search is not obtained. A related idea is to use the SLP-EQP idea of Fletcher
and Sainz de la Maza [22], referred to in Section 4.5. In this case an l1LP
subproblem would be used to find an active set and multipliers, followed by
an EQP calculation to obtain the step d(k). As above, the l1LP subproblem
can be converted to an LP problem by the addition of extra variables, and
this allows fast large scale LP software to be used.

It is also not easy for the user to choose a satisfactory value of σ. If
it is chosen too small, then a local minimizer may not be created, if too
large then the difficulties referred to above become apparent. There is also a
possibility of the Maratos effect [34] occurring, in which, close to the solution,
the Newton-type step given by the SQP method increases φ and cannot be
accepted if monotonic improvement in φ is sought. Thus the expected rapid
local convergence is not realised. More recently, ideas for circumventing these
difficulties have been suggested, including second order corrections [12], the
watchdog technique [7], and a non-monotonic line search [27].

6 Filter Methods

Filter methods were introduced in response to the perceived difficulties in
using penalty function methods for globalization, that is the difficulty of
choosing suitable penalty parameters, the inefficiency of sequential methods,
and the slow convergence associated with monotonic minimization methods,
particularly in the case of nonsmooth exact penalty functions. Along with
this is the observation that the basic SQP method is able to quickly solve
a significant proportion of test problems without the need for modifications
to induce global convergence. Thus the goal of filter methods is to provide
global optimization safeguards that allow the full SQP step to be taken much
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more often. In this section we describe the main ideas and possible pitfalls,
and discuss the way in which a global convergence result for a filter method
has been constructed.

A penalty function is an artefact to combine two competing aims in NLP,
namely the minimization of f(x) and the need to obtain feasibility with
respect to the constraints. The latter aim can equivalently be expressed as the
minimization of some measure h(c(x)) of constraint violation. For example,
in the context of (5.11) we could define h(c) = ‖c+‖ in some convenient norm.
Thus, in a filter method, we view NLP as the resolution of two competing
aims of minimizing f(x) and h(c(x)). This is the type of situation addressed
by Pareto (multi-objective) optimization, but in our context the minimization
of h(c(x)) has priority, in that it is essential to find a Pareto solution that
corresponds to a feasible point. However it is useful to borrow the concept of
domination from multi-objective optimization. Let x(k) and x(l) be two points
generated during the progress of some method. We say that x(k) dominates
x(l) if and only if h(k) ≤ h(l) and f (k) ≤ f (l). That is to say, there is no
reason to prefer x(l) on the basis of either measure. Now we define a filter
to be a list of pairs (h(k), f (k)) such that no pair dominates any other. As
the algorithm progresses, a filter is built up from all the points that have
been sampled by the algorithm. A typical filter is shown in Figure 2, where
the shaded region shows the region dominated by the filter entries (the outer
vertices of this shaded region). The contours of the l1 exact penalty function
would be straight lines with slope −σ on this plot, indicating that at least
for a single entry, the filter provides a less restrictive acceptance condition
than the penalty function.

upper bound

h(x)

f(x)

U

Fig. 2 A Typical Filter Diagram
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6.1 SQP Filter Methods

Filter methods were first introduced in the context of trust region SQP meth-
ods in 1997 by Fletcher and Leyffer [18], making use of a subproblem

QP(k)(ρ)

⎧⎪⎨
⎪⎩

minimize
d∈IRn

1
2d

TW (k)d + dTg(k)

subject to c(k) + A(k)Td ≥ 0.
‖d‖∞ ≤ ρ,

obtained by adding a trust region constraint to QP(k). A trust region (see
[13]) is a heuristic aimed at restricting the step size to lie in a region in which
there is ‘adequate’ agreement between the true functions and their Taylor
series approximations. The trust region radius ρ is adjusted during or after
each iteration to achieve this aim.

A first attempt at a filter algorithm might go as follows. On iteration k = 1
the filter F (1) is empty. On iteration k we solve QP(k)(ρ) giving a step d and
evaluate f = f(x(k) + d) and h = h(c(x(k) + d)). If the resulting pair (h, f)
is acceptable to F (k) (that is, it is not dominated by any of the entries in
F (k)), then we update x(k) and λ(k) as described in Section 4.4. We also
update the filter, adding the new pair (h, f) and removing any entries that
are dominated by it. Possibly we might also increase the trust region radius.
If, on the other hand, the pair is not acceptable, then we reject it, reduce the
trust region radius, and re-solve QP(k)(ρ).

There are various ways in which this simple approach can fail, or become
unsatisfactory. One is that unacceptably large violations in the constraints
may occur. This is readily handled by imposing an upper bound U on con-
straint violations, and initializing F (1) to (U, −∞) (see Figure 2). More
serious is the possibility that, if the current point x(k) is infeasible (h(k) > 0),
and if ρ is reduced sufficiently in the algorithm, then the constraints of
QP(k)(ρ) can become incompatible, and the algorithm stalls. In this case our
approach has been to enter a feasibility restoration phase, in which a different
SQP-like algorithm (see Fletcher and Leyffer [19] for a filter-like approach) is
invoked to find a new acceptable point x(k+1) for which the TR subproblem
is solvable. Of course, we cannot predict the effect on f(x) and we must be
prepared for it to increase. Another feature that the algorithm lacks is any
sense of sufficient reduction in either f or h, as is used in other convergence
proofs. For instance we would not like new pairs to become arbitrarily close
to existing filter entries, because this might allow convergence to a non-KT
point. With this in mind we strengthen the acceptance condition by adding
a filter envelope around the current filter entries, so as to extend the set of
unacceptable points (see Figure 2). Most recently we use the sloping envelope
of Chin [5], Chin and Fletcher [6], in which acceptability of a pair (h, f) with
respect to a filter F is defined by

h ≤ βhi or f ≤ fi − γh ∀(hi, fi) ∈ F (6.1)
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where β and γ are constants in (0, 1). Typical values might be β = 0.9
and γ = 0.01. (In earlier work we used f ≤ fi − γhi for the second test,
giving a rectangular envelope. However, this allows the possibility that (h, f)
dominates (hi, fi) but the envelope of (h, f) does not dominate the envelope
of (hi, fi), which is undesirable.)

During testing of the filter algorithm, another less obvious disadvantage
became apparent. Say the current filter contains an entry (0, fi) where fi is
relatively small. If, subsequently, feasibility restoration is invoked, it may be
impossible to find an acceptable point which is not dominated by (0, fi). Most
likely, the feasibility restoration phase then converges to a feasible point that
is not a KT point. We refer to (0, fi) as a blocking entry. We were faced with
two possibilities. One is to allow the removal of blocking entries on emerging
from feasibility restoration. This we implemented in the first code, reported
by Fletcher and Leyffer [18]. To avoid the possibility of cycling, we reduce the
upper bound when a blocking entry is removed. We did not attempt to pro-
vide a global convergence proof for this code, although it may well be possible
to do so. Subsequently it became clear that other heuristics in the code were
redundant and further work resulted in a related filter algorithm (Fletcher,
Leyffer and Toint [20]) for which a convergence proof can be given. In this
algorithm we resolve the difficulty over blocking by not including all accepted
points in the filter. This work is described in the next section. However, the
earlier code proved very robust, and has seen widespread use. It shows up
quite well on the numbers of function and derivative counts required to solve
a problem, in comparison say with SNOPT. Actual computing times are less
competitive, probably because the QP solver used by SNOPT is more effi-
cient. It has the same disadvantage as SNOPT that it is inefficient for large
null space problems. Otherwise, good results were obtained in comparison
with LANCELOT and an implementation of the l1EPF method.

6.2 A Filter Convergence Proof

In this section an outline is given of the way in which a global convergence
proof has been developed for the trust region filter SQP method. The theory
has two aspects: how to force h(k) → 0, and how to minimize f(x) subject to
h(c(x)) = 0.

First we review existing trust region SQP convergence theory for uncon-
strained optimization. At any non-KT point x(k) and radius ρ in QP(k)(ρ),
we define the predicted reduction

Δq = q(0) − q(d) = −g(k)Td − 1
2d

TW (k)d > 0 (6.2)
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and the actual reduction

Δf = f (k) − f(x(k) + d). (6.3)

As ρ → 0, and with suitable assumptions, so d → 0, Δq ∼ ρ‖g(k)‖ and
Δf/Δq → 1. It follows for sufficiently small ρ that the inequality

Δf ≥ σΔq (6.4)

is valid. This is referred to as the sufficient reduction condition. In the TR
algorithm of Figure 4 (with the feasibility restoration and filter boxes stripped
out) we essentially choose ρ(k) as large as possible (within a factor of 2)
subject to (6.4) holding. If the gradients g(k) are accumulating at a value
g∞ 
= 0, then ρ(k) is uniformly bounded away from zero, and it follows that
Δf (k) ≥ σΔq(k) ∼ σρ(k). Summing over all k shows that f (k) → −∞ which
is a contradiction. Thus the gradients can only accumulate at 0 and any
accumulation point x∞ is stationary.

We aim to make use of these ideas in an NLP context. However there is a
difficulty when h(k) > 0 that Δq < 0 may be possible. This is illustrated by
the left hand diagram of Figure 3. However, with a larger trust region radius,
it is possible to have Δq > 0, as in the right hand diagram. We describe
the resulting steps respectively as being either h-type or f-type, according
to whether Δq ≤ 0 or not. Of course, if h(k) = 0 the resulting step must
be f-type. We construct our TR algorithm such that whilst f-type steps are
being taken, we make no new entries into the filter, and rely to a large extent
on the above convergence theory. Only h-type steps give rise to a filter entry
(we include the use of feasibility restoration as an h-type step). The resulting
algorithm is detailed in Figure 4. Note that the current pair (h(k), f (k)) is
not in the filter, and is only included subsequently if the algorithm takes an
h-type step.

We now turn to examine the way in which the slanting envelope (6.1)
operates. If an infinite sequence of entries are made, then it is a consequence

Fig. 3 Illustration of h-type and f-type steps
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�
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for some ρ̃ ≥ ρ◦ and initialize ρ = ρ̃

�

initialize ρ ≥ ρ◦

�
try to solve QP(k)(ρ)

incompatible

�
include (h(k), f(k))

in the filter
(h–type iteration)
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�
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�
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�

�

�
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and c(x(k) + d)

�
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�
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�
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�
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�
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(h–type iteration)

�
x(k+1) = x(k) + d(k)

k := k + 1

�

�

Fig. 4 A Filter–SQP Algorithm



The Sequential Quadratic Programming Method 203

that h(k) → 0 (otherwise the condition f ≤ fi − γh has the effect of forcing
f → −∞: a contradiction). Thus the convergence proof claims that either

1. The restoration phase converges to a locally infeasible point,
2. The algorithm terminates at a KT point, or
3. There exists a feasible accumulation point that is either a KT point, or

the Mangasarian-Fromowitz constraint qualification (MFCQ) fails.

The proof proceeds as follows. The first case corresponds to the situation
that the local approximation to the constraint set is infeasible, and no fur-
ther progress can be made. So we only need to examine case 3. If there are
an infinite number of h-type iterations, it is possible to find a subsequence
on which h(k) → 0 by virtue of (6.1). By taking thinner subsequences if
necessary, we examine the behaviour of iterates in the neighbourhood of a
feasible non-KT point that satisfies MFCQ (a type of regularity condition).
Because MFCQ holds, there exist feasible descent directions and it is shown
that the TR algorithm takes f-type steps in the limit, which is a contradiction.

The only other possibility to consider is that there exists some K such that
the algorithm takes f-type steps for all k ≥ K. We can deduce from (6.1) and
the fact that (h(k+1), f (k+1)) is always acceptable to (h(k), f (k)), that h(k) → 0.
Then an argument similar to that in the unconstrained case contradicts the
fact that there are feasible descent directions at any accumulation point.
Because MFCQ holds, it follows that the accumulation point is a KT point.
In passing, note that the proof of the Corollary to Lemma 1 in [20] contains
an error. A corrected version of the paper can be found on my web site.

6.3 Other Filter SQP Methods

Another filter SQP algorithm, analysed by Fletcher, Gould, Leyffer, Toint and
Wächter [16], decomposes the SQP step into a normal and tangential com-
ponent. The normal step provides feasibility for the linearized constraints
and the tangential step minimizes the quadratic model in the feasible re-
gion. Related ideas are discussed by Gonzaga, Karas and Varga [26] and
Ribiero, Karas and Gonzaga [42]. Wächter and Biegler describe line search
filter methods in [46] and [47]. Chin [5] and Chin and Fletcher [6] consider
SLP-EQP trust region filter methods. Gould and Toint [28] present a non-
monotone filter SQP method which extends the non-monotonic properties of
filter SQP type algorithms. A review of other recent developments of filter
methods, outwith SQP, but including interior point methods for NLP, ap-
pears in the SIAG/OPT activity group newsletter (March 2007) and can be
accessed in [21].
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7 Modelling Languages and NEOS

Solving complex optimization problems that arise in practice has many
difficulties. Writing your own NLP solver is not recommended, as there are
many difficulties to be circumvented, even if you have access to a good QP
solver. However, access to a fully developed production code, e.g. MINOS,
LANCELOT, etc., is not the end of the story. The interface between the
requirements of the code, and the features of the problem can be very diffi-
cult to set up. It is usually necessary to provide derivatives of any nonlinear
functions, which is prone to error. Modelling languages have been designed
to allow the user to present the problem to the NLP solver in as friendly
a way as possible. The user is able to define constructions in terms of con-
cepts familiar to the problem. Three languages come to mind, AMPL, GAMS
and TOMLAB. All are hooked up to a number of well known NLP solvers.
TOMLAB is based on MATLAB syntax, the other have their own individual
syntax that has to be learned. Unfortunately all are commercial products.

In this review I shall describe AMPL (A Mathematical Programming Lan-
guage) which I have found very flexible and easy to use. A student edition is
freely available which allows problems of up to 300 variables and constraints,
and gives access to MINOS and some other solvers. Access to AMPL for
larger problems is freely available through the so-called NEOS system, de-
scribed below in Section 7.5.

7.1 The AMPL Language

AMPL is a high level language for describing optimization problems,
submitting them to a solver, and manipulating the results. An AMPL
program has three main parts, the model, in which the problem constructs
are defined, the data which is self evident, and programming in which in-
structions for activating a solver, and displaying or manipulating the results
are carried out. A list of model, data and programming commands are pre-
pared in one or more files and presented to the AMPL system. This processes
the information, evaluates any derivatives automatically, and presents the
problem to a designated solver. Results are then returned to the user. The
AMPL system is due to Fourer, Gay and Kernighan, and is described in the
AMPL reference manual [23]. The syntax of AMPL is concisely defined in
the Appendix of [23], and provides an invaluable aid to debugging an AMPL
model. The user is strongly advised to come to terms with the notation that
is used. Other more abridged introductions to AMPL are available, as can
be found by surfing the web.

The main features of an NLP problem are the variables, presented via the
keyword var, the objective, presented via either minimize or maximize, and
constraints, presented via the keyword subject to. These constructions are
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described using entities introduced by the keywords param for fixed parame-
ters, and set for multivalued set constructions. An example which illustrates
all the features is to solve the HS72 problem in CUTE. Here the model is spec-
ified in a file hs72.mod. Note that upper and lower case letters are different:
here we have written user names in upper case, but that is not necessary. All
AMPL commands are terminated by a semicolon.

hs72.mod

set ROWS = {1..2};
set COLUMNS = {1..4};
param A {ROWS, COLUMNS};
param B {ROWS};
var X {COLUMNS} >= 0.001;

minimize OBJFN: 1 + sum {j in COLUMNS} x[j];

subject to

CONSTR {i in ROWS}: sum {j in COLUMNS}
A[i,j]/X[j] <= B[i];

UBD {j in COLUMNS}: X[j] <= (5-j)*1e5;

In this model, the sets are just simple ranges, like 1..4 (i.e. 1 up to 4). We could
have shortened the program by deleting the set declaration and replacing
ROWS by 1..2 etc., in the rest of the program. But the use of ROWS and COLUMNS
is more descriptive. The program defines a vector of variables X, and the data
is the matrix A and vector B which are parameters. Simple lower bounds on
the variables are specified in the var statement, and sum is a construction
which provides summation. The constraint CONSTR implements the system of
inequalities

∑4
j=1 ai,j/xj ≤ bi, i = 1, 2. Note that indices are given within

square brackets in AMPL. Constructions like j in COLUMNS are referred to
as indexing in the AMPL syntax. The constraints in UBD define upper bounds
on the variables which depend upon j. Note that the objective function and
each set of constraint functions must be given a name by the user.

The data of the problem is specified in the file hs72.dat. Note the use of
tabular presentation for elements of A and B.

hs72.dat

param A: 1 2 3 4 :=

1 4 2.25 1 0.25

2 0.16 0.36 0.64 0.64;

param B :=

1 0.0401

2 0.010085;

The next stage is to fire up the AMPL system on the computer. This will
result in the user receiving the AMPL prompt ampl:. The programming
session to solve HS72 would proceed as follows.
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An AMPL session

ampl: model hs72.mod;

ampl: data hs72.dat;

ampl: let {j in COLUMNS} X[j] := 1;
ampl: solve;

ampl: display OBJFN;

ampl: display X;

The model and data keywords read in the model and data. The keyword
let allows assignment of initial values to the variables, and the display
commands initiate output to the terminal. Output from AMPL (not shown
here) would be interspersed between the user commands. It is also possible
to aggregate data and, if required, programming, into a single hs72.mod
file. In this case the data must follow the model, and must be preceded by
the statement data;. One feature to watch out for occurs when revising the
model. In this case, repeating the command model hs72.mod; will add the
new text to the database, rather than overwrite it. To remove the previous
model from the database, the command reset; should first be given.

7.2 Networks in AMPL

AMPL is a most convenient system for modelling networks of diverse kinds
(road, gas supply, work flow, . . .). We illustrate some of the useful AMPL
constructions in this section by reference to an electrical power network in
which the objective is to minimize the power generation required to meet
the demand on a given network. The model also illustrates some other useful
AMPL features, notably the use of dependent variables. A toy system used
by electrical engineers is illustrated in Figure 5. It is described in AMPL

Fig. 5 A Simple Power
Distribution Network

~

~

NORTH LAKE MAIN

ELMSOUTH
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A Power Generation Problem

set CONSUMERS;

set GENERATORS;

set NODES = CONSUMERS union GENERATORS;

set POWERLINES within (NODES cross NODES);

param LOADP {NODES};
param R {POWERLINES};
param X {POWERLINES};
param ZSQ {(i,j) in POWERLINES} = R[i,j]ˆ2+X[i,j]ˆ2;

param C {(i,j) in POWERLINES} = R[i,j]/ZSQ[i,j];

param D {(i,j) in POWERLINES} = X[i,j]/ZSQ[i,j];

. . .

var V {NODES}; # Voltages

var THETA {NODES}; # Phase angles

var PG {GENERATORS} ¿= 0; # Power generation

. . .

var PSI {(i,j) in POWERLINES} = THETA[i] - THETA[j];

var P {(i,j) in POWERLINES} = C[i,j]*V[i]ˆ2 +

V[i]*V[j]*(D[i,j]*sin(PSI[i,j])-C[i,j]*cos(PSI[i,j]);

. . .

minimize PGEN: sum {i in GENERATORS} PG[i];

. . .

subject to

EQUALPC {i in CONSUMERS}:
sum {(j,i) in POWERLINES} P[j,i]=

sum {(i,j) in POWERLINES} P[i,j] + LOADP[i];

EQUALPG {i in GENERATORS}:
PG[i,j] + sum {(j,i) in POWERLINES} P[j,i]=

sum {(i,j) in POWERLINES} P[i,j] + LOADP[i];

. . .

data;

set CONSUMERS := LAKE MAIN ELM;

set GENERATORS := NORTH SOUTH;

set POWERLINES := (NORTH,SOUTH) (NORTH,LAKE)

(SOUTH,LAKE) (SOUTH,MAIN) (SOUTH,ELM)

(LAKE,MAIN) (MAIN,ELM);

param: R X :=

NORTH SOUTH 0.02 0.06

NORTH LAKE 0.08 0.24

SOUTH LAKE 0.06 0.24

. . .

MAIN ELM 0.08 0.24;

param LOADP := NORTH 0; SOUTH 0.2, LAKE 0.45, MAIN 0.4, ELM 0.6;

. . .
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by the constructions shown on page 207. Note the use of the keyword union
to merge the nodes with and without power generation. Also observe the
use of cross, which indicates all possible connections between the nodes,
and within which indicates that the actual network is a subset of these.
In fact the operator cross has higher priority than within so the brackets
around the cross construction are not necessary. The user is using the con-
vention that power flows from the first node to the second node (a negative
value of flow is allowed and would indicate flow in the opposite sense). The
program also shows the use of dependent parameters and variables. Thus
the parameters ZSQ depend on R and X, and C and D both depend on R, X
and ZSQ. It is necessary that the order in which these statements are given
reflects these dependencies. The true variables in the problem (as shown here)
are V, THETA and PG. Additional variables which depend on these variables,
and also on the parameters, are PSI and P, as defined by the expressions
which follow the ‘=’ sign. The objective is to minimize the sum of gener-
ated power. Constraints include power balance constraints at consumer nodes
and generator nodes, the latter including a term for power generation. Note
the use of P[j,i] for power entering node i and P[i,j] for power exiting
node i. The program also provides a useful illustration of how to supply
data for network problems, and the use of the # sign for including com-
ments. Note also the use of standard functions such as sin and cos in the
expressions. The program shown is only part of the full model, which would
include flow of reactive power, and upper and lower bounds on various of the
variables.

7.3 Other Useful AMPL Features

The following problem is due to Bob Vanderbei (who gives many interesting
AMPL programs: search for vanderbei princeton on Google and click on
LOQO). A rocket starts at time t = 0, position x(0) = 0 and velocity v(0) = 0.
It must reach position x(T ) = 100, also with velocity v(T ) = 0. We shall
divide the total time T into n intervals of length h and use finite difference
approximations

vi =
x
i+

1
2
− x

i− 1
2

h
and ai =

v
i+

1
2
− v

i− 1
2

h
.

for velocity and acceleration. The maximum velocity is 5 units and the ac-
celeration must lie within ±1 units. The aim is to minimize the total time
T = nh. The AMPL program is
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A Rocket Problem

param n > 2;

set vrange = {0.5..n-0.5 by 1};
set arange = {1..n-1};
var x {0..n}; var v {vrange} <= 5;

var a {arange} <= 1, >= -1;

var h;

minimize T: n*h;

subject to

xdiff {i in vrange}: x[i+0.5]-x[i-0.5]=h*v[i];

vdiff {i in arange}: v[i+0.5]-v[i-0.5]=h*a[i];

x0: x[0] = 0; xn: x[n] = 100;

v0: v[1.5] = 3*v[0.5]; # Implements v0 = 0

vn: v[n-1.5] = 3*v[n-0.5]; # Implements vn = 0

The actual value of n must be supplied in the data section. An alternative
implementation could be made in which v and a are expressed as dependent
variables. Things to observe include the treatment of ranges and the use of by.
Also note the use of both upper and lower bounds on the variables, and the
beautifully concise form that AMPL permits.

AMPL can also be very descriptive when applied to finite element dis-
cretizations. I have used the following constructions in the context of a two
dimensional p.d.e.

2-D Finite Element Constructions

set NODES;

set DIRICHLET within NODES;

set INTERIOR = NODES diff DIRICHLET;

set TRIANGLES within NODES cross NODES cross NODES;

set EDGES = setof {(i,j,k) in TRIANGLES} (i,j)

union setof {(i,j,k) in TRIANGLES} (j,k)

union setof {(i,j,k) in TRIANGLES} (k,i);
set SHAPE FNS =

setof {(i,j,k) in TRIANGLES} (i,j,k) union

setof {(i,j,k) in TRIANGLES} (j,k,i) union

setof {(i,j,k) in TRIANGLES} (k,i,j);

This illustrates the use of three suffix quantities (TRIANGLES), and the
selection of all two suffix entities (EDGES) using setof. Shape functions are
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elementary functions defined on triangles taking the value 1 at one node and
0 at the others. Note also the use of diff for set difference, and the allowed
use of underscore within an identifier.

AMPL contains many more useful constructions which we have not space
to mention here. Purchasing a copy of the manual is essential! Worthy of men-
tion however is the existence of for and if then else constructions. This
can be very useful at the programming stage. An if then else construc-
tion is also allowed within a model but should be used with care, because it
usually creates a nonsmooth function which many methods are not designed
to handle. The same goes for abs and related nonsmooth functions. Another
useful feature for creating loops at the programming stage is the repeat
construction.

7.4 Accessing AMPL

Unfortunately the full AMPL system is a commercial product for which a
licence fee must be paid. However there is a student version of AMPL available
which is free, but restricted to no more than 300 variables and constraints. In
this section we list the steps needed to install the student version of AMPL
on a unix operating system, as follows

1. connect to www.ampl.com
2. follows the link to download the student edition, following the quick start

instructions
3. choose the architecture
4. download ampl.gz and gunzip it
5. download one or more solvers (e.g. MINOS or SNOPT).

Ideally these files should be stored in a \usr\bin area with symbolic links
that enable them to be called from other directories.

7.5 NEOS and Kestrel

NEOS (Network Enabled Optimization Server) is a system running at the
Argonne National Laboratory that solves optimization problems submitted
by anyone, through the medium of the internet. The simplest way to access
NEOS is via email. The following template, using the solver SNOPT for
example, should be sent to neos@mcs.anl.gov, after having included the
model, data, etc., where indicated.
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NEOS Template for AMPL

<document>

<category>nco</category>

<solver>SNOPT</solver>

<inputMethod>AMPL</inputMethod>

<model><![CDATA[

Insert Model Here
]]></model>

<data><![CDATA[

Insert Data Here
]]></data>

<commands><![CDATA[

Insert Programming Here
]]></commands>

<comments><![CDATA[

Insert Any Comments Here
]]></comments>

</document>

An alternative approach is to use the Kestrel interface to NEOS. This
enables the remote solution of optimization problems within the AMPL and
GAMS modelling languages. Quoting from the documentation, problem gen-
eration, including the run-time detection of syntax errors, occurs on the local
machine using any available modelling language facilities. Solution takes place
on a remote machine, with the result returned in the native modelling lan-
guage format for further processing. To use Kestrel, the Kestrel interface must
be downloaded at step 5 above, using the same process as for downloading
the solvers. To initiate a solve with say SNOPT using Kestrel, the following
protocol must be initiated when using AMPL on the local machine.

Accessing NEOS from the Kestrel interface

ampl: option solver kestrel;

ampl: option kestrel options "solver=SNOPT";

An advantage of using NEOS from Kestrel (or by email as above) is that the
restriction in size no longer applies. A disadvantage is that the response of
the NEOS server can be slow at certain times of the day.
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Interior Point Methods for Nonlinear
Optimization

Imre Pólik and Tamás Terlaky

1 Introduction

1.1 Historical Background

Interior-point methods (IPMs) are among the most efficient methods for
solving linear, and also wide classes of other convex optimization problems.
Since the path-breaking work of Karmarkar [48], much research was invested
in IPMs. Many algorithmic variants were developed for Linear Optimiza-
tion (LO). The new approach forced to reconsider all aspects of optimization
problems. Not only the research on algorithms and complexity issues, but
implementation strategies, duality theory and research on sensitivity analy-
sis got also a new impulse. After more than a decade of turbulent research,
the IPM community reached a good understanding of the basics of IPMs.
Several books were published that summarize and explore different aspects
of IPMs. The seminal work of Nesterov and Nemirovski [63] provides the
most general framework for polynomial IPMs for convex optimization. Den
Hertog [42] gives a thorough survey of primal and dual path-following IPMs
for linear and structured convex optimization problems. Jansen [45] discusses
primal-dual target following algorithms for linear optimization and comple-
mentarity problems. Wright [93] also concentrates on primal-dual IPMs, with
special attention on infeasible IPMs, numerical issues and local, asymptotic
convergence properties. The volume [80] contains 13 survey papers that cover
almost all aspects of IPMs, their extensions and some applications. The book
of Ye [96] is a rich source of polynomial IPMs not only for LO, but for convex
optimization problems as well. It extends the IPM theory to derive bounds
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and approximations for classes of nonconvex optimization problems as well.
Finally, Roos, Terlaky and Vial [72] present a thorough treatment of the IPM
based theory – duality, complexity, sensitivity analysis – and wide classes of
IPMs for LO.

Before going in a detailed discussion of our approach, some remarks are
made on implementations of IPMs and on extensions and generalizations.

IPMs have also been implemented with great success for linear, conic and
general nonlinear optimization. It is now a common sense that for large-scale,
sparse, structured LO problems, IPMs are the method of choice and by today
all leading commercial optimization software systems contain implementa-
tions of IPMs. The reader can find thorough discussions of implementation
strategies in the following papers: [5, 53, 55, 94]. The books [72, 93, 96] also
devote a chapter to that subject.

Some of the earlier mentioned books [42, 45, 63, 80, 96] discuss extensions
of IPMs for classes of nonlinear problems. In recent years the majority
of research is devoted to IPMs for nonlinear optimization, specifically for
second order (SOCO) and semidefinite optimization (SDO). SDO has a
wide range of interesting applications not only in such traditional areas as
combinatorial optimization [1], but also in control, and different areas of
engineering, more specifically structural [17] and electrical engineering [88].
For surveys on algorithmic and complexity issues the reader may consult
[16, 18–20,63,64,69, 75].

In the following sections we will build up the theory gradually, starting
with linear optimization and generalizing through conic optimization to non-
linear optimization. We will demonstrate that the main idea behind the
algorithms is similar but the details and most importantly the analysis of
the algorithms are slightly different.

1.2 Notation and Preliminaries

After years of intensive research a deep understanding of IPMs is devel-
oped. There are easy to understand, simple variants of polynomial IPMs.
The self-dual embedding strategy [47,72,97] provides an elegant solution for
the initialization problem of IPMs. It is also possible to build up not only
the complete duality theory of [72] of LO, but to perform sensitivity analy-
sis [45, 46, 58, 72] on the basis of IPMs. We also demonstrate that IPMs not
only converge to an optimal solution (if it exists), but after a finite number
of iterations also allow a strongly polynomial rounding procedure [56, 72] to
generate exact solutions. This all requires only the knowledge of elementary
calculus and can be taught not only at a graduate, but at an advanced un-
dergraduate level as well. Our aim is to present such an approach, based on
the one presented in [72].
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This chapter is structured as follows. First, in Section 2.1 we briefly re-
view the general LO problem in canonical form and discuss how Goldman and
Tucker’s [32, 85] self-dual and homogeneous model is derived. In Section 2.2
the Goldman-Tucker theorem, i.e., the existence of a strictly complementary
solution for the skew-symmetric self-dual model will be proved. Here such
basic IPM objects, as the interior solution, the central path, the Newton
step, the analytic center of polytopes will be introduced. We will show that
the central path converges to a strictly complementary solution, and that an
exact strictly complementary solution for LO, or a certificate for infeasibility
can be obtained after a finite number of iterations. Our theoretical develop-
ment is summarized in Section 2.3. Finally, in Section 2.4 a general scheme
of IPM algorithms is presented. This is the scheme that we refer back to in
later sections. In Section 3 we extend the theory to conic (second order and
semidefinite) optimization, discuss some applications and present a variant
of the algorithm. Convex nonlinear optimization is discussed in Section 4 and
a suitable interior point method is presented. Available software implemen-
tations are discussed in Section 5. Some current research directions and open
problems are discussed in Section 6.

1.2.1 Notation

R
n
+ denotes the set of nonnegative vectors in R

n. Throughout, we use ‖·‖p
(p ∈ {1, 2,∞}) to denote the p-norm on R

n, with ‖·‖ denoting the Euclidean
norm ‖·‖2. I denotes the identity matrix, e is used to denote the vector
which has all its components equal to one. Given an n-dimensional vector x,
we denote by X the n × n diagonal matrix whose diagonal entries are the
coordinates xj of x. If x, s ∈ R

n then xT s denotes the dot product of the
two vectors. Further, xs, xα for α ∈ R and max{x, y} denotes the vectors
resulting from coordinatewise operations. For any matrix A ∈ R

m×n, Aj
denotes the jth column of A. Furthermore,

π(A) :=
n∏
j=1

‖Aj‖. (1.1)

For any index set J ⊆ {1, 2, . . . , n}, |J | denotes the cardinality of J and
AJ ∈ R

m×|J| the submatrix of A whose columns are indexed by the elements
in J . Moreover, if K ⊆ {1, 2, . . . ,m}, AKJ ∈ R

|K|×|J| is the submatrix of AJ
whose rows are indexed by the elements in K.

Vectors are assumed to be column vectors. The (vertical) concatenation
of two vectors (or matrices of appropriate size) u and v is denoted by (u; v),
while the horizontal concatenation is (u, v).
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2 Interior Point Methods for Linear Optimization

This section is based on [81]. Here we build the theory of interior point
methods for linear optimization including almost all the proofs. In later sec-
tions we refer back to these results.

2.1 The Linear Optimization Problem

We consider the general LO problem (P ) and its dual (D) in canonical form:

min
{
cTu : Au ≥ b, u ≥ 0

}
(P)

max
{
bT v : AT v ≤ c, v ≥ 0

}
, (D)

where A is an m × k matrix, b, v ∈ R
m and c, u ∈ R

k. It is well known that
by using only elementary transformations, any given LO problem can easily
be transformed into a “minimal” canonical form. These transformations can
be summarized as follows:

• introduce slacks in order to get equations (if a variable has a lower and
an upper bound, then one of these bounds is considered as an inequality
constraint);

• shift the variables with lower or upper bound so that the respective bound
becomes 0 and, if needed replace the variable by its negative;

• eliminate free variables;1

• use Gaussian elimination to transform the problem into a form where all
equations have a singleton column (i.e., choose a basis and multiply the
equations by the inverse basis) while dependent constraints are eliminated.

The weak duality theorem for the canonical LO problem is easily proved.

1 Free variables can easily be eliminated one-by-one. If we assume that x1 is a free variable
and has a nonzero coefficient in a constraint, e.g., we have

n∑
i=1

αixi = β

with α1 �= 0, then we can express x1 as

x1 =
β

α1
−

n−1∑
i=1

αi

α1
xi. (2.1)

Because x1 has no lower or upper bounds, this expression for x1 can be substituted into
all the other constraints and in the objective function.
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Theorem 2.1 (Weak duality for linear optimization). Let us assume
that u ∈ R

k and v ∈ R
m are feasible solutions for the primal problem (P )

and dual problem (D), respectively. Then one has

cTu ≥ bT v

where equality holds if and only if

(i) ui(c − AT v)i = 0 for all i = 1, . . . , k and
(ii) vj(Au − b)j = 0 for all j = 1, . . . ,m.2

Proof. Using primal and dual feasibility of u and v we may write

(c − AT v)Tu ≥ 0 and vT (Au − b) ≥ 0

with equality if and only if (i), respectively (ii) holds. Summing up these two
inequalities we have the desired inequality

0 ≤ (c − AT v)Tu + vT (Au − b) = cTu − bT v.

The theorem is proved. !"
One easily derives the following sufficient condition for optimality.

Corollary 2.2. Let a primal and dual feasible solution u ∈ R
k and v ∈ R

m

with cTu = bT v be given. Then u is an optimal solution of the primal problem
(P ) and v is an optimal solution of the dual problem (D). !"

The Weak Duality Theorem provides a sufficient condition to check optimal-
ity of a feasible solution pair. However, it does not guarantee that, in case
of feasibility, an optimal pair with zero duality gap always exists. This is the
content of the so-called Strong Duality Theorem that we are going to prove in
the next sections by using only simple calculus and basic concepts of IPMs.

As we are looking for optimal solutions of the LO problem with zero duality
gap, we need to find a solution of the system formed by the primal and the
dual feasibility constraints and by requiring that the dual objective is at least
as large as the primal one. By the Weak Duality Theorem (Thm. 2.1) we know
that any solution of this system is both primal and dual feasible with equal
objective values. Thus, by Corollary 2.2, they are optimal. By introducing
appropriate slack variables the following inequality system is derived.

Au − z = b, u ≥ 0, z ≥ 0
AT v + w = c, v ≥ 0, w ≥ 0

bT v − cTu − ρ = 0, ρ ≥ 0.
(2.2)

2 These conditions are in general referred to as the complementarity conditions. Using the
coordinatewise notation we may write u(c − AT v) = 0 and v(Au − b) = 0. By the weak
duality theorem complementarity and feasibility imply optimality.
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By homogenizing, the Goldman-Tucker model [32, 85] is obtained.

Au −τb −z = 0, u ≥ 0, z ≥ 0
−AT v +τc −w = 0, v ≥ 0, w ≥ 0

bT v −cTu −ρ = 0, τ ≥ 0, ρ ≥ 0.
(2.3)

One easily verifies that if (v, u, τ, z, w, ρ) is a solution of the Goldman-
Tucker system (2.3), then τρ > 0 cannot hold. Indeed, if τρ were positive
then the we would have

0 < τρ = τbT v − τcTu = uTAT v − zTv − vTAu − wTu = −zTv − wTu ≤ 0

yielding a contradiction.
The homogeneous Goldman-Tucker system admits the trivial zero solution,

but that has no value for our discussions. We are looking for some specific
nontrivial solutions of this system. Clearly any solution with τ > 0 gives a
primal and dual optimal pair (u

τ , vτ ) with zero duality gap because ρ must be
zero if τ > 0. On the other hand, any optimal pair (u, v) with zero duality
gap is a solution of the Goldman-Tucker system with τ = 1 and ρ = 0.

Finally, if the Goldman-Tucker system admits a nontrivial feasible solution
(v, u, τ , z, w, ρ) with τ = 0 and ρ > 0, then we may conclude that either (P ),
or (D), or both of them are infeasible. Indeed, τ = 0 implies that Au ≥ 0
and AT v ≤ 0. Further, if ρ > 0 then we have either bT v > 0, or cTu < 0, or
both. If bT v > 0, then by assuming that there is a feasible solution u ≥ 0 for
(P ) we have

0 < bT v ≤ uTAT v ≤ 0

which is a contradiction, thus if bT v > 0, then (P ) must be infeasible. Simi-
larly, if cTu < 0, then by assuming that there is a dual feasible solution v ≥ 0
for (D) we have

0 > cTu ≥ vTAu ≥ 0

which is a contradiction, thus if cTu > 0, then (D) must be infeasible.
Summarizing the results obtained so far, we have the following theorem.

Theorem 2.3. Let a primal dual pair (P ) and (D) of LO problems be given.
The following statements hold for the solutions of the Goldman-Tucker sys-
tem (2.3).

1. Any optimal pair (u, v) of (P ) and (D) with zero duality gap is a solution
of the corresponding Goldman-Tucker system with τ = 1.

2. If (v, u, τ, z, w, ρ) is a solution of the Goldman-Tucker system then either
τ = 0 or ρ = 0, i.e., τρ > 0 cannot happen.

3. Any solution (v, u, τ, z, w, ρ) of the Goldman-Tucker system, where τ > 0
and ρ = 0, gives a primal and dual optimal pair (u

τ , vτ ) with zero duality
gap.
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4. If the Goldman-Tucker system admits a feasible solution (v, u, τ , z, w, ρ)
with τ = 0 and ρ > 0, then we may conclude that either (P ), or (D), or
both of them are infeasible.

Our interior-point approach will lead us to a solution of the Goldman-
Tucker system, where either τ > 0 or ρ > 0, avoiding the undesired situation
when τ = ρ = 0.

Before proceeding, we simplify our notations. Observe that the Goldman-
Tucker system can be written in the following compact form

Mx ≥ 0, x ≥ 0, s(x) = Mx, (2.4)

where

x =

⎛
⎝ v

u

τ

⎞
⎠ , s(x) =

⎛
⎝ z

w

ρ

⎞
⎠ and M =

⎛
⎝ 0 A −b

−AT 0 c

bT −cT 0

⎞
⎠

is a skew-symmetric matrix, i.e., MT = −M . The Goldman-Tucker the-
orem [32, 72, 85] says that system (2.4) admits a strictly complementary
solution. This theorem will be proved in the next section.

Theorem 2.4 (Goldman, Tucker). System (2.4) has a strictly comple-
mentary feasible solution, i.e., a solution for which x + s(x) > 0.

Observe that this theorem ensures that either case 3 or case 4 of Theorem 2.3
must occur when one solves the Goldman-Tucker system of LO. This is in
fact the strong duality theorem of LO.

Theorem 2.5. Let a primal and dual LO problem be given. Exactly one of
the following statements hold:

• (P ) and (D) are feasible and there are optimal solutions u∗ and v∗ such
that cTu∗ = bT v∗.

• Either problem (P ), or (D), or both are infeasible.

Proof. Theorem 2.4 implies that the Goldman-Tucker system of the LO prob-
lem admits a strictly complementary solution. Thus, in such a solution, either
τ > 0, and in that case item 3 of Theorem 2.3 implies the existence of an
optimal pair with zero duality gap. On the other hand, when ρ > 0, item 4
of Theorem 2.3 proves that either (P ) or (D) or both are infeasible. !"

Our next goal is to give an elementary constructive proof of Theorem 2.4.
When this project is finished, we have the complete duality theory
for LO.
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2.2 The Skew-Symmetric Self-Dual Model

2.2.1 Basic Properties of the Skew-Symmetric Self-Dual Model

Following the approach in [72] we make our skew-symmetric model (2.4) a
bit more general. Thus our prototype problem is

min
{
qTx : Mx ≥ −q, x ≥ 0

}
, (SP)

where the matrix M ∈ R
n×n is skew-symmetric and q ∈ R

n
+. The set of

feasible solutions of (SP ) is denoted by

SP := {x : x ≥ 0, Mx ≥ −q }.

By using the assumption that the coefficient matrix M is skew-symmetric
and the right-hand-side vector −q is the negative of the objective coefficient
vector, one easily verifies that the dual of (SP) is equivalent to (SP) itself,
i.e., problem (SP) is self-dual. Due to the self-dual property the following
result is trivial.

Lemma 2.6. The optimal value of (SP) is zero and (SP) admits the zero
vector x = 0 as a feasible and optimal solution.

Given (x, s(x)), where s(x) = Mx + q we may write

qTx = xT (s(x) − Mx) = xT s(x) = eT (xs(x)),

i.e., for any optimal solution eT (xs(x)) = 0 implying that the vectors x and
s(x) are complementary. For further use, the optimal set of (SP) is denoted by

SP ∗ := {x : x ≥ 0, s(x) ≥ 0, xs(x) = 0}.

A useful property of optimal solutions is given by the following lemma.

Lemma 2.7. Let x and y be feasible for (SP). Then x and y are optimal if
and only if

xs(y) = ys(x) = xs(x) = ys(y) = 0. (2.5)

Proof. Because M is skew-symmetric we have (x − y)TM(x − y) = 0, which
implies that (x − y)T (s(x) − s(y)) = 0. Hence xT s(y) + yT s(x) = xT s(x) +
yT s(y) and this vanishes if and only if x and y are optimal. !"

Thus, optimal solutions are complementary in the general sense, i.e., they are
not only complementary w.r.t. their own slack vector, but complementary
w.r.t. the slack vector for any other optimal solution as well.

All of the above results, including to find a trivial optimal solution were
straightforward for (SP). The only nontrivial result that we need to prove is
the existence of a strictly complementary solution.
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First we prove the existence of a strictly complementary solution if the
so-called interior-point condition holds.

Assumption 2.8 (Interior-Point Condition (IPC))
There exists a point x0 ∈ SP such that

(x0, s(x0)) > 0. (2.6)

Before proceeding, we show that this condition can be assumed without
loss of generality. If the reader is eager to know the proof of the existence of
a strictly complementary solution for the self dual model (SP), he/she might
temporarily skip the following subsection and return to it when all the results
for the problem (SP) are derived under the IPC.

2.2.2 IPC for the Goldman-Tucker Model

Recall that (SP) is just the abstract model of the Goldman-Tucker problem
(2.4) and our goal is to prove Theorem 2.4. In order to apply the results of
the coming sections we need to modify problem (2.4) so that the resulting
equivalent problem satisfies the IPC.

Self-dual embedding of (2.4) with IPC

Due to the second statement of Theorem 2.3, problem (2.4) cannot satisfy
the IPC. However, because problem (2.4) is just a homogeneous feasibility
problem, it can be transformed into an equivalent problem (SP) which sat-
isfies the IPC. This happens by enlarging, i.e., embedding the problem and
defining an appropriate nonnegative vector q.

Let us take x = s(x) = e. These vectors are positive, but they do not
satisfy (2.4). Let us further define the error vector r obtained this way by

r := e − Me, and let λ := n + 1.

Then we have(
M r

−rT 0

)(
e

1

)
+
(

0
λ

)
=
(

Me + r

−rT e + λ

)
=
(

e

1

)
. (2.7)

Hence, the following problem

min
{

λϑ : −
(

M r

−rT 0

)(
x

ϑ

)
+
(

s

ν

)
=
(

0
λ

)
;
(

x

ϑ

)
,

(
s

ν

)
≥ 0

}
(SP)
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satisfies the IPC because for this problem the all-one vector is feasible. This
problem is in the form of (SP), where

M =
(

M r

−rT 0

)
, x =

(
x

ϑ

)
and q̄ =

(
0
λ

)
.

We claim that finding a strictly complementary solution to (2.4) is equiv-
alent to finding a strictly complementary optimal solution to problem (SP).
This claim is valid, because (SP) satisfies the IPC and thus, as we will
see, it admits a strictly complementary optimal solution. Because the ob-
jective function is just a constant multiple of ϑ, this variable must be zero
in any optimal solution, by Lemma 2.6. This observation implies the claimed
result.

Conclusion

Every LO problem can be embedded in a self-dual problem (SP) of the
form (SP). This can be done in such a way that x = e is feasible for (SP) and
s(e) = e. Having a strictly complementary solution of (SP) we either find an
optimal solution of the embedded LO problem, or we can conclude that the
LO problem does not have an optimal solution.

After this intermezzo, we return to the study of our prototype problem
(SP) by assuming the IPC.

2.2.3 The Level Sets of (SP)

Let x ∈ SP and s = s(x) be a feasible pair. Due to self duality, the duality
gap for this pair is twice the value

qTx = xT s,

however, for the sake of simplicity, the quantity qTx = xT s itself will be
referred to as the duality gap. First we show that the IPC implies the bound-
edness of the level sets.

Lemma 2.9. Let the IPC be satisfied. Then, for each positive K, the set of
all feasible pairs (x, s) such that xT s ≤ K is bounded.

Proof. Let (x0, s0) be an interior-point. Because the matrix M is skew-
symmetric, we may write

0 = (x − x0)TM(x − x0) = (x − x0)T (s − s0)

= xT s + (x0)T s0 − xT s0 − sTx0. (2.8)
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From here we get

xjs
0
j ≤ xT s0 + sTx0 = xT s + (x0)T s0 ≤ K + (x0)T s0.

The proof is complete. !"

In particular, this lemma implies that the set of optimal solutions SP ∗ is
bounded as well.3

2.2.4 Central Path, Optimal Partition

First we define the central path [23,27,54, 74] of (SP).

Definition 2.11. Let the IPC be satisfied. The set of solutions

{(x(μ), s(x(μ))) : Mx + q = s, xs = μe, x > 0 for some μ > 0} (2.9)

is called the central path of (SP).

If no confusion is possible, instead of s(x(μ)) the notation s(μ) will be used.
Now we are ready to present our main theorem. This in fact establishes the
existence of the central path. At this point our discussion deviates from the
one presented in [72]. The proof presented here is more elementary because it
does not make use of the logarithmic barrier function.

Theorem 2.12. The next statements are equivalent.

i. (SP) satisfies the interior-point condition;
ii. For each 0 < μ ∈ R there exists (x(μ), s(μ)) > 0 such that

Mx + q = s (2.10)
xs = μe.

iii. For each 0 < w ∈ R
n there exists (x, s) > 0 such that

Mx + q = s (2.11)
xs = w.

3 The following result shows that the IPC not only implies the boundedness of the level
sets, but the converse is also true. We do not need this property in developing our main
results, so this is presented without proof.

Corollary 2.10. Let (SP) be feasible. Then the following statements are equivalent:

i. the interior-point condition is satisfied;
ii. the level sets of xT s are bounded;
iii. the optimal set SP ∗ of (SP) is bounded.
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Moreover, the solutions of these systems are unique.

Before proving this highly important result we introduce the notion of optimal
partition and present our main result. The partition (B,N) of the index set
{1, ..., n} given by

B := {i : xi > 0, for some x ∈ SP ∗} , (2.12a)

N := {i : s(x)i > 0, for some x ∈ SP ∗} , (2.12b)

is called the optimal partition. By Lemma 2.7 the sets B and N are disjoint.
Our main result says that the central path converges to a strictly comple-
mentary optimal solution, and this result proves that B ∪ N = {1, ..., n}.
When this result is established, the Goldman-Tucker theorem (Theorem 2.4)
for the general LO problem is proved because we use the embedding method
presented in Section 2.2.2.

Theorem 2.13. If the IPC holds then there exists an optimal solution x∗

and s∗ = s(x∗) of problem (SP) such that x∗
B > 0, s∗N > 0 and x∗ + s∗ > 0.

First we prove Theorem 2.12.

Proof. We start the proof by demonstrating that the systems in (ii) and (iii )
may have at most one solution. Because (ii) is a special case of (iii), it is
sufficient to prove uniqueness for (iii).

Let us assume to the contrary that for a certain w > 0 there are two
vectors (x, s) 
= (x, s) > 0 solving (iii). Then using the fact that matrix M
is skew-symmetric, we may write

0 = (x − x)TM(x − x) = (x − x)T (s − s) =
∑
xi �=xi

(x − x)i(s − s)i. (2.13)

Due to xs = w = x s we have

xi < xi ⇐⇒ si > si (2.14a)

xi > xi ⇐⇒ si < si. (2.14b)

By considering these sign properties one easily verifies that the relation

0 =
∑
xi �=xi

(x − x)i(s − s)i < 0 (2.15)

should hold, but this is an obvious contradiction. As a result, we may conclude
that if the systems in (ii) and (iii) admit a feasible solution, then such a
solution is unique. !"
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The Newton step

In proving the existence of a solution for the systems in (ii) and (iii) our main
tool is a careful analysis of the Newton step when applied to the nonlinear
systems in (iii).4

Let a vector (x, s) > 0 with s = Mx + q be given. For a particular w > 0
one wants to find the displacement (Δx,Δs) that solves

M(x + Δx) + q = s + Δs (2.16)
(x + Δx)(s + Δs) = w.

This reduces to

MΔx = Δs (2.17)
xΔs + sΔx + ΔxΔs = w − xs.

This equation system is still nonlinear. When we neglect the second order
term ΔxΔs the Newton equation

MΔx = Δs (2.18)
xΔs + sΔx = w − xs

is obtained. This is a linear equation system and the reader easily verifies
that the Newton direction Δx is the solution of the nonsingular system of
equations5

(M + X−1S)Δx = x−1w − s. (2.19)

When we perform a step in the Newton direction with step-length α, for the
new solutions (x+, s+) = (x + αΔx, s + αΔs) we have

x+s+ = (x + αΔx)(s + αΔs) = xs + α(xΔs + sΔx) + α2ΔxΔs (2.20)

= xs + α(w − xs) + α2ΔxΔs.

This relation clarifies that the local change of xs is determined by the vector
w − xs. Luckily this vector is known in advance when we apply a Newton
step, thus for sufficiently small α we know precisely which coordinates of xs

4 Observe that no preliminary knowledge on any variants of Newton’s method is assumed.
We just define and analyze the Newton step for our particular situation.
5 Nonsingularity follows from the fact that the sum of a skew-symmetric, thus positive
semi-definite, and a positive definite matrix is positive definite. Although it is not advised
to use for numerical computations, the Newton direction can be expressed as Δx = (M +
X−1S)−1 (x−1w − s).
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decrease locally (precisely those for which the related coordinate of w − xs
is negative) and which coordinate of xs increase locally (precisely those for
which the related coordinate of w − xs is positive).

The equivalence of the three statements in Theorem 2.12.

Clearly (ii) is a special case of (iii) and the implication (ii) → (i) is trivial.
It only remains to be proved that (i), i.e., the IPC, ensures that for each

w > 0 the nonlinear system in (iii) is solvable. To this end, let us assume that
an x0 ∈ SP with (x0, s(x0)) > 0 is given. We use the notation w0 := x0s(x0).
The claim is proved in two steps.

Step 1. For each 0 < w < w ∈ R
n the following two sets are compact:

Lw := {x ∈ SP : xs(x) ≤ w} and
U(w,w) := {w : w ≤ w ≤ w, w = xs(x) for some x ∈ Lw}.

Let us first prove that Lw is compact. For each w > 0, the set Lw is obviously
closed. By definition Lw is included in the level set xT s ≤ eTw, which by
Lemma 2.9 is bounded, thus Lw is compact.

By definition the set U(w,w) is bounded. We only need to prove that it
is closed. Let a convergent sequence wi → ŵ, wi ∈ U(w,w), i = 1, 2, . . . be
given. Then clearly w ≤ ŵ ≤ w holds. Further, for each i there exists xi ∈ Lw
such that wi = xis(xi). Because the set Lw is compact, there is an x̂ ∈ Lw
and a convergent subsequence xi → x̂ (for ease of notation the subsequence is
denoted again the same way). Then we have x̂s(x̂) = ŵ, proving that U(w,w)
is closed, thus compact.

Observe that for each w ∈ U(w,w) by definition we have an x ∈ SP with
w = xs(x). Due to w > 0 this relation implies that x > 0 and s(x) > 0.

Step 2. For each ŵ > 0, the system Mx + q = s, xs = ŵ, x > 0 has a
solution.
If we have ŵ = w0 = x0s(x0), then the claim is trivial. If ŵ 
= w0 then we
define w := max{ŵ, w0}, η = ‖w‖∞+1, w := min{ŵ, w0} and η = 1

2 miniwi.
Then ηe < ŵ < ηe and ηe < w0 < ηe. Due to the last relation the set
U := U(ηe, ηe) is nonempty and compact. We define the nonnegative function
d(w) : U → R as

d(w) := ‖w − ŵ‖∞.

The function d(w) is continuous on the compact set U , thus it attains its
minimum

w̃ := arg min
w∈U

{d(w)}.

If d(w̃) = 0, then w̃ = ŵ ⇒ ŵ ∈ U and hence by the definition of U there is
an x ∈ SP satisfying xs(x) = ŵ and the claim is proved.

If d(w̃) > 0 then we will show that a damped Newton step from w̃ towards
ŵ gives a point w(a) ∈ U such that d(w(a)) < d(w̃), contradicting the fact
that w̃ minimizes d(w). This situation is illustrated in Figure 1.
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w(®)
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w

Fig. 1 The situation when ŵ �= w̃. A damped Newton step from w̃ to ŵ is getting closer
to ŵ. For illustration three possible different w̃ values are chosen.

The Newton step is well defined, because for the vector x̃ ∈ SP defining w̃
the relations x̃ > 0 and s̃ = s(x̃) > 0 hold. A damped Newton step from w̃
to ŵ with sufficiently small α results in a point closer (measured by d(·) =
‖ · ‖∞) to ŵ, because

w(α) = x(α)s(α) := (x̃ + αΔx)(s̃ + αΔs) = x̃s̃ + α(ŵ − x̃s̃) + α2ΔxΔs

= w̃ + α(ŵ − w̃) + α2ΔxΔs. (2.21)

This relation implies that

w(a) − ŵ = (1 − α)(w̃ − ŵ) + α2ΔxΔs, (2.22)

i.e., for α small enough6 all nonzero coordinates of |w(a) − ŵ| are smaller
than the respective coordinates of |w̃− ŵ|. Hence, w(a) is getting closer to ŵ,
closer than w̃. Due to ηe < ŵ < ηe this result also implies that for the chosen

6 The reader easily verifies that any value of α satisfying

α < min

{
w̃i − ŵi

ΔxiΔsi
: (w̃i − ŵi)(ΔxiΔsi) > 0

}

satisfies the requirement.
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small a value the vector w(a) stays in U . Thus w̃ 
= ŵ cannot be a minimizer
of d(w), which is a contradiction. This completes the proof. !"

Now we are ready to prove our main theorem, the existence of a strictly
complementary solution, when the IPC holds.

Proof of Theorem 2.13.

Let μt → 0 (t = 1, 2, · · · ) be a monotone decreasing sequence, hence for all
t we have x(μt) ∈ Lμ1e. Because Lμ1e is compact the sequence x(μt) has an
accumulation point x∗ and without loss of generality we may assume that
x∗ = lim

t→∞ x(μt). Let s∗ := s(x∗). Clearly x∗ is optimal because

x∗s∗ = lim
t→∞ x(μt)s(x(μt)) = lim

t→∞ μte = 0. (2.23)

We still have to prove that (x∗, s(x∗)) is strictly complementary, i.e.,
x∗ + s∗ > 0. Let B = {i : x∗

i > 0} and N = {i : s∗i > 0}. Using the
fact that M is skew-symmetric, we have

0 = (x∗ − x(μt))T (s∗ − s(μt)) = x(μt)T s(μt) − x∗T s(μt) − x(μt)T s∗, (2.24)

which, by using that x(μt)is(μt)i = μt, can be rewritten as

∑
i∈B

x∗
i s(μt)i +

∑
i∈N

s∗i x(μt)i = nμt, (2.25a)

∑
i∈B

x∗
i

x(μt)i
+
∑
i∈N

s∗i
s(μt)i

= n. (2.25b)

By taking the limit as μt goes to zero we obtain that

|B| + |N| = n,

i.e., (B,N) is a partition of the index set, hence (x∗, s(x∗)) is a strictly
complementary solution. The proof of Theorem 2.13 is complete. !"

As we mentioned earlier, this result is powerful enough to prove the strong
duality theorem of LO in the strong form, including strict complementarity,
i.e., the Goldman-Tucker Theorem (Thm. 2.4) for SP and for (P ) and (D).

Our next step is to prove that the accumulation point x∗ is unique.

2.2.5 Convergence to the Analytic Center

In this subsection we prove that the central path has only one accumulation
point, i.e., it converges to a unique point, the so-called analytic center [74] of
the optimal set SP ∗.
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Definition 2.14. Let x ∈ SP ∗, s = s(x) maximize the product

∏
i∈B

xi
∏
i∈N

si (2.26)

over x ∈ SP ∗. Then x is called the analytic center of SP ∗.

It is easily to verify that the analytic center is unique. Let us assume to the
contrary that there are two different vectors x 
= x̃ with x, x̃ ∈ SP ∗ which
satisfy the definition of analytic center, i.e.,

ϑ∗ =
∏
i∈B

xi
∏
i∈N

si =
∏
i∈B

x̃i
∏
i∈N

s̃i = max
x∈SP∗

∏
i∈B

xi
∏
i∈N

si. (2.27)

Let us define x∗ = x+x̃
2 . Then we have

∏
i∈B

x∗
i

∏
i∈N

s∗i =
∏
i∈B

1
2
(xi + x̃i)

∏
i∈N

(si + s̃i)

=
∏
i∈B

1
2

(√
xi
x̃i

+
√

x̃i
xi

)∏
i∈N

1
2

(√
si
s̃i

+
√

s̃i
si

)

√∏
i∈B

xi
∏
i∈N

si
∏
i∈B

x̃i
∏
i∈N

s̃i >
∏
i∈B

xi
∏
i∈N

si = ϑ∗, (2.28)

which shows that x is not the analytic center. Here the last inequality follows
from the classical inequality a + 1

a ≥ 2 if a ∈ R+ and strict inequality holds
when a 
= 1.

Theorem 2.15. The limit point x∗ of the central path is the analytic center
of SP ∗.

Proof. The same way as in the proof of Theorem 2.13 we derive

∑
i∈B

xi
x∗
i

+
∑
i∈N

si
s∗i

= n. (2.29)

Now we apply the arithmetic-geometric mean inequality to derive

(∏
i∈B

xi
x∗
i

∏
i∈N

si
s∗i

) 1
n

≤ 1
n

(∑
i∈B

xi
x∗
i

+
∑
i∈N

si
s∗i

)
= 1. (2.30)
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Hence, ∏
i∈B

xi
∏
i∈N

si ≤
∏
i∈B

x∗
i

∏
i∈N

s∗i (2.31)

proving that x∗ is the analytic center of SP ∗. The proof is complete. !"

2.2.6 Identifying the Optimal Partition

The condition number

In order to give bounds on the size of the variables along the central path we
need to find a quantity that in some sense characterizes the set of optimal
solutions. For an optimal solution x ∈ SP ∗ we have

xs(x) = 0 and x + s(x) ≥ 0.

Our next question is about the size of the nonzero coordinates of optimal
solutions. Following the definitions in [72,96] we define a condition number of
the problem (SP) which characterizes the magnitude of the nonzero variables
on the optimal set SP ∗.

Definition 2.16. Let us define

σx := min
i∈B

max
x∈SP∗

{xi} (2.32a)

σs := min
i∈N

max
x∈SP∗

{s(x)i}. (2.32b)

Then the condition number of (SP) is defined as

σ = min{σx, σs} = min
i

max
x∈SP∗

{xi + s(x)i}. (2.33)

To determine the condition number σ is in general more difficult than to solve
the optimization problem itself. However, we can give an easily computable
lower bound for σ. This bound depends only on the problem data.

Lemma 2.17 (Lower bound for σ:). If M and q are integral 7 and all the
columns of M are nonzero, then

σ ≥ 1
π(M)

, (2.34)

where π(M) =
∏n
i=1 ‖Mi‖.

7 If the problem data is rational, then by multiplying by the least common multiple of the
denominators an equivalent LO problem with integer data is obtained.
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Proof. The proof is based on Cramer’s rule and on the estimation of
determinants by using Hadamard’s inequality.8 Let z = (x, s) be an op-
timal solution. Without loss of generality we may assume that the columns
of the matrix D = (−M, I) corresponding to the nonzero coordinates of
z = (x, s) are linearly independent. If they are not independent, then by us-
ing Gaussian elimination we can reduce the solution to get one with linearly
independent columns. Let us denote this index set by J . Further, let the
index set K be such that DKJ is a nonsingular square submatrix of D. Such
K exists, because the columns in DJ are linearly independent. Now we have
DKJzJ = qK , and hence, by Cramer’s rule,

zj =
det

(
D

(j)
KJ

)
det (DKJ)

, ∀j ∈ J, (2.35)

where D
(j)
KJ denotes the matrix obtained when the jth column in DKJ is

replaced by qK . Assuming that zj > 0 then, because the data is integral,
the numerator in the quotient given above is at least one. Thus we obtain
zj ≥ 1

det (DKJ )
. By Hadamard’s inequality the last determinant can be es-

timated by the product of the norm of its columns, which can further be
bounded by the product of the norms of all the columns of the matrix M .

!"

The condition that none of the columns of the matrix M is a zero vector is
not restrictive. For the general problem (SP) a zero column Mi would imply
that si = qi for each feasible solution, thus the pair (xi, si) could be removed.
More important is that for our embedding problem (SP) none of the columns
of the coefficient matrix (

M r

−rT 0

)

is zero. By definition we have r = e − Me nonzero, because eT r = eT e −
eTMe = n. Moreover, if Mi = 0, then by using that matrix M is skew-
symmetric we have ri = 1, thus the ith column of the coefficient matrix is
again nonzero.

8 Let G be a nonsingular n × n matrix. Hadamard’s inequality states that

det (G) ≤
n∏

i=1

‖Gi‖

holds, see [37] for a reference.
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The size of the variables along the central path

Now, by using the condition number σ, we are able to derive lower and upper
bounds for the variables along the central path. Let (B,N) be the optimal
partition of the problem (SP).

Lemma 2.18. For each positive μ one has

xi(μ) ≥ σ

n
i ∈ B, xi(μ) ≤ nμ

σ
i ∈ N, (2.36a)

si(μ) ≤ nμ

σ
i ∈ B, si(μ) ≥ σ

n
i ∈ N. (2.36b)

Proof. Let (x∗, s∗) be optimal, then by orthogonality we have

(x(μ) − x∗)T (s(μ) − s∗) = 0,

x(μ)T s∗ + s(μ)Tx∗ = nμ,

xi(μ)s∗i ≤ x(μ)T s∗ ≤ nμ, 1 ≤ i ≤ n.

Since we can choose (x∗, s∗) such that s∗i ≥ σ and because xi(μ)si(μ) = μ,
for i ∈ N, we have

xi(μ) ≤ nμ

s∗i
≤ nμ

σ
and si(μ) ≥ σ

n
, i ∈ N.

The proofs of the other bounds are analogous. !"

Identifying the optimal partition

The bounds presented in Lemma 2.18 make it possible to identify the optimal
partition (B,N), when μ is sufficiently small. We just have to calculate the
μ value that ensures that the coordinates going to zero are certainly smaller
than the coordinates that converge to a positive number.

Corollary 2.19. If we have a central solution x(μ) ∈ SP with

μ <
σ2

n2
, (2.37)

then the optimal partition (B,N) can be identified.

The results of Lemma 2.18 and Corollary 2.19 can be generalized to the
situation when a vector (x, s) is not on, but just in a certain neighbourhood
of the central path. In order to keep our discussion short, we do not go into
those details. The interested reader is referred to [72].
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2.2.7 Rounding to an Exact Solution

Our next goal is to find a strictly complementary solution. This could be done
by moving along the central path as μ → 0. Here we show that we do not
have to do that, we can stop at a sufficiently small μ > 0, and round off the
current “almost optimal” solution to a strictly complementary optimal one.
We need some new notation. Let the optimal partition be denoted by (B,N),
let ω := ‖M‖∞ = max1≤i≤n

∑n
j=1 |Mij | and π := π(M) =

∏n
i=1 ‖Mi‖.

Lemma 2.20. Let M and q be integral and all the columns of M be nonzero.
If (x, s) := (x(μ), s(x(μ))) is a central solution with

xT s = nμ <
σ2

n
3
2 (1 + ω)2π

, which certainly holds if nμ ≤ 1
n

3
2 (1 + ω)2π3

,

then by a simple rounding procedure a strictly complementary optimal solution
can be found in O(n3) arithmetic operations.

Proof. Proof. Let x := x(μ) > 0 and s := s(x) > 0 be given. Because

μ <
σ2

n
5
2 (1 + ω)2π

<
σ2

n2
(2.38)

the optimal partition (B,N) is known. Let us simply set the small variables
xN and sB to zero. Then we correct the created error and estimate the size
of the correction.

For (x, s) we have

MBBxB + MBNxN + qB = sB, (2.39)

but by rounding xN and sB to zero the error q̂B = sB − MBNxN occurs.
Similarly, we have

MNBxB + MNNxN + qN = sN (2.40)

but by rounding xN and sB to zero the error q̂N = −MNNxN occurs.
Let us first estimate q̂B and q̂N by using the results of Lemma 2.18. For

q̂B we have

‖q̂B‖ ≤
√

n‖q̂B‖∞ =
√

n‖sB − MBNxN‖∞ ≤
√

n‖(I,−MBN)‖∞
∥∥∥∥ sB

xN

∥∥∥∥
∞

≤
√

n(1 + ω)
nμ

σ
=

n
3
2 μ(1 + ω)

σ
. (2.41)
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We give a bound for the infinity norm of q̂N as well:

‖q̂N‖∞ = ‖ − MNNxN‖∞ ≤ ‖MNN‖∞‖xN‖∞ ≤ ω
nμ

σ
. (2.42)

Now we are going to correct these errors by adjusting xB and sN. Let us
denote the correction by ξ for xB and by ζ for sN, further let (x̂, ŝ) be given
by x̂B := xB + ξ > 0, x̂N = 0, ŝB = 0 and ŝN := sN + ζ > 0.

If we know the correction ξ of xB, then from equation (2.40) the necessary
correction ζ of sN can easily be calculated. Equation (2.39) does not contain
sN , thus by solving the equation

MBBξ = −q̂B (2.43)

the corrected value x̂B = xB + ξ can be obtained.
First we observe that the equation MBBξ = −q̂B is solvable, because any

optimal solution x∗ satisfies MBBx∗
B = −qB, thus we may write MBB(xB+ξ)

= MBBx∗
B = −qB, hence

MBBξ = MBB(x∗
B − xB) = −qB − sB + MBNxN + qB (2.44)

= −sB + MBNxN = −q̂B.

This equation system can be solved by Gaussian elimination. The size of ξ ob-
tained this way can be estimated by applying Cramer’s rule and Hadamard’s
inequality, the same way as we have estimated σ in Lemma 2.17. If MBB is
zero, then we have qB = 0 and MBNxN = sB, thus rounding xN and sB to
zero does not produce any error here, hence we can choose ξ = 0. If MBB is
not the zero matrix, then let MBB be a maximal nonsingular square subma-
trix of MBB and let q̄B be the corresponding part of q̂B. By using the upper
bounds on xN and sB by Lemma 2.18 we have

|ξi| =
|det (M

(i)

BB)|
|det (MBB)|

≤ |det (M
(i)

BB)| (2.45)

≤ ‖q̄B‖ |det (MBB)| ≤ n
3
2 μ(1 + ω)

σ
π,

where (2.41) was used in the last estimation. This result, due to ‖xB‖∞ ≥ σ
n ,

implies that x̂B = xB + ξ > 0 certainly holds if nμ < σ2

n
3
2 (1+ω)π

, and this

is implied by the hypothesis of the theorem which was involving (1 + ω)2

instead of (1 + ω).
Finally, we simply correct sN by using (2.40), i.e., we define ζ := q̂N +

MNBξ. We still must ensure that

ŝN := sN + q̂N + MNBξ > 0. (2.46)
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Using again the bounds given in Lemma 2.17, the bound (2.42) and the
estimate on ξ, one easily verifies that

‖q̂N + MNBξ‖∞ ≤ ‖(I,MNB)‖∞
∥∥∥∥ q̂N

ξ

∥∥∥∥
∞

(2.47)

≤ (1 + ω)max

{
ω

nμ

σ
,
n

3
2 μ(1 + ω)π

σ

}
=

n
3
2 μ(1 + ω)2π

σ
.

Thus, due to ‖sN‖∞ ≥ σ
n , the vector ŝN is certainly positive if

σ

n
>

n
3
2 μ(1 + ω)2π

σ
. (2.48)

This is exactly the first inequality given in the lemma. The second inequality
follows by observing that πσ ≥ 1, by Lemma 2.17.

The proof is completed by noting that the solution of an equation sys-
tem by using Gaussian elimination, some matrix-vector multiplications and
vector-vector summations, all with a dimension not exceeding n, are needed
to perform our rounding procedure. Thus the computational complexity of
our rounding procedure is at most O(n3). !"

Note that this rounding result can also be generalized to the situation
when a vector (x, s) is not on, but just in a certain neighbourhood of the
central path. For details the reader is referred again to [72].9

2.3 Summary of the Theoretical Results

Let us return to our general LO problem in canonical form

min
{
cTu : Au − z = b, u ≥ 0, z ≥ 0

}
(P)

max
{
bT v : AT v + w = c, v ≥ 0, w ≥ 0

}
, (D)

where the slack variables are already included in the problem formulation. In
what follows we recapitulate the results obtained so far.

• In Section 2.1 we have seen that to solve the LO problem it is sufficient to
find a strictly complementary solution to the Goldman-Tucker model

9 This result makes clear that when one solves an LO problem by using an IPM, the
iterative process can be stopped at a sufficiently small value of μ. At that point a strictly
complementary optimal solution can be identified easily.
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Au −τb −z = 0

−AT v +τc −w = 0

bT v −cTu −ρ = 0

v ≥ 0, u ≥ 0, τ ≥ 0, z ≥ 0, w ≥ 0, ρ ≥ 0.

• This homogeneous system always admits the zero solution, but we need a
solution for which τ + ρ > 0 holds.

• If (u∗, z∗) is optimal for (P ) and (v∗, w∗) for (D) then (v∗, u∗, 1, z∗, w∗, 0)
is a solution for the Goldman-Tucker model with the requested property
τ + ρ > 0. See Theorem 2.3.

• Any solution of the Goldman-Tucker model (v, u, τ, z, w, ρ) with τ > 0
yields an optimal solution pair (scale the variables (u, z) and (v, w) by 1

τ )
for LO. See Theorem 2.3.

• Any solution of the Goldman-Tucker model (u, z, v, w, τ, ρ) with ρ > 0
provides a certificate of primal or dual infeasibility. See Theorem 2.3.

• If τ = 0 in every solution (v, u, τ, z, w, ρ) then (P ) and (D) have no optimal
solutions with zero duality gap.

• The Goldman-Tucker model can be transformed into a skew-symmetric
self-dual problem (SP) satisfying the IPC. See Section 2.2.2.

• If problem (SP) satisfies the IPC then

– the central path exists (see Theorem 2.12);
– the central path converges to a strictly complementary solution (see

Theorem 2.13);
– the limit point of the central path is the analytic center of the optimal

set (see Theorem 2.15);
– if the problem data is integral and a solution on the central path

with a sufficiently small μ is given, then the optimal partition (see
Corollary 2.19) and an exact strictly complementary optimal solution
(see Lemma 2.20) can be found.

• These results give a constructive proof of Theorem 2.4.
• This way, as we have seen in Section 2.1, the Strong Duality theorem of

linear optimization (Theorem 2.5) is proved.

The above summary shows that we have completed our project. The
duality theory of LO is built up by using only elementary calculus and
fundamental concepts of IPMs. In the following sections we follow this
recipe to derive interior point methods for conic and general nonlinear
optimization.

In the rest of this section a generic IP algorithm is presented.



Interior Point Methods for Nonlinear Optimization 239

2.4 A General Scheme of IP Algorithms for Linear
Optimization

In this section a glimpse of the main elements of IPMs is given. We keep
on working with our model problem (SP). In Sections 2.1 and 2.2.2 we have
shown that a general LO problem can be transformed into a problem of
the form (SP), and that problem satisfies the IPC. Some notes are due to
the linear algebra involved. We know that the size of the resulting embedding
problem (SP) is more than doubled comparing to the size of the original
LO problem. Despite the size increase, the linear algebra of an IPM can be
organized so that the computational cost of an iteration stays essentially the
same.

Let us consider the problem (cf. page 223)

min
{

λϑ :
(

M r

−rT 0

)(
x

ϑ

)
+
(

s

ν

)
=
(

0
λ

)
;
(

x

ϑ

)
,

(
s

ν

)
≥ 0

}
, (SP)

where r = e−Me, λ = n+1 and the matrix M is given by (2.4). This problem
satisfies the IPC, because the all one vector (x0, ϑ0, s0, ν0) = (e, 1, e, 1) is a
feasible solution, moreover it is also on the central path by taking μ = 1. In
other words, it is a positive solution of the equation system

(
M r

−rT 0

)(
x

ϑ

)
+
(

s

ν

)
=
(

0
λ

)
;
(

x

ϑ

)
,

(
s

ν

)
≥ 0(

x

ϑ

)(
s

ν

)
=
(

μe

μ

)
,

(2.49)

which defines the central path of problem (SP). As we have seen, for each
μ > 0, this system has a unique solution. However, in general this solution
cannot be calculated exactly. Therefore we are making Newton steps to get
approximate solutions.

Newton step

Let us assume that a feasible interior-point (x, ϑ, s, ν) > 0 is given.10 We
want to find the solution of (2.49) for a given μ ≥ 0, in other words we want
to determine the displacements (Δx,Δϑ,Δs,Δν) so that

10 Here we assume that all the linear equality constraints are satisfied. The resulting IPM
is a feasible IPM. In the literature one can find infeasible IPMs [93] that do not assume
that the linear equality constraints are satisfied.
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M r

−rT 0

)(
x + Δx

ϑ + Δϑ

)
+
(

s + Δs

ν + Δν

)
=
(

0
λ

)
;

(
x + Δx

ϑ + Δϑ

)
,

(
s + Δs

ν + Δν

)
≥ 0; (2.50)

(
x + Δx

ϑ + Δϑ

)(
s + Δs

ν + Δν

)
=
(

μe

μ

)
.

By neglecting the second order terms ΔxΔs and ΔϑΔν, and the nonneg-
ativity constraints, the Newton equation system is obtained (cf. page 227)

−MΔx −rΔϑ +Δs = 0
rTΔx +Δν = 0
sΔx +xΔs = μe − xs

νΔϑ +ϑΔν = μ − ϑν.

(2.51)

We start by making some observations. For any vector (x, ϑ, s, ν) that satisfies
the equality constraints of (SP) we have

xT s + ϑν = ϑλ. (2.52)

Applying this to the solution obtained after making a Newton step we may
write

(x + Δx)T (s + Δs) + (ϑ + Δϑ)T (ν + Δν) = (ϑ + Δϑ)λ. (2.53)

By rearranging the terms we have

(xT s+ϑν)+(ΔxTΔs+ΔϑΔν)+(xTΔs+sTΔx+ϑΔν +νΔϑ) = ϑλ+Δϑλ.

As we mentioned above, the first term in the left hand side sum equals
to ϑλ, while from (2.51) we derive that the second sum is zero. From the
last equations of (2.51) one easily derives that the third expression equals to
μ(n + 1) − xT s − ϑν = μλ − ϑλ. This way the equation μλ − ϑλ = Δϑλ is
obtained, i.e., an explicit expression for Δϑ

Δϑ = μ − ϑ

is derived. This value can be substituted in the last equation of (2.51) to
derive the solution

Δν =
μ

ϑ
− ν − ν(μ − ϑ)

ϑ
,

i.e.,

Δν =
μ(1 − ν)

ϑ
.
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On the other hand, Δs can be expressed from the third equation of
(2.51) as

Δs = μX−1e − s − X−1SΔx.

Finally, substituting all these values in the first equation of (2.51) we have

MΔx + X−1SΔx = μX−1e − s − (μ − ϑ)r,

i.e., Δx is the unique solution of the positive definite system11

(M + X−1S)Δx = μX−1e − s − (μ − ϑ)r.

Having determined the displacements, we can make a (possibly damped)
Newton step to update our current iterate:

x := x + Δx

ϑ := ϑ + Δϑ = μ

s := s + Δs

ν := ν + Δν.

Proximity measures

We have seen that the central path is our guide to a strictly complementary
solution. However, due to the nonlinearity of the equation system determining
the central path, we cannot stay on the central path with our iterates, even if
our initial interior-point was perfectly centred. For this reason we need some
centrality, or with other words proximity, measure that enables us to control
and keep our iterates in an appropriate neighbourhood of the central path. In
general this measure depends on the current primal-dual iterate x and s, and
a value of μ on the central path. This measure quantifies how close the iterate
is to the point corresponding to μ on the central path. We use δ(x, s, μ) to
denote this general proximity measure.

Let the vectors x and s be composed from x and ϑ, and from s and ν
respectively. Note that on the central path all the coordinates of the vector
x s are equal. This observation indicates that the proximity measure

11 Observe that although the dimensions of problem (SP) are larger than problem (SP), to
determine the Newton step for both systems requires essentially the same computational
effort. Note also, that the special structure of the matrix M (see (2.4)) can be utilized
when one solves this positive definite linear system. For details the reader is referred to
[5, 72, 93, 97].
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δc(x s) :=
max(x s)
min(x s)

, (2.54)

where max(x s) and min(x s) denote the largest and smallest coordinate of the
vector x s, is an appropriate measure of centrality. In the literature of IPMs
various centrality measures were developed (see the books [42,45,72,93,97]).
Here we present just another one, extensively used in [72]:

δ0(x s, μ) :=
1
2

∥∥∥∥∥
(

x s

μ

) 1
2

−
( μ

x s

) 1
2

∥∥∥∥∥ . (2.55)

Both of these proximity measures allow us to design polynomial IPMs.

A generic interior point algorithm

Algorithm 1 gives a general framework for an interior point method.

Algorithm 1 Generic Interior-Point Newton Algorithm
Input:

A proximity parameter γ;
an accuracy parameter e > 0;
a variable damping factor a;
update parameter θ, 0 < θ < 1;
(x0, s0), μ0 ≤ 1 s.t. d(x0s0, μ0) ≤ γ.

begin
x := x0; s := s0; μ := μ0;
while (n + 1)μ ≥ e do
begin

μ := (1 − θ)μ;
while d(x s, μ) ≥ γ do

begin
x := x + αΔx;
s := s + αΔs;

end
end

end

The following crucial issues remain:

• choose the proximity parameter γ,
• choose a proximity measure δ(x, s, μ),
• choose an update scheme for μ and
• specify how to damp the Newton step when needed.

Our goal with the selection of these parameters is to be able to prove poly-
nomial iteration complexity of the resulting algorithm.
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Three sets of parameters are presented, which ensure that the resulting
IPMs are polynomial. The proofs of complexity can, e.g., be found in [72].
Recall that (SP) admits the all one vector as a perfectly centred initial solu-
tion with μ = 1.

The first algorithm is a primal-dual logarithmic barrier algorithm with full
Newton steps, studied e.g. in [72]. This IPM enjoys the best complexity known
to date. Let us make the following choice:

• d(x s, μ) := δ0(x s, μ), this measure is zero on the central path;
• μ0 := 1;
• θ := 1

2
√
n+1

;
• γ = 1√

2
;

• (Δx,Δs) is the solution of (2.51);
• α = 1.

Theorem 2.21 (Theorem II.52 in [72]). With the given parameter set
the full Newton step algorithm requires not more than

⌈
2
√

n + 1 log
n + 1

e

⌉

iterations to produce a feasible solution (x, s) for (SP) such that δ0(x s, μ) ≤ γ
and (n + 1)μ ≤ e.

The second algorithm is a large-update primal-dual logarithmic barrier al-
gorithm, studied also e.g. in [72]. Among our three algorithms, this is the
most practical. Let us make the following choice:

• d(x s, μ) := δ0(x s, μ), this measure is zero on the central path;
• μ0 := 1;
• 0 < θ < n+1

n+1+
√
n+1

;

• γ =
√
R

2
√

1+
√
R

, where R := θ
√
n+1

1−θ ;

• (Δx,Δs) is the solution of (2.51);
• a is the result of a line search, when along the search direction the primal-

dual logarithmic barrier function

xT s

μ
− (n + 1) −

n+1∑
i=1

log
xisi
μ

is minimized.

Theorem 2.22 (Theorem II.74 in [72]). With the given parameter set
the large-update primal-dual logarithmic barrier algorithm requires not more
than
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1
θ

⎡
⎢⎢⎢⎢2

⎛
⎝1 +

√
θ
√

n + 1
1 − θ

⎞
⎠

4
⎤
⎥⎥⎥⎥ log

n + 1
e

⎤
⎥⎥⎥⎥

iterations to produce a feasible solution (x, s) for (SP) such that δ0(x s, μ) ≤ τ
and (n + 1)μ ≤ e.

When we choose θ= 1
2 , then the total complexity becomes O

(
(n + 1) log n+1

e

)
,

while the choice θ = K√
n+1

, with any fixed positive value K gives a complexity
of O

(√
n + 1 log n+1

e

)
.

Other versions of this algorithm were studied in [66], where the analysis of
large-update methods was based purely on the use of the proximity δ0(x s, μ).

The last algorithm is the Dikin step algorithm studied in [72]. This is one
of the simplest IPMs, with an extremely elementary complexity analysis. The
price for simplicity is that the polynomial complexity result is not the best
possible. Let us make the following choices:

• d(x s, μ) := δc(x s), this measure is always larger than or equal to 1;
• μ0 := 0, this implies that μ stays equal to zero, thus θ is irrelevant;
• γ = 2;
• (Δx,Δs) is the solution of (2.51) when the right-hand sides of the last two

equations are replaced by − x2s2

‖x s‖ and − ϑν
‖x s‖ , respectively;

• α = 1
2
√
n+1

.

Theorem 2.23 (Theorem I.27 in [72]). With the given parameter set the
Dikin step algorithm requires not more than

⌈
2(n + 1) log

n + 1
e

⌉

iterations to produce a feasible solution (x, s) for (SP) such that δc(x s) ≤ 2
and (n + 1)μ ≤ e.

2.5 *The Barrier Approach

In our approach so far we perturbed the optimality conditions for the primal
dual linear optimization problem to get the central path. In what follows
we show an alternative, sometimes more intuitive, sometimes more technical
route. Consider again the linear optimization problem in primal form:

min cTu

Au ≥ b (P)
u ≥ 0.



Interior Point Methods for Nonlinear Optimization 245

A standard convex optimization trick to treat inequalities is to add them to
the objective function with a barrier term:

min cTu − μ

n∑
i=1

lnui − μ

m∑
j=1

ln (Au − b)j , (PBar)

where μ > 0. The function − ln t is a barrier function. In particular it goes
to ∞ if t goes to 0, and for normalization, it is 0 at 1. If ui is getting close
to 0 then the modified objective function will converge to ∞. This way we
received an unconstrained problem defined on the positive orthant, for which
we can easily write the optimality conditions. The idea behind this method
is to gradually reduce μ and at the same time try to solve the unconstrained
problem approximately. If μ is decreased at the right rate then the algorithm
will converge to the optimal solution of the original problem.

The first order necessary optimality conditions for system (PBar) are:

ci − μ
1
ui

− μ

m∑
j=1

Aji
(Au − b)j

= 0, i = 1, . . . , n. (2.56)

This equation yields the same central path equations that we obtained in
Definition 2.11. An identical result can be derived starting from the dual for
of the linear optimization problem.

A natural extension of this idea is to replace the − ln t function with an-
other barrier function. Sometimes we can achieve better complexity results
by doing so, see [63] (universal barrier), [9,10,87] (volumetric barrier), [66,67]
(self-regular barrier) for details.

3 Interior Point Methods for Conic Optimization

3.1 Problem Description

Conic optimization is a natural generalization of linear optimization. As we
will see, most of the results in Section 2.3 carry over to the conic case with
some minor modifications and the structure and analysis of the algorithm
will be similar to the linear case.

A general conic optimization problem in primal form can be stated as

min cTx

Ax = b (PCon)
x ∈ K,
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where c, x ∈ R
N , b ∈ R

m, A ∈ R
m×N and K ⊆ R

N is a cone. The standard
Lagrange dual of this problem is

max bT y

AT y + s = c (DCon)
s ∈ K∗,

where y ∈ R
m, s ∈ R

N and K∗ is the dual cone of K, namely K∗ ={
s ∈ R

N : sTx ≥ 0, ∀x ∈ K
}
. The weak duality theorem follows without any

further assumption:

Theorem 3.1 (Weak duality for conic optimization). If x, y and s are
feasible solutions of the problems (PCon) and (DCon) then

sTx = cTx − bT y ≥ 0. (3.1)

This quantity is the duality gap. Consequently, if the duality gap is 0 for some
solutions x, y and s, then they form an optimal solution.

Proof. Let x, y and s be feasible solutions, then

cTx = (AT y + s)Tx = xTAT y + xT s = bT y + xT s ≥ bT y, (3.2)

since x ∈ K and s ∈ K∗ implies xT s ≥ 0. !"

In order for this problem to be tractable we have to make some assumptions.

Assumption 3.2 Let us assume that K is a closed, convex, pointed (not
containing a line) and solid (has nonempty interior) cone, and that it is self-
dual, i.e., K = K∗.

Cones in the focus of our study are called symmetric.

Theorem 3.3 (Real symmetric cones). Any symmetric cone over the
real numbers is a direct product of cones of the following type:

nonnegative orthant: the set of nonnegative vectors, R
n
+,

Lorentz or quadratic cone: the set Ln+1 = {(u0, u) ∈ R+ × R
n : u0 ≥ ‖u‖},

and the
positive semidefinite cone: the cone PS

n×n of n×n real symmetric positive
semidefinite matrices.

The dimensions of the cones forming the product can be arbitrary.

Let us assume further that the interior point condition is satisfied, i.e., there
is a strictly feasible solution.12 The strong duality theorem follows:

12 This assumption is not needed if K is the linear cone, R
n
+.
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Theorem 3.4 (Strong duality for conic optimization). If the primal
problem (PCon) is strictly feasible, i.e., there exists an x for which Ax = b
and x ∈ int (K), then the dual problem is solvable (the maximum is attained)
and the optimal values of the primal and dual problems are the same.
If the dual problem (DCon) is strictly feasible, i.e., there exists a y for which
s = c − AT y ∈ int (K), then the primal problem is solvable (the minimum
is attained) and the optimal values of the primal and dual problems are the
same.
If both problems are strictly feasible then both are solvable and the optimal
values are the same.

Remark 3.5. In conic optimization it can happen that one problem is infeasi-
ble but there is no certificate of infeasibility. Such problems are called weakly
infeasible. Also, even if the duality gap is zero, the minimum or maximum
might not be attained, meaning the problem is not solvable.

In what follows we treat the second order and the semidefinite cones sep-
arately. This simplification is necessary to keep the notation simple and to
make the material more accessible. Interested readers can easily assemble the
parts to get the whole picture.

First we introduce the following primal-dual second-order cone optimiza-
tion problems:

min
k∑
i=1

ci
T
xi max bT y

k∑
i=1

Aixi = b Ai
T
y + si = ci, i = 1, . . . , k (SOCO)

xi ∈ Lni , i = 1, . . . , k si ∈ Lni , i = 1, . . . , k,

where xi, si, ci ∈ R
ni , b, y ∈ R

m and Ai ∈ R
m×ni

, the number of cones is k
and the ith cone is of dimension ni.

The semidefinite optimization problem requires slightly different notation:

min Tr (CX) max bT y

Tr
(
A(i)X

)
= bi, i = 1, . . . ,m

m∑
i=1

A(i)yi + S = C (SDO)

X ∈ PS
n×n S ∈ PS

n×n,

where X,S,C,A(i) ∈ R
n×n, b, y ∈ R

m. For symmetric matrices U and V the
quantity Tr (UV ) is actually a scalar product defined on symmetric matrices,
and is identical to the sum of the componentwise products of the matrix
elements.
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3.2 Applications of Conic Optimization

Let us briefly present three applications of conic optimization. For more de-
tails see [3, 11, 88, 91] and the references therein.

3.2.1 Robust Linear Optimization

Consider the standard linear optimization problem:

min cTx (3.3)

aTj x − bj ≥ 0, ∀j = 1, . . . ,m,

where the data (aj , bj) is uncertain. The uncertainty is usually due to some
noise, or implementation or measurement error, and thus it is modelled by
Gaussian distribution. The level sets of the distribution are ellipsoids, so we
assume that the data vectors (aj ; bj) come from an ellipsoid. The inequalities
then have to be satisfied for all possible values of the data. More precisely,
the set off all possible data values is

{(
aj
−bj

)
=

(
a0
j

−b0
j

)
+ Pu : u ∈ R

m, ‖u‖ ≤ 1

}
, (3.4)

and the new, robust constraint is represented as the following set of infinitely
many constraints

((
a0
j

−b0
j

)
+ Pu

)T (
x

1

)
≥ 0, ∀u : ‖u‖ ≤ 1. (3.5)

This constraint is equivalent to

(
a0
j

−b0
j

)T (
x

1

)
≥ max

‖u‖≤1

{
−uTPT

(
x

1

)}
. (3.6)

The maximum on right hand side is the maximum of a linear function over a
sphere, so it can be computed explicitly. This gives a finite form of the robust
constraint: (

a0
j

)T
x − b0

j ≥
∥∥∥∥PT

(
x

1

)∥∥∥∥ . (3.7)



Interior Point Methods for Nonlinear Optimization 249

Introducing the linear equalities zj =
(
a0
j

)T
x − b0

j and z = PT

(
x

1

)
this

constraint is a standard second order conic constraint. For more details on
this approach see [11].

3.2.2 Eigenvalue Optimization

Given the n×n matrices A(1), . . . , A(m) it is often required to find a nonneg-
ative combination of them such that the smallest eigenvalue of the resulting
matrix is maximal. The smallest eigenvalue function is not differentiable, thus
we could not use it directly to solve the problem. Semidefinite optimization
offers an efficient framework to solve these problems. The maximal smallest
eigenvalue problem can be written as

max λ
m∑
i=1

Aiyi − λI ∈ PS
n×n (3.8)

yi ≥ 0, i = 1, . . . ,m.

See [2, 63, 65] for more details.

3.2.3 Relaxing Binary Variables

A classical method to solve problems with binary variables is to apply a con-
tinuous relaxation. Given the binary variables z1, . . . , zn ∈ {0, 1} the most
common solution is the linear relaxation z1, . . . , zn ∈ [0, 1]. However, in many
cases tighter relaxations can be obtained by introducing the new variables
xi = (2zi − 1) and relaxing the nonlinear nonconvex equalities x2

i = 1. Now
consider the matrix X = xxT . This matrix is symmetric, positive semidef-
inite, it has rank one and all the diagonal elements are 1. By relaxing the
rank constraint we get a positive semidefinite relaxation of the original op-
timization problem. This technique was used extensively by Goemans and
Williamson [29] to derive tight bounds for max-cut and satisfiability prob-
lems. For a survey of this area see [51] or the books [11, 40].

3.3 Initialization by Embedding

The key assumption for both the operation of an interior point method and
the validity of the strong duality theorem is the existence of a strictly feasible
solution of the primal-dual systems. Fortunately, the embedding technique we
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used for linear optimization generalizes to conic optimization [26]. Consider
the following larger problem based on (PCon) and (DCon):

min(x̄T s̄ + 1)θ
Ax −bτ +b̄θ = 0

−AT y +cτ −c̄θ −s = 0
bT y −cTx +z̄θ −κ = 0

−b̄T y +c̄Tx −z̄T τ = −x̄T s̄ − 1
x ∈ K, τ ≥ 0 s ∈ K κ ≥ 0,

(HSD)

where x̄, s̄ ∈ int (K), ȳ ∈ R
m are arbitrary starting points, τ, θ are scalars,

b̄ = b − Ax̄, c̄ = c − AT ȳ − s̄ and z̄ = cT x̄ − bT ȳ + 1. This model has the
following properties [19, 52].

Theorem 3.6 (Properties of the HSD model). System (HSD) is self-
dual and it has a strictly feasible starting point, namely (x, s, y, τ, θ, κ) =
(x̄, s̄, ȳ, 1, 1, 0). The optimal value of these problems is θ = 0, and if τ > 0 at
optimality then (x/τ, y/τ, s/τ) is an optimal solution for the original primal-
dual problem with equal objective values, i.e., the duality gap is zero. If τ = 0
and κ > 0, then the problem is either unbounded, infeasible, or the duality gap
at optimality is nonzero. If τ = κ = 0, then either the problem is infeasible
without a certificate (weakly infeasible) or the optimum is not attained.

Remark 3.7. Due to strict complementarity, the τ = κ = 0 case cannot
happen in linear optimization. The duality theory of conic optimization is
weaker, this leads to all those ill-behaved problems.

The importance of this model is that the resulting system is strictly feasible
with a known interior point, thus it can be solved directly with interior point
methods.

3.4 Conic Optimization as a Complementarity
Problem

3.4.1 Second Order Conic Case

In order to be able to present the second order conic case we need to define
some elements of the theory of Jordan algebras for our particular case. All the
proofs, along with the general theory can be found in [22]. Here we include as
much of the theory (without proofs) as needed for the discussion. Our main
source here is [3].

Given two vectors u, v ∈ R
n we can define a special product on them,

namely:
u ◦ v = (uT v;u1v2:n + v1u2:n). (3.9)
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The most important properties of this bilinear product are summarized in
the following theorem:

Theorem 3.8 (Properties of ◦).

1. Distributive law: u ◦ (v + w) = u ◦ v + u ◦ w.
2. Commutative law: u ◦ v = v ◦ u.
3. The unit element is ι = (1; 0), i.e., u ◦ ι = ι ◦ u = u.
4. Using the notation u2 = u ◦ u we have u ◦ (u2 ◦ v) = u2 ◦ (u ◦ v).
5. Power associativity: up = u ◦ · · · ◦ u is well-defined, regardless of the order

of multiplication. In particular, up ◦ uq = up+q.
6. Associativity does not hold in general.

The importance of this bilinear function lies in the fact that it can be used
to generate the second order cone:

Theorem 3.9. A vector x is in a second order cone (i.e., x1 ≥ ‖x2:n‖2) if
and only if it can be written as the square of a vector under the multiplication
◦, i.e., x = u ◦ u.
Moreover, analogously to the spectral decomposition theorem of symmetric
matrices, every vector u ∈ R

n can be written as

u = λ1c
(1) + λ2c

(2), (3.10)

where c(1) and c(2) are on the boundary of the cone, and

c(1)T c(2) = 0 (3.11a)

c(1) ◦ c(2) = 0 (3.11b)

c(1) ◦ c(1) = c(1) (3.11c)

c(2) ◦ c(2) = c(2) (3.11d)

c(1) + c(2) = ι (3.11e)

The vectors c(1) and c(2) are called the Jordan frame and they play the role of
rank one matrices. The numbers λ1 and λ2 are called eigenvalues of u. They
behave much the same way as eigenvalues of symmetric matrices, except that
in our case there is an easy formula to compute them:

λ1,2(u) = u1 ± ‖u2:n‖2 . (3.12)

This also shows that a vector is in the second order cone if and only if both
of its eigenvalues are nonnegative.

The spectral decomposition enables us to compute functions over the
vectors:

‖u‖F =
√

λ2
1 + λ2

2 =
√

2 ‖u‖2 , (3.13a)
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‖u‖2 = max {|λ1| , |λ2|} = |u1| + ‖u2:n‖2 , (3.13b)

u−1 = λ−1
1 c(1) + λ−1

2 c(2), (3.13c)

u
1
2 = λ

1
2
1 c(1) + λ

1
2
2 c(2), (3.13d)

where u ◦ u−1 = u−1 ◦ u = ι and u
1
2 ◦ u

1
2 = u.

Since the mapping v $→ u◦v is linear, it can be represented with a matrix.
Indeed, introducing the arrowhead matrix

Arr (u) =

⎛
⎜⎜⎜⎝

u1 u2 . . . un
u2 u1

...
. . .

un u1

⎞
⎟⎟⎟⎠ , (3.14)

we have u◦v = Arr (u) v = Arr (u)Arr (v) ι. Another operator is the quadratic
representation, which is defined as

Qu = 2 Arr (u)2 − Arr
(
u2
)
, (3.15)

thus Qu(v) = 2u◦ (u◦v)−u2◦v is a quadratic function13 in u. This operator
will play a crucial role in the construction of the Newton system.

Remember that second order cone optimization problems usually include
several cones, i.e., K = Ln1 × · · · × Lnk

. For simplicity let us introduce the
notation

A =
(
A1, . . . , Ak

)
,

x =
(
x1; . . . ;xk

)
,

s =
(
s1; . . . ; sk

)
, (3.16)

c =
(
c1; . . . ; ck

)
.

With this notation we can write

Ax =
k∑
i=1

Aixi, (3.17)

AT y =
(
A1T y; , . . . ;Ak

T
y
)

.

Moreover, for a partitioned vector u = (u1; . . . ;uk), Arr (u) and Qu are block
diagonal matrices built from the blocks Arr

(
ui
)

and Qui , respectively.

13 In fact, this operation is analogous to the mapping V �→ UV U for symmetric matrices.
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The optimality conditions for second order conic optimization are

Ax = b, x ∈ K
AT y + s = c, s ∈ K (3.18)

x ◦ s = 0.

The first four conditions represent the primal and dual feasibility, while the
last condition is called the complementarity condition. An equivalent form of
the complementarity condition is xT s = 0.

Now we perturb14 the complementarity condition to get the central path:

Ax = b, x ∈ K (3.19)

AT y + s = c, s ∈ K
xi ◦ si = 2μιi, i = 1, . . . , k,

where ιi = (1; 0; . . . ; 0) ∈ R
ni . Finally, we apply the Newton method to this

system to get the Newton step:

AΔx = 0 (3.20)

ATΔy + Δs = 0,

xi ◦ Δsi + Δxi ◦ si = 2μιi − xi ◦ si, i = 1, . . . , k,

where Δx = (Δx1; . . . ;Δxk) and Δs = (Δs1; . . . ;Δsk). To solve this system
we first rewrite it using the operator Arr ():

⎛
⎝ A

AT I

Arr (s) Arr (x)

⎞
⎠
⎛
⎝Δy

Δx

Δs

⎞
⎠ =

⎛
⎝ 0

0
2μι − x ◦ s

⎞
⎠ , (3.21)

where ι = (ι1; . . . ; ιk). Eliminating Δx and Δs we get the so-called normal
equation:

(
AArr (s)−1 Arr (x) AT

)
Δy = −AArr (s)−1 (2μι − x ◦ s). (3.22)

The coefficient matrix is a m × m. Unfortunately, not only this system is
not symmetric, which is a disadvantage in practice, but in general it can be

14 Our choice of perturbation might seem arbitrary but in fact this is the exact analog of
what we did for linear optimization, since the vector (1; 0) on the right hand side is the
unit element for the multiplication ◦. See Section 3.6 to understand where the multiplier
2 comes from.
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singular, even if x and s are in the interior of the cone K. As an example15

take A =
(
0,

√
3.69 + 0.7, 1

)
, K =

{
x ∈ R

3 : x1 ≥
√

x2
2 + x2

3

}
. The points

x = (1; 0.8; 0.5) and s = (1; 0.7; 0.7; ) are strictly primal and dual feasible,
but AArr (s)−1 Arr (x) AT = 0.

To prevent singularity and to get a symmetric system we rewrite the orig-
inal optimization problem (SOCO) in an equivalent form. Let us fix a scaling
vector p ∈ int (K) and consider the scaled problem16

min
(
Qp−1c

)T (Qpx) max bT y (SOCOscaled)(
AQp−1

)
(Qpx) = b

(
AQp−1

)T
y + Qp−1s = Qp−1c

Qpx ∈ K Qp−1s ∈ K

where p−1 is defined by (3.13c), and Qp is given by (3.15). The exact form
of p will be specified later. This scaling has the following properties:

Lemma 3.10. If p ∈ int (K), then

1. Qp and Qp−1 are inverses of each other, i.e., QpQp−1 = I.
2. The cone K is invariant, i.e., Qp (K) = K.
3. Problems (SOCO) and (SOCOscaled) are equivalent.

We can write the optimality conditions (3.18) for the scaled problem and
perturb them to arrive at the central path for the symmetrized system. This
defines a new Newton system:

(
AQp−1

)
(QpΔx) = 0 (3.23)(

AQp−1

)T
Δy + Qp−1Δs = 0,

(Qpx) ◦
(
Qp−1Δs

)
+ (QpΔx) ◦

(
Qp−1s

)
= 2μι − (Qpx) ◦

(
Qp−1s

)
.

Using Lemma 3.10 we can eliminate the scaling matrices from the first two
equations, but not the third one. Although rather complicated, this system
is still a linear system in the variables Δx, Δy and Δs.

Before we can turn our attention to other elements of the algorithm we
need to specify p. The most natural choice, i.e., p = ι is not viable as it does
not provide a nonsingular Newton system. Another popular choice is the pair
of primal-dual HKM directions, i.e.,

p = s1/2 or p = x1/2, (3.24)

15 See [67, S6.3.1].
16 This scaling technique was originally developed for semidefinite optimization by
Monteiro [57] and Zhang [99], and later generalized for second order cone optimization
by Schmieta and Alizadeh [73].
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in which case
Qp−1s = ι or Qpx = ι. (3.25)

These directions are implemented as the default choice in the SOCO solver
package SDPT3. Finally, probably the most studied and applied direction is
the NT direction, defined as:

p =
(
Qx1/2 (Qx1/2s)−1/2

)−1/2

=
(
Qs−1/2 (Qs1/2x)1/2

)−1/2

. (3.26)

This very complicated formula actually simplifies the variables, since

Qpx = Qp−1s. (3.27)

The NT scaling is implemented in SeDuMi and MOSEK and is also available
in SDPT3.

We will now customize the generic IPM algorithm (see Algorithm 1 on
page 242) for second order conic optimization. Let μ = μ(x, s) be defined as

μ(x, s) =
k∑
i=1

xi
T
si

ni
. (3.28)

First let us define some centrality measures (see [3]). These measures are
defined in terms of the scaled variable w = (w1; . . . ;wk), where wi = Q

x
1/2
i

si.

δF (x, s) := ‖Qx1/2s − μι‖F :=

√√√√ k∑
i=1

(λ1(wi) − μ)2 + (λ2(wi) − μ)2 (3.29a)

δ∞(x, s) := ‖Qx1/2s − μι‖2 := max
i=1,...,k

{|λ1(wi) − μ| , |λ2(wi) − μ|} (3.29b)

δ−∞(x, s) :=
∥∥(Qx1/2s − μι)−

∥∥
∞ := μ − min

i=1,...,k
{λ1(wi), λ2(w2)} , (3.29c)

where the norms are special norms defined in (3.13) for the Jordan algebra.
We can establish the following relations for these measures:

δ−∞(x, s) ≤ δ∞(x, s) ≤ δF (x, s). (3.30)

The neighbourhoods are now defined as

N (γ) := {(x, y, s) strictly feasible : δ(x, s) ≤ γμ(x, s)} . (3.31)

Choosing δ(x, s) = δF (x, s) gives a narrow neighbourhood, while δ(x, s) =
δ−∞(x, s) defines a wide one.

The results are summarized in the following theorem, taken from [3,60].
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Theorem 3.11 (Short-step IPM for SOCO). Choose17 γ = 0.088 and
ζ = 0.06. Assume that we have a starting point (x0, y0, s0) ∈ NF (γ). Compute
the Newton step from the scaled Newton system (3.23). In every iteration, μ

is decreased to
(
1 − ζ√

k

)
μ, i.e., θ = ζ√

k
, and the stepsize is α = 1. This

algorithm finds an ε-optimal solution for the second order conic optimization
problem (SOCO) with k second order cones in at most

O
(√

k log
1
ε

)
(3.33)

iterations. The cost of one iteration depends on the sparsity structure of the
coefficient matrix A. If all the data is dense then it is

O

(
m3 + m2n +

k∑
i=1

n2
i

)
. (3.34)

It might be surprising that the iteration complexity of the algorithm is in-
dependent of the dimensions of the cones. However, the cost of one iteration
depends on the dimension of the cones.

Although this is essentially the best possible complexity result for second
order cone optimization, this algorithm is not efficient enough in practice since
θ is too small. Practical implementations use predictor-corrector schemes, see
[67, 73, 77, 84] for more details.

Unlike the case of linear optimization, here we do not have a way to round
an almost optimal interior solution to an optimal one, we have to live with
approximate solutions.

3.4.2 Semidefinite Optimization

Interior point methods for semidefinite optimization have a very similar struc-
ture to the methods presented so far. We will apply the Newton method to
the perturbed optimality conditions of semidefinite optimization.

17 Any values γ ∈ (0, 1/3) and ζ ∈ (0, 1) satisfying

4(γ2 + ζ2)

(1 − 3γ)2

(
1 − ζ√

2n

)−1

≤ γ (3.32)

would work here.
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The KKT optimality conditions for semidefinite optimization are:

Tr
(
A(i)X

)
= bi, i = 1, . . . ,m, X ∈ PS

n×n

m∑
i=1

yiA
(i) + S = C, S ∈ PS

n×n (3.35)

XS = 0.

Again, the first four conditions ensure feasibility, while the last equation is
the complementarity condition. The last equation can be written equivalently
as Tr (XS) = 0. Now we perturb the complementarity condition, this way we
arrive at the central path:

Tr
(
A(i)X

)
= bi, i = 1, . . . ,m, X ∈ PS

n×n

m∑
i=1

yiA
(i) + S = C, S ∈ PS

n×n (3.36)

XS = μI,

where I is the identity matrix. Now we try to apply the Newton method
the same way we did for SOCO and LO, i.e., replace the variables with the
updated ones and ignore the quadratic terms. This way we get:

Tr
(
A(i)ΔX

)
= 0, i = 1, . . . ,m

m∑
i=1

ΔyiA
(i) + ΔS = 0 (3.37)

XΔS + ΔXS = μI − XS.

We want to keep the iterates X and S symmetric and positive definite, thus
we need ΔX and ΔS to be symmetric as well. However, solving (3.37) the
displacement ΔX is typically not symmetric, simply due to the fact that the
product of two symmetric matrices is not symmetric. Moreover, forcing the
symmetry of ΔX by adding ΔX = ΔXT as a new constraint will make
the problem overdetermined. Our first attempt at formulating the Newton
system fails spectacularly.

Scaling techniques for semidefinite optimization

The solution to the problem we encountered at the end of the previous sec-
tion is again to rewrite the optimality conditions (3.35) in an equivalent
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form and use that system to derive the central path. This technique is called
scaling or symmetrization and there are many ways to rewrite the optimal-
ity conditions, see [82] for a thorough review. This symmetrization replaces
XS = μI in (3.36) with 1

2 (MXS + SXM) = μM , where M might depend
on X and S, and can thus change from iteration to iteration. This choice de-
fines the Monteiro-Zhang family of search directions. The new symmetrized
central path equations are

Tr
(
A(i)X

)
= bi, i = 1, . . . ,m, X ∈ PS

n×n

m∑
i=1

yiA
(i) + S = C, S ∈ PS

n×n (3.38)

MXS + SXM = μM,

and the Newton system is

Tr
(
A(i)ΔX

)
= 0, i = 1, . . . ,m

m∑
i=1

ΔyiA
(i) + ΔS = 0 (3.39)

MXΔS + MΔXS + SΔXM + ΔSXM = 2μI − MXS − SXM.

The solution matrices ΔX and ΔS of this system are symmetric, thus we
can update the current iterates maintaining the symmetry of the matrices.
Details on how to solve this system can be found in [77].

Some standard choices of the scaling matrix M are (see [82] for more
directions):

AHO scaling: The most natural choice, M = I. Unfortunately, the resulting
system will have a solution only if X and S are in a small neighbourhood
of the central path.

NT scaling: Probably the most popular choice,

M = S1/2
(
S1/2XS1/2

)−1/2

S1/2. (3.40)

This type of scaling has the strongest theoretical properties. Not surpris-
ingly, most algorithmic variants use this scaling. It also facilitates the use
of sparse linear algebra, see [77].

HKM scaling: In this case M = S or M = X−1. Typically, these scalings
are somewhat faster to compute than the NT scaling, but certain large
portions of the theory (such as [67]) are only developed for NT scaling.
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Proximity measures

Let μ be defined as μ = μ(X,S) := Tr(XS)
n for the rest of this section. Now

we need to define some centrality measures similar to (2.55) and (3.29). The
most popular choices for semidefinite optimization include

δF (X,S) :=
∥∥∥X1/2SX1/2 − μI

∥∥∥
F

=

√√√√ n∑
i=1

(
λi(X1/2SX1/2) − μ

)2 (3.41a)

δ∞(X,S) :=
∥∥∥X1/2SX1/2 − μI

∥∥∥ = max
i

∣∣∣λi(X1/2SX1/2) − μ
∣∣∣ (3.41b)

δ−∞(X,S) :=
∥∥∥∥(X1/2SX1/2 − μI

)−∥∥∥∥
∞

:= max
i

(
μ − λi(X1/2SX1/2)

)
, (3.41c)

see [59] and the references therein for more details. For strictly feasible X
and S, these measures are zero only on the central path. Due to the properties
of norms we have the following relationships:

δ−∞(X,S) ≤ δ∞(X,S) ≤ δF (X,S). (3.42)

The neighbourhoods are defined as

N (γ) := {(X, y, S) strictly feasible : δ(X,S) ≤ γμ(X,S)} . (3.43)

Choosing δ(X,S) = δF (X,S) gives a narrow neighbourhood, while δ(X,S) =
δ−∞(X,S) defines a wide one.

A short-step interior point method

The following theorem, taken from [59], summarizes the details and the com-
plexity of a short-step interior point algorithm for semidefinite optimization.
Refer to Algorithm 1 on page 242 for the generic interior point algorithm.

Theorem 3.12 (Short-step IPM for SDO). Choose18 γ = 0.15 and
ζ = 0.13. Assume that we have a starting point (X0, y0, S0) ∈ NF (γ). We get
the Newton step from (3.39). In every iteration, μ is decreased to

(
1 − ζ√

n

)
μ,

18 Any values γ ∈ (0, 1/
√

2) and ζ ∈ (0, 1) satisfying

2(γ2 + ζ2)

(1 −√
2γ)2

(
1 − ζ√

n

)−1

≤ γ (3.44)

would work here.
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i.e., θ = ζ√
n
, and the stepsize is α = 1. This algorithm finds and ε-optimal

solution for the semidefinite optimization problem (SDO) with an n dimen-
sional cone in at most

O
(√

n log
1
ε

)
(3.45)

iterations. If all the data matrices are dense19 then the cost of one iteration
is O

(
mn3 + m2n2 + m3

)
.

Remark 3.13. Depending on the magnitude of m compared to n any of the
three terms of this expression can be dominant. The problem has O

(
n2
)

variables, thus m ≤ n2. If m is close to n2 then the complexity of one iteration
is O

(
n6
)
, while with a much smaller m of order

√
n the complexity is O

(
n3.5

)
.

Although this algorithmic variant is not very efficient in practice, this is still
the best possible theoretical complexity result. Practical implementations
usually use predictor-corrector schemes, see [77] for more details.

As we have already seen with second order conic optimization, it is not
possible to obtain an exact solution to the problem. All we can get is an
ε-optimal solution, see [68] for detailed complexity results.

3.5 Summary

To summarize the results about conic optimization let us go through our
checklist from Section 2.3.

• We showed that the duality properties of conic optimization are slightly
weaker than that of linear optimization, we need to assume strict feasibility
(the interior point condition) for strong duality.

• We embedded the conic optimization problems (PCon) and (DCon) into
a strictly feasible self-dual problem (HSD). From the optimal solutions of
the self-dual model we can

– derive optimal solutions for the original problem, or
– decide primal or dual infeasibility, or
– conclude that no optimal primal-dual solution pair exists with zero

duality gap.

• If a strictly feasible solution exists (either in the original problem or in the
self-dual model) then

– the central path exists;
– the central path converges to a maximally (not necessarily strictly)

complementary solution;

19 The complexity can be greatly reduced by exploiting the sparsity of the data, see [77]
and the references therein.
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– the limit point of the central path is not necessarily the analytic center
of the optimal set (only if the problem has a strictly complementary
solution).

• Due to the lack of a rounding scheme we cannot get exact optimal solutions
from our algorithm and thus cannot use the algorithm to get exact solu-
tions.

3.6 *Barrier Functions in Conic Optimization

Interior point methods for conic optimization can also be introduced through
barrier functions in a similar fashion as we did in Section 2.5 for linear op-
timization. However, the barrier functions for conic optimization are more
complicated and the discussion is a lot more technical, much less intuitive.

A suitable logarithmic barrier function for a second order cone is

φ(x) = − ln
(
x2

1 − ‖x2:n‖2
2

)
= − lnλ1(x) − lnλ2(x), (3.46)

assuming that x is in the interior of the second order cone. We can see that
when the point x is getting close to the boundary, then at least one of its
eigenvalues is getting close to 0 and φ(x) is diverging to infinity. For the
optimality conditions of this problem we will need the derivatives of the
barrier function φ(x):

∇φ(x) = −2
(x1;−x2:n)T

x2
1 − ‖x2:n‖2

2

= −2
(
x−1

)T
, (3.47)

where the inverse is taken in the Jordan algebra. The multiplier 2 appears
due to the differentiation of a quadratic function, and it will also appear in
the central path equations (3.19).

For the cone of positive semidefinite matrices we can use the barrier
function

φ(X) = − ln det (X) = −
n∑
i=1

lnλi(X), (3.48)

which has the derivative

∇φ(X) = −
(
X−1

)T
. (3.49)

Having these functions we can rewrite the conic optimization problem (PCon)
as a linearly constrained problem

min cTx + μφ(x)
Ax = b, (PCon-Barrier)
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where μ ≥ 0. The KKT optimality conditions for this problem are the same
systems as (3.19) and (3.36) defining the central path, thus the barrier ap-
proach again provides an alternative description of the central path. For more
details on the barrier approach for conic optimization see, e.g., [4].

4 Interior Point Methods for Nonlinear Optimization

First we will solve the nonlinear optimization problem by converting it into
a nonlinear complementarity problem. We will present an interior point al-
gorithm for this problem, analyze its properties and discuss conditions for
polynomial complexity. Then we present a direct approach of handling non-
linear inequality constraints using barrier functions and introduce the concept
of self-concordant barrier functions.

4.1 Nonlinear Optimization as a Complementarity
Problem

Let us consider the nonlinear optimization problem in the form

min f(x) (NLO)
gj(x) ≤ 0, j = 1, . . . ,m

x ≥ 0,

where x ∈ R
n and f, gj : R

n → R, are continuously differentiable convex
functions. We will use the notation g(x) = (g1(x); . . . ; gm(x)). The KKT
optimality conditions for this problem are

∇f(x) +
m∑
i=1

∇gj(x)yj ≥ 0

gj(x) ≤ 0
x, y ≥ 0 (4.1)

(
∇f(x) +

m∑
i=1

∇gj(x)yj

)T
x = 0

g(x)T y = 0.
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Introducing

L(x, y) := f(x) + g(x)T y (4.2a)

F (x̄) :=
(

∇xL(x, y)
−g(x)

)
(4.2b)

x̄ :=
(

x

y

)
(4.2c)

we can write the nonlinear optimization problem as an equivalent nonlinear
complementarity problem:

F (x̄) − s̄ = 0
x̄, s̄ ≥ 0 (4.3)
x̄s̄ = 0.

4.2 Interior Point Methods for Nonlinear
Complementarity Problems

In this section we derive an algorithm for this problem based on [70].
Let us now simplify the notation and focus on the nonlinear complemen-

tarity problem in the following form:

F (x) − s = 0 (NCP)
x, s ≥ 0
xs = 0,

where x, s ∈ R
n, F : R

n → R
n. After perturbing the third equation (the

complementarity condition) we receive the equations for the central path.
Note that the existence of the central path requires stronger assumptions
than in the linear or conic case, see [25] and the references therein for details.

F (x) − s = 0
x, s ≥ 0 (4.4)
xs = μe,

where μ ≥ 0 and e is the all one vector. We use the Newton method to solve
this system, the corresponding equation for the Newton step is:

F ′(x)Δx − Δs = 0 (4.5)
sΔx + xΔs = μe − xs,
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where F ′(x) is the Jacobian of F (x). In general, the point x + Δx is not
feasible, i.e., F (x + Δx) ≥ 0 and/or x + Δx ≥ 0 is not satisfied, thus we will
need to use a stepsize α > 0 and consider a strictly feasible x(α) := x + αΔx
as the new (primal) iterate. The new dual iterate will be defined as s(α) =
F (x + αΔx). Note that unlike in linear and conic optimization, here s(α) 
=
s + αΔs.

The algorithm is structured analogously to the generic structure of IPMs
presented as Algorithm 1. All we need to do is to specify the details: the prox-
imity measure δ(x, s), the choice of stepsize α and the update strategy of μ.

The proximity measure

There are several variants in existing implementations. The most important
ones are

δ2(x, s) = ‖xs − μe‖2 (4.6a)
δ∞(x, s) = ‖xs − μe‖∞ (4.6b)

δ−∞(x, s) =
∥∥∥(xs − μe)−

∥∥∥
∞

:= max
i

(μ − xisi) , (4.6c)

where μ = xT s/n. This enables us to define a neighbourhood of the central
path:

N (γ) = {(x, s) strictly feasible : δ(x, s) ≤ γμ} , (4.7)

where γ ∈ (0, 1).

Choosing the stepsize α

For nonlinear optimization problems the stepsize is chosen using a line-search.
We want to get a large step but stay away from the boundary of the feasible
set. Let αmax be the maximum feasible stepsize, i.e., the maximal value of α
such that x + αΔx ≥ 0 and F (x + αΔx) ≥ 0.

We are looking for a stepsize α < αmax such that

• (x(α), s(α)) is inside the neighbourhood N (γ), and
• the complementarity gap x(α)TF (x(α)) is minimized.

In some practical implementations α = 0.95αmax (or α = 0.99αmax) is used
as the stepsize, enhanced with a safeguarded backtracking strategy. The extra
difficulty with general nonlinear optimization problems is that the line-search
can get stuck in a local minimum, thus some globalization scheme is needed.
Such ideas are implemented in the IPOPT solver [90].
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Updating μ

Usually we try to decrease μ at a superlinear rate, if possible. In short-step
methods, μ is changed to μ

(
1 − ζ√

n

)
after every iteration, i.e., θ = ζ√

n

in the general IPM framework on page 242, ζ is a constant depending on
the neighbourhood parameter γ and the smoothness of the mapping F . The
smoothness is quantified with a Lipschitz constant L in Assumption 4.1.

4.2.1 Complexity of IPM for NCP

Now assume that the Jacobian F ′(x) of F (x) is a positive semidefinite matrix
for all values of x. Then problem (NCP) is called a monotone nonlinear com-
plementarity problem. If the original nonlinear optimization problem (NLO)
is convex, then this always holds. To be able to prove polynomial convergence
of IPMs for convex nonlinear problems we need to control the difference be-
tween s(α) = F (x(α)) and s + αΔs. We assume a smoothness condition [8]:

Assumption 4.1 Consider the nonlinear complementarity problem (NCP).
Assume that F (x) satisfies the scaled Lipschitz property, i.e., for any x > 0,
h ∈ R

n, satisfying |hi/xi| ≤ β < 1, there exists a constant L(β) > 1 such
that

‖x · (F (x + h) − F (x) − F ′(x)h)‖1 ≤ L(β)hTF ′(x)h. (4.8)

The complexity result is summarized in the following theorem:

Theorem 4.2 (Complexity of short-step IPM for monotone NCP).
Assume that F (x) is a monotone mapping satisfying the scaled Lipschitz prop-
erty. The proximity measure is based on the 2-norm and assume that a strictly
feasible starting point in N2(γ) with xT s/n ≤ 1 is available.

The Newton step is computed from (4.5). If γ and ζ are chosen properly,
then α = 1 is a valid stepsize, i.e., no line-search is necessary.

This algorithm yields an ε-complementary solution for (NCP) in at most
O (

√
nL log(1/ε)) iterations.

Explicit forms of the constants and detailed proofs can be found in [8]. The
cost of one iteration depends on the actual form of F (x). It includes comput-
ing the Jacobian of F at every iteration and solving an n × n linear system.
When full Newton steps are not possible,20 then finding αmax and determin-
ing the stepsize α with a line-search are significant extra costs.

20 This is the typical situation, as in practice we rarely have explicit information on the
Lipschitz constant L.



266 I. Pólik and T. Terlaky

4.3 Initialization by Embedding

Interior point methods require a strictly feasible starting point, but for nonlin-
ear optimization problems even finding is feasible point is quite challenging.
Moreover, if the original problem has nonlinear equality constraints which
are modelled as two inequalities then the resulting system will not have an
interior point solution. To remedy these problems we use a homogeneous em-
bedding, similar to the ones presented in Section 2.2 and Section 3.3. Consider
the following system [7,8, 96]:

νF (x/ν) − s = 0 (NCP-H)

xTF (x/ν) − ρ = 0
x, s, ν, ρ ≥ 0

xs = 0
νρ = 0.

This is a nonlinear complementarity problem similar to (NCP). The proper-
ties of the homogenized system are summarized in the following theorem.

Theorem 4.3. Consider the nonlinear complementarity problem (NCP) and
its homogenized version (NCP-H). The following results hold:

1. The homogenized problem (NCP-H) is an (NCP).
2. If the original (NCP) is monotone then the homogenized (NCP) is mono-

tone, too, thus we can use the algorithm presented in Section 4.2.
3. If the homogenized (NCP) has a solution (x, s, ν, ρ) with ν > 0 then

(x/ν, s/ν) is a solution for the original system.
4. If ν = 0 for all the solutions of (NCP-H) then the original system (NCP)

does not have a solution.

4.4 *The Barrier Method

An alternative way to introduce interior point methods for nonlinear opti-
mization is to use the barrier technique already presented in Section 2.5 and
Section 3.6. The basic idea is to place the nonlinear inequalities in the ob-
jective function inside a barrier function. Most barrier function are based on
logarithmic functions.

The nonlinear optimization problem (NLO) can be rewritten as

min f(x) − μ

m∑
j=1

ln(−gj(x)) − μ

n∑
i=1

ln(xi). (4.9)

If xi or −gj(x) gets close to 0, then the objective function grows to infinity.
Our goal is to solve this barrier problem approximately for a given μ, then
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decrease μ and resolve the problem. If μ is decreased at the right rate and
the approximate solutions are good enough, then this method will converge
to an optimal solution of the nonlinear optimization problem. See [63] for
details on the barrier approach for nonlinear optimization.

5 Existing Software Implementations

After their early discovery in the 1950s, by the end of the 1960s IPMs were
sidelined because their efficient implementation was quite problematic. As
IPMs are based on Newton steps, they require significantly more memory
than first order methods. Computers at the time had very limited memory.
Furthermore, the Newton system is inherently becoming ill-conditioned as
the iterates approach the optimal solution set. Double precision floating point
arithmetic and regularization techniques were in their very early stage at that
time. Solving large scale linear systems would have required sparse linear
algebra routines, which were also unavailable. Most of these difficulties have
been solved by now and so IPMs have become a standard choice in many
branches of optimization.

In the following we give an overview of existing implementations of interior
point methods. See Table 1 for a quick comparison their features. The web
site of the solvers and the bibliographic references are listed in Table 2.

Table 1 A comparison of existing implementations of interior point methods

Solver License LO SOCO SDO NLO

CLP barrier open source � QO

LIPSOL open source �
GLPK ipm open source �
HOPDM commercial � QO �
MOSEK barrier commercial � � �
CPLEX barrier commercial � �21

XPRESS barrier commercial � QO

CSDP open source � �
SDPA open source � �
SDPT3 open source � � �
SeDuMi open source � � �
IPOPT open source �22 �23 �
KNITRO commercial �22 �23 �
LOQO commercial �22 �23 �

21 CPLEX solves second-order conic problems by treating them as special (nonconvex)
quadratically constrained optimization problems.
22 In theory all NLO solvers can solve linear optimization problems, but their efficiency
and accuracy is worse than that of dedicated LO solvers.
23 LOQO does solve second-order conic optimization problems but it uses a different ap-
proach. It handles the constraint x1 − ‖x2:n‖2 ≥ 0 as a general nonlinear constraint, with
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Table 2 Availability of implementations of IPMs

CLP [24], http://www.coin-or.org/Clp
LIPSOL [100], http://www.caam.rice.edu/∼zhang/lipsol

GLPK [28], http://www.gnu.org/software/glpk
HOPDM [15], http://www.maths.ed.ac.uk/∼gondzio/software/hopdm.html

MOSEK [6], http://www.mosek.com
CPLEX [12], http://www.ilog.com
XPRESS-MP [41], http://www.dashoptimization.com
CSDP [13], http://projects.coin-or.org/Csdp
SDPA [95], http://homepage.mac.com/klabtitech/sdpa-homepage
SDPT3 [86], http://www.math.nus.edu.sg/∼mattohkc/sdpt3.html

SeDuMi [76], http://sedumi.ie.lehigh.edu/
IPOPT [90], http://projects.coin-or.org/Ipopt
KNITRO [14], http://www.ziena.com/knitro.htm
LOQO [89], http://www.princeton.edu/∼rvdb/loqo

5.1 Linear Optimization

Interior point algorithms are the method of choice for large scale, sparse,
degenerate linear optimization problems. Solvers using the simplex method
are usually not competitive on those problems due to the large number of
pivots needed to get to an optimal solution. However, interior point methods
still do not have an efficient warm start strategy, something simplex based
methods can do naturally, so their use for branch-and-bound type algorithms
is limited.

IPMs have also been implemented in leading commercial packages, usually
together with a simplex based solver. Comprehensive surveys of implemen-
tation strategies of IPMs can be found in, e.g., [5, 36]. For a review on the
strengths and weaknesses of interior point methods versus variants of the
simplex method see [43].

Linear optimization problems with up to a million variables can be solved
routinely on a modern PC. On larger parallel architectures, linear and
quadratic problems with billions of variables have been solved [34].

5.2 Conic Optimization

Interior point methods are practically the only choice for semidefinite opti-
mization, most of the existing general purpose solvers fall into this category,
only PENSDP24 being a notable exception. Also, PENSDP is the only solver

some extra care taken due to the nondifferentiability of this form. In a similar way, other
IPM based NLO solvers can solve SOCO problems in principle.
24 [49], http://www.penopt.com/pensdp.html
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that can handle nonlinear semidefinite problems and it is also the only com-
mercial SDO solver (at least at the time this chapter is written).

The implementation of IPMs for conic optimization is more complicated
than that for linear optimization, see [13, 77, 83] for more details.

Unfortunately, commercial modelling languages do not support SDO, thus
limit its use in the commercial sector. Second order conic optimization is in
a slightly better situation, since it is easily formulated, but there are only
very few specialized solvers available. Only very few solvers can solve prob-
lems including both second order and semidefinite constraints, currently only
SeDuMi and SDPT3. Both of these packages run under Matlab.

There are two open source modelling languages that support conic opti-
mization: Yalmip25 and CVX26. Both of these packages are written in Matlab.

5.3 Nonlinear Optimization

There are literally hundreds of solvers available for nonlinear optimization
and only a small fraction of those use interior point methods. On the other
hand, arguably, the most powerful, robust solvers are actually based on inte-
rior point methods, IPOPT, KNITRO and LOQO being the most successful
ones. These are all general use nonlinear optimization solvers, they can han-
dle nonconvex problems as well (yielding a locally optimal solution). Some
codes have been specialized for optimization problems with complementar-
ity constraints. The best known variant is IPOPT-C [71], an extension of
IPOPT.

The implementation of these methods poses further challenges, see [90] for
details.

6 Some Open Questions

Interior point algorithms have proved to be very successful methods for linear
and nonlinear optimization, especially for large-scale problems. The “interior-
point revolution” [92] has completely changed the field of optimization. By
today, the fundamental theoretical questions regarding complexity and con-
vergence of interior point methods have been addressed, see also [62] for a
recent survey. Most importantly, we know that results about the iteration
complexity of these methods cannot be improved further, see [21] for details
on the worst-case complexity of interior point methods.

25 [50], http://control.ee.ethz.ch/∼joloef/yalmip.php
26 [38, 39], http://www.stanford.edu/∼boyd/cvx
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6.1 Numerical Behaviour

Current research is focusing on efficient implementations of the methods.
Due to the ill-conditioned nature of the Newton system in the core of IP
methods, people are looking for ways to improve the numerical behaviour of
the implementations. Some notable results are included in [31, 78, 79]. Most
of these ideas are implemented in leading interior point solvers.

6.2 Rounding Procedures

Iterates of interior point methods stay inside the set of feasible solutions, while
with a linear objective, the optimal solution is on the boundary of the feasible
set. Rounding procedures try to jump from the last iterate of the IPM to an
optimal solution on the boundary. This theory has been well-developed for
linear optimization and linear complementarity problems [56, 72]. For conic
optimization, the mere existence of such a method is an open question. In
general we cannot expect to be able to get an exact optimal solution, but
under special circumstances we might be able to get one.

6.3 Special Structures

Exploiting sparsity has always been one of the easiest ways to improve the
performance of an optimization algorithm. With the availability of efficient
sparse linear algebra libraries and matrix factorization routines, general (un-
structured) sparsity seems to have been taken care of. On the other hand,
sparse problems containing some dense parts pose a different challenge [30].
Moreover, even very sparse semidefinite optimization problems lead to a fully
dense Newton system, which puts a limit on the size of the problems that
can be solved.

There are several other special types of structures that cannot be fully
exploited by current implementations of interior point methods. This limits
the size of the problems that can be solved with IPMs. At the same time it
offers a wide open area of further research.

6.4 Warmstarting

A serious deficiency of interior point methods is the lack of an efficient warm-
starting scheme. The purpose of a warm-start scheme is to significantly reduce
the number of iterations needed to reoptimize the problem after changes to
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the data (constraints are added or deleted, numbers are changed). Despite
numerous attempts (see [33, 35, 98]), none of the methods are particularly
successful.

If the change in the problem data is small enough then simplex based
methods can very quickly find a new optimal solution. If the change is large
(hundreds or thousands of new constraints are added) then interior point
methods have a slight edge over first order methods.

6.5 Parallelization

With the general availability of inexpensive multiple core workstations and
distributed computing environments, parallelization of optimization algo-
rithms is more important than ever. Most developers are working on a
parallelized version of their codes. Some success stories are reported in
[13, 34, 44, 61].
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16. Problemi di geometria differenziale in grande

17. Il principio di minimo e le sue applicazioni alle equazioni funzionali

1959 18. Induzione e statistica

19. Teoria algebrica dei meccanismi automatici (2 vol.)

20. Gruppi, anelli di Lie e teoria della coomologia

1960 21. Sistemi dinamici e teoremi ergodici

22. Forme differenziali e loro integrali

1961 23. Geometria del calcolo delle variazioni (2 vol.)

24. Teoria delle distribuzioni

25. Onde superficiali

1962 26. Topologia differenziale

27. Autovalori e autosoluzioni

28. Magnetofluidodinamica

1963 29. Equazioni differenziali astratte

30. Funzioni e varietà complesse
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Bȩdlewo, Poland 2006. Editors: V. Capasso, M. Lachow-
icz (2008)
Vol. 1941: S.M.J. Haran, Arithmetical Investigations.
Representation Theory, Orthogonal Polynomials, and
Quantum Interpolations (2008)
Vol. 1942: S. Albeverio, F. Flandoli, Y.G. Sinai, SPDE in
Hydrodynamic. Recent Progress and Prospects. Cetraro,
Italy 2005. Editors: G. Da Prato, M. Röckner (2008)
Vol. 1943: L.L. Bonilla (Ed.), Inverse Problems and Imag-
ing. Martina Franca, Italy 2002 (2008)
Vol. 1944: A. Di Bartolo, G. Falcone, P. Plaumann,
K. Strambach, Algebraic Groups and Lie Groups with
Few Factors (2008)
Vol. 1945: F. Brauer, P. van den Driessche, J. Wu (Eds.),
Mathematical Epidemiology (2008)



Vol. 1946: G. Allaire, A. Arnold, P. Degond, T.Y. Hou,
Quantum Transport. Modelling, Analysis and Asymp-
totics. Cetraro, Italy 2006. Editors: N.B. Abdallah,
G. Frosali (2008)
Vol. 1947: D. Abramovich, M. Mariño, M. Thaddeus,
R. Vakil, Enumerative Invariants in Algebraic Geo-
metry and String Theory. Cetraro, Italy 2005. Editors:
K. Behrend, M. Manetti (2008)
Vol. 1948: F. Cao, J-L. Lisani, J-M. Morel, P. Musé,
F. Sur, A Theory of Shape Identification (2008)
Vol. 1949: H.G. Feichtinger, B. Helffer, M.P. Lamoureux,
N. Lerner, J. Toft, Pseudo-Differential Operators. Quan-
tization and Signals. Cetraro, Italy 2006. Editors: L.
Rodino, M.W. Wong (2008)
Vol. 1950: M. Bramson, Stability of Queueing Networks,
Ecole d’Eté de Probabilités de Saint-Flour XXXVI-2006
(2008)
Vol. 1951: A. Moltó, J. Orihuela, S. Troyanski,
M. Valdivia, A Non Linear Transfer Technique for
Renorming (2009)
Vol. 1952: R. Mikhailov, I.B.S. Passi, Lower Central and
Dimension Series of Groups (2009)
Vol. 1953: K. Arwini, C.T.J. Dodson, Information Geo-
metry (2008)
Vol. 1954: P. Biane, L. Bouten, F. Cipriani, N. Konno,
N. Privault, Q. Xu, Quantum Potential Theory. Editors:
U. Franz, M. Schuermann (2008)
Vol. 1955: M. Bernot, V. Caselles, J.-M. Morel, Optimal
Transportation Networks (2008)
Vol. 1956: C.H. Chu, Matrix Convolution Operators on
Groups (2008)
Vol. 1957: A. Guionnet, On Random Matrices: Macro-
scopic Asymptotics, Ecole d’Eté de Probabilités de Saint-
Flour XXXVI-2006 (2009)
Vol. 1958: M.C. Olsson, Compactifying Moduli Spaces
for Abelian Varieties (2008)
Vol. 1959: Y. Nakkajima, A. Shiho, Weight Filtrations
on Log Crystalline Cohomologies of Families of Open
Smooth Varieties (2008)
Vol. 1960: J. Lipman, M. Hashimoto, Foundations of
Grothendieck Duality for Diagrams of Schemes (2009)
Vol. 1961: G. Buttazzo, A. Pratelli, S. Solimini,
E. Stepanov, Optimal Urban Networks via Mass Trans-
portation (2009)
Vol. 1962: R. Dalang, D. Khoshnevisan, C. Mueller,
D. Nualart, Y. Xiao, A Minicourse on Stochastic Partial
Differential Equations (2009)
Vol. 1963: W. Siegert, Local Lyapunov Exponents (2009)
Vol. 1964: W. Roth, Operator-valued Measures and Inte-
grals for Cone-valued Functions and Integrals for Cone-
valued Functions (2009)
Vol. 1965: C. Chidume, Geometric Properties of Banach
Spaces and Nonlinear Iterations (2009)
Vol. 1966: D. Deng, Y. Han, Harmonic Analysis on
Spaces of Homogeneous Type (2009)
Vol. 1967: B. Fresse, Modules over Operads and Functors
(2009)
Vol. 1968: R. Weissauer, Endoscopy for GSP(4) and the
Cohomology of Siegel Modular Threefolds (2009)
Vol. 1969: B. Roynette, M. Yor, Penalising Brownian
Paths (2009)
Vol. 1970: M. Biskup, A. Bovier, F. den Hollander, D.
Ioffe, F. Martinelli, K. Netočný, F. Toninelli, Methods of
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